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PART III 
THE QUANTUM THEORY 


CHAPTER XXIII 


THE THEORY OF RELATIVITY AND THE 
QUANTUM THEORY 


THE Theory of Relativity and the Quantum Theory are the two latest 
products of natural philosophy in physics. They are not opposing doc- 
trines between which we must choose; they are complementary, covering 
different fields. 


The Special Theory of Relativity—Inasmuch as some understand- 
ing of the special theory of relativity is required in the quantum theory, 
we shall recall the more elementary features of Einstein’s theory. A few 
preliminary definitions will be necessary. A frame of reference in space 
is usually defined by three mutually perpendicular axes along which 
spatial measurements are made. Consider two such frames moving rela- 
tively to each other with a uniform translational motion, and suppose that 
a body is moving with respect to both frames. If we refer the successive 
positions of the body to the first frame (7.e., if our measurements are made 
in the first frame), the body is found to be describing a certain path with 
a certain motion. As referred to the second frame, the path and motion 
will be different. A problem of frequent occurrence is to deduce the 
path and the motion relative to one frame when the path and motion in 
the other frame are known. More generally, we are required to establish 
a correlation between the space and time measurements performed in the 
two frames. The mathematical relations which determine the correlation 
are called a ‘‘space and time transformation.’’ To obtain them, we 
must perform space and time measurements in the two frames and then 
compare results. Commonsense, however, seems to obviate the necessity 
of direct measurement, for it appears to impose a definite transformation, 
called the Newtonian, or classical, space and time transformation. The 
commonsense feature of this classical transformation is revealed in any 
of its consequences, ¢.g., in the rule of composition of velocities. A simple 
illustration of this rule follows. 

Let us suppose that two frames are attached respectively to the earth 
and to a train moving along a straight track with a velocity v of 3 miles 
an hour. Suppose also a ball is rolling along the track with a constant 
velocity u of 5 miles an hour in the same direction as the train. Com- 
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monsense tells us that, with respect to the train, the ball should be moving 
with the velocity u —v (i.e., 5 —3=2 miles an hour). This conclusion 
illustrates the rule of composition of velocities that are codirectional: they 
add and subtract like ordinary numbers. The intuitive appeal of the 
classical transformation is not restricted to this special rule. In all cases 
the transformation betrays the dictates of commonsense. But the de- 
velopment of natural philosophy, whether it pertain to mathematics or to 
physics, has taught that the dictates of commonsense can be accepted only 
tentatively and that they often lead to incorrect conclusions. Elementary 
caution would therefore demand that, before accepting unreservedly the 
classical transformation, we should verify its correctness for all possible 
relative velocities between the two frames. Whether the founders of 
mechanics realized this necessity or whether they were guided solely by 
commonsense is a matter of minor importance, for it so happens that, in 
view of the smallness of the velocities at their disposal, their common- 
sense would have been vindicated by their measurements; nothing in the 
field of their experience could have suggested the inappropriateness of 
the classical transformation. Small wonder then that the transformation 
was assumed to be valid, however great the relative velocity between the 
two frames. Only today, thanks to an experimental technique and to an 
accumulation of facts undreamed of by the earlier scientists, do we know 
that the classical transformation becomes increasingly incorrect when 
the relative velocity of the two frames is increased. It was the recognition 
of this fact which constituted the starting point of the special theory of 
relativity. The original aim of the relativity theory was to discover the 
amended transformation which would supersede the classical one. To 
understand how the new transformation, that of Lorentz, was derived, we 
must revert to the Classical Principle of the Relativity of Motion, pro- 
pounded by Galileo and Newton. 

We mentioned in Chapter XVII that the classical laws of dynamies 
of Galileo and Newton appeared to be in agreement with experimental 
results provided measurements were referred to so-called Galilean, or 
inertial, frames. If one of these frames is known, any other Galilean 
frame is found to be moving with respect to the first with uniform speed. 
As a result, there is never any relative acceleration or rotation as between 
Galilean frames. From a phenomenological standpoint, Galilean frames 
are recognized by the fact that, for an observer situated in one of them, 
very distant objects, such as the stars, appear to be at rest. In Newton’s 
language, Galilean frames are at rest or are moving with uniform trans- 
lational speed through absolute space, and hence without acceleration or 
rotation. As for deciding which particular one of the Galilean frames is 
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at rest in absolute space, Newtonian science gives no answer. The reason 
for this may easily be understood from the following considerations. 

The laws of mechanics being exactly the same in all Galilean frames, 
a mechanical experiment performed in one Galilean frame or in another 
will be governed by the same laws. We cannot therefore, by means of 
mechanical experiments, differentiate between the various Galilean 
frames; and so we cannot determine which one of the Galilean frames is 
at rest in absolute space. In this conclusion consists the physical expres- 
sion of the ‘‘principle of relativity of Galileo and Newton.’’ 

We must now give mathematical expression to this principle. To do 
so we first note that if we apply the classical space and time transforma- 
tion to the differential equations which express the laws of dynamics in 
one Galilean frame, we obtain thereby the laws such as they will appear 
in another Galilean frame. Now, when the classical transformation is 
applied to the equations of dynamics, these equations retain exactly the 
same mathematical form. In the language of the mathematician the 
differential equations of dynamics are ‘‘coyariant’’ under the classical 
transformation. We here have the mathematical transcription of the 
fact that the classical laws of dynamics are the same regardless of the 
Galilean frame in which they are expressed. Thus, the covariance of 
the dynamical equations constitutes the mathematical statement of the 
principle of relativity of Galileo and Newton. The foregoing considera- 
tions show that the classical laws of mechanics, the classical space and 
time transformation, and the Newtonian principle of relativity are con- 
sistent. 

We now pass to Maxwell’s laws of electromagnetism in vacuo. These 
laws are expressed by partial differential equations which establish rela- 
tions connecting space, time, and the electromagnetic field-magnitudes. A 
number of experiments, culminating jn the ultra-refined ones undertaken 
at the close of the nineteenth century, showed that electromag- 
netic processes were controlled by exactly the same laws regardless of the 
particular Galilean frame in which they were taking place. The situ- 
ation thus appeared the same as in mechanics, and as a result. the Newton- 
ian principle of relativity seemed to be valid for electromagnetic processes 
just as it was already known to be for mechanical ones. But this belief 
led to a contradiction. Quite generally, in order to obtain the laws 
holding in a Galilean frame B when the laws holding in a Galilean frame 
A are known, we must apply to the latter laws the classical space and 
time transformation. If this is done for the laws, or equations, of electro- 
magnetism, we find that these laws are modified by the adjunction of 
terms involving the relative velocities of the two frames. In other words, 
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the equations of electromagnetism are not covariant under the classical 
space and time transformation. But then electromagnetic experiments 
would be expected to betray a difference when the Galilean frame in 
which they were performed was changed, and the principle of relativity 
would appear to be untenable. We are thus led to the important conelu- 
sion that the laws of electromagnetism, the classical space and time trans- 
formation, and the Newtonian principle of relativity are incompatible. 

If, then, we wish to retain the Newtonian principle of relativity in 
electromagnetism, as seems to be required by the most accurate experi- 
ments, either we must amend the laws of electromagnetism or else modify 
the space and time transformation. The first alternative was soon found 
to be impossible, for the electromagnetic laws, amended so as to be com- 
patible with the principle of relativity and with the classical transforma- 
tion, were unable to express even the simplest electromagnetic phenomena. 
The second alternative was therefore followed by Lorentz: Maxwell’s 
equations were retained, and a revised space and time transformatioa was 
sought. Lorentz’s investigations resulted in the discovery of the cele- 
brated space-time transformation which bears his name. Maxwell’s equa- 
tions, the new transformation, and the Newtonian principle of relativity 
were compatible. 

The new transformation was subsequently rediscovered by Einstein, 
who followed a different method. To understand Einstein’s procedure, 
we first recall one of the direct consequences of Maxwell’s equations: 
Electromagnetic waves (e.g., waves of light), propagated through a frame 
in which Maxwell’s equations are valid, will proceed with the same velocity 
c in all directions (in vacuo). This consequence of Maxwell’s equations 
is sometimes referred to as the ‘‘law of the constant velocity of light.’’ 
Now, if the laws of electromagnetism are to retain an invariant form in all 
Galilean frames, the same must be true of their consequence, the law of 
the constant velocity c of light. In other words waves of light, and more 
generally any existent moving with velocity c through a Galilean frame, 
should also be moving with this same velocity with respect to any other 
Galilean frame in motion relatively to the first. But then it follows that 
the space and time transformation which ensures the invariance (or 
rather covariance) of Maxwell’s equations should also be consistent with 
the invariance of the velocity c, and conversely. Einstein therefore 
sought to obtain the transformation which would leave the velocity ¢ 
unaltered, and he thus rediscovered the Lorentz transformation. 

There are several important differences between the treatments of 
Lorentz and of Einstein. In the first place, Einstein’s derivation of the 
transformation is the simpler. Furthermore, when we follow Einstein’s 
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procedure we do not have to consider the electromagnetic magnitudes 
present in Maxwell’s equations. All we need do is to express the in- 
variance of the velocity c (186,000 miles per second). The net result 
is that, whereas in Lorentz’s electromagnetic treatment the validity of 
the new space-time transformation might be thought to hold only for 
electromagnetic processes, in Einstein’s treatment we are forced to the 
eonelusion that the new transformation is applicable to velocities in 
general, regardless of the particular existents to which the velocities 
refer. The new transformation thus aequires a universal instead of a 
restricted significance. From Einstein’s standpoint the new transforma- 
tion betrays fundamental characteristics of space and time, characteristics 
erstwhile unsuspected. In particular, the invariant velocity c, which is 
at the basis of the Lorentz transformation, becomes interwoven, as it 
were, into the very fabric of the world, and for this reason it appears 
frequently in the equations of the theory of relativity. 

The difference in the viewpoints of Lorentz and Einstein has impor- 
tant consequences when we consider mechanical phenomena. Thus, if we 
follow Lorentz, we can see no particular reason for supposing that the 
new transformation should necessarily apply to mechanical processes or 
indeed to any processes which are not purely electromagnetic; in the case 
of mechanical processes the classical transformation would still appear 
to be valid. Einstein’s attitude, on the other hand, compels us to discard 
the classical transformation entirely and to state that, for physical proc- 
esses in general and for mechanical ones in particular, the new transforma- 
tion must be valid. Quite aside from the reasons mentioned, there are 
also others which prompt us to assume the validity of the new transfor- 
mation for mechanical processes. Let us examine one of these reasons. 
We recall that when we are dealing with an electromagnetic field, and 
we pass from one Galilean frame to another, we must submit the field-mag- 
nitudes to the new transformation. Suppose, then, an electron is situated 
in the field. The electron is acted upon by the field and is thereby sub- 
jected to a force. This force, being built up from the field-magnitudes, 
is necessarily transformed along with these magnitudes when we change 
Galilean frames, and hence is transformed according to the new transfor- 
mation. Now the present force is generated by the field, and it might 
therefore be viewed as non-mechanical. However, it is difficult to see 
how a force of the electromagnetic variety can differ essentially from a 
mechanical force, such as is developed by a compressed spring. We are 
thus led to suspect that any force, whatever its origin, must be transformed 
in accordance with the new transformation. But we cannot stop here; 
for force in mechanics is defined by the time rate of change of momentum, 
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and hence momentum and more generally all the mechanical magnitudes 
should, like force, be transformed according to the new transformation. 
The foregoing discussion shows that if we accept the new transformation 
for electromagnetic processes, we can scarcely avoid extending it to me- 
chanical processes. 

Suppose, then, we apply the new transformation to the classical equa- 
tions of mechanics. We find that these equations do not remain covariant : 
they change in form. This fact implies that the classical laws of mechanics, 
the new transformation, and the Newtonian principle of relativity are 
incompatible. As a result, mechanical experiments should enable us to 
detect. absolute motion. Thus, the principle of Newtonian relativity, 
which, thanks to the Lorentz transformation, has just been justified on 
theoretical grounds in the case of electromagnetic processes, now appears 
to be untenable for mechanical processes. The classical situation is 
thereby reversed. 

At this point Einstein postulates that the principle of Newton- 
jan relativity must hold for all physical processes without excep- 
tion, whether these processes be electromagnetic, mechanical, or of 
any other kind. His assumption appears justified by other considera- 
tions. First, we cannot well suppose that an electro-mechanical phe- 
nomenon involving electromagnetic fields and material electrons should, 
insofar as it is electromagnetic, satisfy the Newtonian principle of the 
relativity of motion and, insofar as it is mechanical, violate this same 
principle. The problem of differentiating between what is electromag- 
netic and what is mechanical would in itself create a difficulty. Besides, 
since the mechanical part of the electro-mechanical phenomenon would 
violate the Newtonian principle of relativity, the phenomenon as a whole 
would violate it likewise; and this would conflict with some of the negative 
experiments which are precisely of the complex kind just discussed. 

Let us, then, accept Einstein’s views and see where they lead. If we 
assume the Newtonian principle of relativity for mechanical processes, 
and if we retain the new transformation, we must reject the classical 
mechanical laws. Einstein was thus led to modify these laws so as to ren- 
der them compatible with the principle of relativity and with the new 
transformation. He was guided by the clue that at low velocities the new 
mechanical laws should pass over into the classical ones (for we know that 
at low velocities the classical laws appear to be correct). As a result of 
these considerations the revised mechanical laws were obtained. The 
new mechanical laws require that the concept of mass, formerly regarded 
as absolute, be viewed as relative, the mass of a body in a Galilean frame 
increasing with the body’s velocity. In addition, mass and energy are 
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identified ; the total energy associated with a particle at rest is moc*, where 
mo is the mass at rest and ¢ the velocity of light a vacuo. Even before 
the advent of the theory of relativity, the behavior of particles moving 
at extremely high speeds (8-particles) indicated that the laws of classical 
mechanics could not be correct. The new mechanical laws of the special 
theory of relativity have proved themselves able to account for the discre- 
pancies. To this extent, therefore, the new laws have been verified experi- 
mentally. 

It is of interest to contrast the sequence of steps that has been fol- 
lowed up to this point. The impossibility of reconciling the Newtonian 
principle of relativity with Maxwell’s electromagnetic laws and the classi- 
eal transformation was overcome by sacrificing the classical transforma- 
tion while retaining the electromagnetic laws. But the impossibility of 
reconciling the Newtonian principle of relativity with the classical me- 
chanical laws and the new transformation was overcome by rejecting the 
laws and retaining the new transformation. Thus, whereas the theory of 
relativity has entailed a revision of the classical mechanical laws, it has 
imposed no change on Maxwell’s electromagnetic laws. 

Important consequences are derived from the Lorentz transformation. 
The transformation shows that the resultant velocity we obtain when we 
compound parallel velocities is not the sum of the component velocities, 
as classical kinematics supposed. The transformation also shows that, if 
two events take place at different points of a Galilean frame and occur 
at the same instant of time as estimated in this frame, these events will 
not usually occur simultaneously when referred to another Galilean frame 
moving with respect to the first. The transformation further yields the 
exact dislocation in simultaneity that will be generated by the relative 
velocity of the two frames. The relativity of simultaneity thus reveals 
itself as an immediate consequence of the Lorentz transformation. The 
relativity of simultaneity was never stressed by Lorentz, because he did 
not attribute any universal significance to his transformation. For him 
the new transformation had but a local electromagnetic validity. As 
such, it did not refer to real physical space and time; the classical trans- 
formation was still regarded as the correct one in this respect. 

BKinstein’s definition of the simultaneity of events measured in a given 
Galilean frame is an immediate consequence of the prémises of the theory 
and, in particular, of the principle of the invariance of the velocity c. 
To verify this point, we first recall the classical view. According to clas- 
sical science the velocity of light (i vacuo) is the same in all directions 
only if it is measured in the privileged Galilean frame in which the laws 
of electromagnetism are valid. For argument’s sake let us first accept 
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the correctness of the classical view. Weare then justified in saying that, 
if two events occurring at points A and B emit light signals simultaneously 
in the privileged frame, these signals will be received simultaneously at 
the midpoint C on the line AB. But obviously this statement would be 
untenable if our frame of reference were not the privileged one, for in this 
event the velocity of light through the frame would not be the same in 
all directions. To obtain correct results, we should have to take into 
account the difference in the velocity of light in the two opposite direc- 
tions, and this could be done only if we knew the velocity of our frame 
through the ether. Since the latter velocity had never been ascertained, 
a rigorous physical definition of the simultaneity of distant events could 
not be given on the basis of classical ideas. The entire situation changes 
when we accept Einstein’s principle of the invariance of the velocity c, 
for now the argumeuts that were valid in the privileged frame become 
valid automatically in all Galilean frames. In short, Einstein’s defini- 
tion of simultaneity does not introduce any new postulate; it is a direct 
consequence of the premises on which the theory is based. 

Minkowski’s contribution consists in having shown that the Lorentz 
transformation, viewed as dealing with real physical space and time, illus- 
trates the existence of a 4-dimensional world in which space and time are 
no longer independent, but intimately fused. To this 4-dimensional world 
the name space-time is given. This world is just as real (if the theory of 
relativity be accepted) as was the world of a separate space and time 
on the basis of classical conceptions. It is therefore utter nonsense to 
accept the theory of relativity, on the one hand, and to deny a fourth 
dimension to the world-continuum, on the other. The concept of 4-dimen- 
sional space-time entails a remarkable simplification in our understanding 
of physical processes. One of the most striking examples was given in 
Chapter X. We mentioned that in space-time there is no such thing as 
an electric field existing by itself, any more so than there is a privileged 
space. The electric and the magnetic fields are always fused, just as space 
and time are fused, and only by adopting a local standpoint restricted 
to one particular Galilean frame can a separation be made to appear 
between space and time or between an electric and a magnetic field. If 
we wish to adopt the more general impersonal standpoint instead of 
restricting our attention to one particular frame, we must not speak of 
space and time, but only of 4-dimensional space-time. Similarly, we 
must not consider an electric. or a magnetic field but must confine ourselves 
to the 4-dimensional electromagnetic tensor situated in 4-dimensional 
space-time. However, the impersonal standpoint is not always the one 


SPECIAL THEORY OF RELATIVITY 437 


which is the most convenient. For instance, if we are performing an elec- 
tromagnetic experiment in a particular Galilean frame, our immediate 
interest lies in the local standpoint, 2.e., in the space and the time of our 
frame and in the particular field existing in this frame. Only when we 
wish to discuss the underlying reality which may manifest itself in one 
way or the other according to the conditions of observation, must the im- 
personal 4-dimensional conception be adopted. 


The Transition from Relativistic to Classical Science—The in- 
variance of the velocity c in all Galilean frames may be taken as the car- 
dinal assumption of the special theory of relativity. From this initial 
assumption the Lorentz transformation may be deduced, and therefrom 
the entire theory follows.* Classical science likewise recognized the 
invariance of a certain velocity, but this velocity was infinite; no finite 
velocity was invariant. Inasmuch as the invariant infinite velocity plays 
in classical science much the same role as does the invariant finite ve- 
locity in the special theory of relativity, we may regard the two invariant 
velocities as characteristic of the respective theories. From this stand- 
point it is correct to say that the fundamental difference between the two 
theories is that in classical science the invariant velocity is infinite whereas 
in the special theory of relativity it is finite (though very great). 

Now, an extremely high velocity will, to all practical purposes, appear 
infinite if we contrast it with a relatively small velocity ; the smaller the 
latter velocity, the smaller the relative error we shall make when we con- 
fuse the very great velocity with the infinite one. Thus, we may infer that 
when we are dealing with low velocities, the anticipations and the laws 
of relativity will not differ perceptibly from the classical results. This 
conclusion may also be proved rigorously by noting that, for small veloci- 
ties, the Lorentz-Einstein transformation passes over into the classical 
one. We here have a characteristic feature of the theory of relativity, 1.e., 
for smal] velocities the relativistic laws pass over into the classical ones. 
We mentioned that Einstein availed himself of this clue when he sought 
to determine the revised mechanical laws. The same situation holds for 
the composition of velocities. The classical rule for the addition of veloci- 
ties is refuted by the theory of relativity ; nevertheless for low velocities 
the rule becomes almost perfectly correct. Similarly, for low relative 
velocities, the relativity of simultaneity gives way to the classical concept 
of absolute simultaneity. Finally, when low velocities are considered, 
the discrepancies between the 4-dimensional space-time of Minkowski and 


* The relativity of motion must also be assumed. 
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the 3-dimensional space and separate time of classical.science cease to 
become apparent. 

All these considerations show that unless we be dealing with very 
high velocities, the anticipations of the theory of relativity will differ so 
slightly from those of classical science that no differences will be detected. 
This fact has an important bearing on the nature of commonsense. Many 
of the conclusions derived from the theory of relativity conflict strongly 
with the dictates of commonsense. For instance, the relativistic rule for 
compounding parallel velocities seems to imply that 2+ 3 is not equal 
to 5, a conclusion which contradicts commonsense. But the theory of 
relativity shows that the dictates of commonsense are contradicted only 
when the velocities compounded are extremely high, and thus when these 
velocities differ considerably from those with which we are familiar on 
the commonplace level of ordinary experience. For low velocities, the 
relativistic rule of composition tends to differ less and less from the classi- 
eal rule, which is supported by commonsense. Thus, the theory violates 
commonsense only when we consider unfamiliar situations. What else, 
then, is this commonsense but an expression of the belief that things 
cannot be otherwise than we have observed them to be in the limited field 
of our immediate experience? 

The theory we have sketched in the previous pages is called the ‘‘Spe- 
cial Theory of Relativity.’’ In it we restrict our attention to Galilean 
frames; and the principle of relativity that is relevant is the Newtonian 
principle of the relativity of motion. Thus, the special theory is merely 
an application of the Newtonian principle to all processes, whether electro- 
magnetic or mechanical. In the general theory of relativity, the restric- 
tion to Galilean frames is removed. For our present purpose an under- 
standing of the general theory is unnecessary.* Today, the special theory 
is accepted unanimously by all the outstanding theoretical physicists. Its 
great merit is that it is the only theory which has been able to account 
for the phenomena associated with moving bodies and moving fields in 


electromagnetism. The general theory is also accepted by most physicists, 
but it is more speculative. 


The Quantum Theory—The quantum theory has been extended and 
modified repeatedly since its original formulation by Planck, and even 
today it is still in a state of rapid change. Consequently, we cannot follow 
the historical sequence of discovery without mentioning assumptions 
which in the light of further study have been found untenable. However, 


*The general theory is discussed in our book, ‘‘The Evolution of Scientific 
Thought.’? Boni and Liveright. 1927. 
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it would be misleading to omit all reference to the earlier form of the 
theory and start with a presentation of the modern quantum mechanics 
and of Heisenberg’s Principle of Uncertainty, for, by so doing, the theory 
would appear gratuitous. We shall therefore follow a middle course, 
adhering to the historical sequence while correcting, as far as possible, 
the erroneous assumptions which were made from time to time and which 
were not essential. The entire theory revolves around the discovery of 
a new constant of nature, called h by Planck. This constant has the dimen- 
sions of ‘‘action’’ (energy X time), 7.¢., of that abstract dynamical con- 
cept which enters into the principle of Least Action. The original formu- 
lation of the theory by Planck as subsequently extended by Bohr may be 
understood from the following special illustration. 

The hydrogen atom is viewed as a mechanical system formed of a posi- 
tively charged proton around which a negative electron circulates under 
the electrostatic attraction of the proton. The electron describes an 
ellipse, just as the earth does round the sun; the motion is thus periodic, 
repeating after each cycle. The action developed when the electron moves 
over an element of length ds on its orbit is given by the product of its 
momentum mv and the length ds of the tiny stretch covered. By sum- 
ming, or integrating, such amounts over the entire orbit, we obtain the 
total action developed by the electron over each cycle. We may refer 
to this amount of action as the action of the dynamical system in the state 
of motion considered. Corresponding to each value of the action, there 
is a definite value for the total energy of the dynamical system, so that 
when the action is stated, the energy is known, and vice versa. Prior to 
the discovery of the quantum theory the laws of classical mechanics and 
of electromagnetism were thought to control this model of the hydrogen 
atom. According to classical ideas the electron, owing to its accelerated 
motion round the nucleus, would radiate energy, and the attendant loss of 
energy would entail a corresponding lowering of the action. The system 
might also absorb radiation, in which event the energy and the action 
would increase. But the classical treatment was unable to account for 
the precise radiations which observation detects in the hydrogen spectrum. 
Bohr was thus led to modify the classical treatment by introducing restric- 
tions known as ‘‘quantum restrictions.”’ 

For instance, classical theory requires that the emission and absorption 
of radiation should take place continuously. The action of the system 
must then vary likewise in continuous fashion, and hence at any given 
instant any positive value should be possible for the action. The quan- 
tum theory modifies these conclusions. In the original form of the theory, 
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the action of any periodic system is assumed to be susceptible of taking 
only such values as 


(1) OA, 2hUeh.. sa... , 


i.e., some integral multiple of the unit of action h. These values for the 
action of the system determine its so-called ‘‘stable,’’ or ‘‘stationary’’ 
states; the corresponding values for the energy of the system are called 
‘energy levels.”’ The reason why the stationary states are defined in terms 
of the action rather than in terms of the energy is that the successive values 
of the action form a regular step-ladder progression, whereas the energy 
levels usually differ from one another by unequal amounts. According to 
the quantum theory, when the energy decreases through radiation (or 
increases through absorption of energy), the action can pass only from 
one to another of the privileged values (1). In any case the transition 
between states is in the nature of a jump of finite magnitude nh (n= 1, 
2,3...) and is not continuous, as it was assumed to be in classical science. 
Similar considerations may be applied to all dynamical systems in which 
the motions are periodic or quasi-periodic. Planck summarizes the situa- 
tion by saying that action is atomic instead of continuous as was formerly 
believed. He still adheres to this notion of the atomicity of action in a 
recent popular book. We shall adopt his attitude for the present, because 
it is convenient in certain cases; but, as we shall see later, it is misleading 
‘and must not be taken too seriously. 

The quantum theory and the theory of relativity are totally different 
theories dealing with different departments of physical science. Never- 
theless they have a feature in common. Both theories establish the exist- 
ence of unsuspected critical values for certain mechanical concepts. In 
the theory of relativity, the concept is velocity and the critical value is 
c. In the quantum theory, the mechanical concept is the change in the 
action and the critical value is h. Moreover, the difference between the 
relativity theory and classical science is that the former proves the critical 
value to-be finite though exceedingly large, whereas classical science had 
assumed it to be infinitely great. The significant velocity is thus trans- 
ferred by the theory of relativity from the infinitely great to the large 
but finite. Similarly, if we contrast classical science with the quantum 
theory, we note that in classical science, where action was assumed to vary 
continuously, the changes in the action of a system could be infinitely 
small. The quantum theory, on the other hand, restricts the changes in the 
action to the magnitudes h, 2h, 3h ..., where h is small but finite. 
Consequently, according to the quantum theory, if a change occurs, it is 
finite—never infinitely small. Thus, both the theory of relativity and 
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the quantum theory displace our attention from the infinite (whether 
great or small) to the finite (great or small). 

A further point of resemblance between the two theories is the way 
they both tend to merge into classical science when appropriate limiting 
conditions are realized. The theory of relativity merges into classical 
science when the velocities of interest are small in comparison with the 
velocity of light. For this reason no discrepancies will be observed be- 
tween the classical and the relativistic theories as long as the velocities 
are low. 

Now a similar situation holds in the quantum theory. To understand 
how it arises, let us consider a mechanical structure formed of an electron 
constrained to move along a fixed circle. Circular motion being a form 
of accelerated motion, the electron will radiate energy ;* its velocity will 
decrease and so will its action. According to the,quantum theory, each 
successive drop in the value of the action is measured by nh, where n is 
a positive integer. In the particular mechanical system here considered, 
the drops will always be equal toh. The net result is that the motion of 
the electron will decrease by jerks. This conclusion is, of course, in 
contradiction with classical science, which would have required the motion 
to decrease continuously. 

But suppose now that the mechanical system is of average proportions, 
so that its total store of action is very great, say 1,000,000 h. As con- 
trasted with this enormous store of action, the successive drops h will be 
relatively negligible and will entail only imperceptible decreases in the 
motion of the system. Consequently, in spite of the fundamental jerki- 
ness of the motion, we shall have the impression of a continuous slowing 
down, and no departure from the expectations of the classical theory will 
be observed. A similar impression of continuity is experienced when we 
watch the hands of a clock; they appear to be moving continuously 
whereas in all truth they are advancing by jerks. 

From the previous illustration we may infer that quantum science 
passes over into classical science when the quantum drops in the action 
are small in comparison with the total action present. This important 
fact forms the basis of Bohr’s celebrated Correspondence Principle. The 
conditions under which the foregoing passage takes place are therefore 
referred to as the ‘‘limiting conditions of the correspondence principle.”’ 

These limiting conditions thus play with respect to the quantum theory 
the same role as the limiting conditions of low velocities in the special 
theory of relativity. From this standpoint both theories prove to be mere 


* We are following the classical presentation. 
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refinements of classical science. There is, however, a difference in the 
practical importance of the two classes of refinements. Phenomena in 
which velocities approximate that of light are not of a nature that can 
be observed on the commonplace level of experience. And so, in the 
interpretation of commonplace phenomena the theory of relativity may 
be ignored. But a similar conclusion would not always be correct in the 
case of the quantum theory. The fact is that conditions in which the 
total amount of action is of the same order of magnitude as the unit h 
may sometimes arise on the commonplace level; and in such cases the 
quantum theory cannot be ignored. An example in point is afforded by 
the familiar phenomenon of incandescence; indeed it was to account for 
this phenomenon that Planck devised the quantum theory. Incandescence, 
however, is practically the only commonplace phenomenon whose inter- 
pretation requires the introduction of the quantum theory. In nearly all 
other phenomena of a familiar kind, the quantum theory may be disre- 
garded. Where the quantum theory cannot be disregarded is in the inves- 
tigation of the subatomic world and in the study of phenomena occurring 
under enormous pressures or at exceedingly low temperatures. 

The quantum theory has furnished considerable information on the 
phenomenon of radiation. According to classical science, if an electrified 
particle, e.g., an electron, executes a periodic motion with a definite fre- 
quency, it emits radiation of the same frequency, and the emission is 
continuous. But in the quantum theory these conclusions must be revised. 
Let us first consider the frequency of the emitted radiation. According 
to the quantum theory, radiation is emitted when the radiating system 
drops from one stable level to another. Such drops are called ‘‘quantum 
drops.’’ The emitted radiation will have as frequency the ratio defined 
by the drop in the energy of the radiating system divided by the unit of 
action h. In general, the frequency of the radiation differs from the me- 
chanical frequency of the motion, but it will tend to coincide with this 
frequency when the drop in the action is small in comparison with the 
total action. We are then under the limiting conditions of the corre- 
spondence principle and we see once more that under these limiting con- 
ditions the quantum theory passes over into the classical theory. 

Next let us consider the process of emission. The jerkiness of the 
quantum drops entails discontinuities in the emission of radiation. Such 
discontinuities appear difficult to reconcile with Maxwell’s equations, 
which require that radiation be formed of continuous electromagnetic 
waves. Several experiments, however, seem to corroborate the implica- 
tions of the quantum theory and to show that in some circumstanees, at 
least, radiation behaves as though it were formed of discrete corpuscles. 
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On the other hand, in many experiments it is the wave aspect of radia- 
tion which imposes itself. Radiation thus appears to present a dual 
aspect. The same dual aspect was subsequently revealed by matter; and 
so, the belief grew that some fundamental underlying principle must be 
at stake. 

What we have said to this point concerns the original formulation of 
the quantum theory by Planck, Einstein, and Bohr. But it was soon 
found that the anticipations of the theory were often incorrect, and that 
complementary assumptions had to be introduced now and then. For 
instance, when we have determined the stable states of a system by the 
methods of the quantum theory, we should expect that all drops from 
a higher to a lower level would be possible. But the observation of 
spectra shows that the radiations which would result from certain drops 
never arise, and hence we must conclude that for some reason or other 
these drops do not occur. Furthermore, even a superficial examination 
of a spectrum shows that the spectral lines are unequally intense. To 
account for this fact by means of the quantum theory, we must assume 
that, in a system formed of a large number of radiating atoms, certain 
kinds of drops are more numerous than others. Such drops, in their 
aggregate, will contribute a larger amount of radiation each second, with 
the result that the corresponding spectral lines will be more intense. 
Since we know nothing of the mechanism which generates the drops, the 
situation we have postulated is best expressed by the statement that, for 
some reason or other, the various drops are unequally probable. Obvi- 
ously, if we could calculate the probabilities of the different drops, we 
should be able to predict the relative intensities of the different spectral 
lines. Unfortunately the quantum theory in its original form, at least, 
affords no means of calculating the probabilities of the drops and so gives 
no information concerning the intensities. Nor is any information given 
on the polarization (direction of vibration) of the emitted radiations. 
Some progress is made when we invoke the correspondence principle, and 
thus rely on the classical theory to furnish the required information. 
But this appeal to the discarded classical doctrine is inconsistent ; besides, 
the information obtained is usually only approximate. This unsatisfac- 
tory situation is characteristic of the entire quantum theory in its original 
form : classical mechanics and the quantum restrictions are applied simul- 
taneously, sometimes the one, sometimes the other being in the ascendency. 

A second difficulty which the quantum theory in its original form is 
unable to remove arises from systematic discrepancies between the antici- 
pations of the theory and the results of experimental observation. The 
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quantum theory assumes that the stationary states of a radiating system 
are determined by the values 


(1) Oey eed cress eer ok ae 


for the action. In many cases this assumption appears justified, but in 
other situations a more complicated sequence of values seems to be de- 
manded by experimental observation. For instance with the linear 
oscillator, the values 

h h h 

me 55: Re: (2n +1) ae 

are found necessary. And in the case of the space rotator (a molecule 
in rotation), the values 


(3) 0, hvix2, h/2x38, ...aV/n(ntl... 


seem to be required. Theory was unable to account for the values (2) 
and more especially (3). Although it is true that the sequence of values 
(1), accepted by the older quantum theory, had received no theoretical 
explanation, it could be accounted for by the hypothesis of the atomicity 
of action. But the sequence of values (2) and especially the sequence (3) 
conflict with this hypothesis. The difficulty we are referring to is often 
called the difficulty arising from the ‘‘half-quantum numbers.’’ This 
appellation was given because the form (2), in which the action assumes 
some half-integral number of times the unit value h, was discovered before 
the more complicated form (3). In any case the assumption of the 
atomicity of action appears incorrect. 

With the realization that the original quantum theory of Planck and 
of Bohr could constitute but the first step in the unravelling of quantum 
phenomena, attempts were made to obtain a more refined theory. The 
Matrix Method of Heisenberg, the Wave Mechanics of de Broglie and 
Schrédinger, and the Quantum Mechanies of Dirae were the outcome. It 
must not be thought that these newer theories conflict. Mathematically 
they are equivalent, and they only differ in the conceptual trappings 
with which they are clothed. Some investigators prefer one method, 
others another. The new methods yield the correct intensities and polari- 
zations of the emitted radiations. They show why certain energy drops 
are forbidden. Furthermore, they give the correct values (1), (2), or 
(3) which experiment demands, according to circumstances, for the deter- 
mination of the stationary energy levels. In addition they lead to new 
discoveries. Heisenberg’s Principle of Uncertainty, in particular, is a 
direct consequence of any one of these new mathematical theories. Thanks 


(2) 4, 3 


THE QUANTUM THEORY 445 


to this principle, the difficulty in comprehending the dual nature of radia- 
tion and also of matter is in a large measure removed; for the principle 
enables us to understand how the uncertainty of our observations may 
cause discreteness to yield the impression of continuity. The principle of 
uncertainty furnishes a new interpretation of the magnitude h: it shows 
that this constant measures, so to speak, the extent of the uncertainty and 
thereby serves as a link between the corpuscular and the wave aspects 
of radiation and also of matter. If h were infinitesimal, as classical 
science supposed, the uncertainty relations would vanish and so would all 
quantum phenomena. We should then be in the limiting conditions of 
the correspondence principle. 

The newer quantum theories are but refinements of the original quan- 
tum theory, and when the store of action is progressively increased, they 
tend to pass over into the older theory. The passage is particularly clear 
in wave mechanics when we consider the transition from wave-optics to 
ray-optics. Finally, when the action is greater still, all the quantum 
theories pass over into classical science. We have here an illustration of 
the progressive approximations introduced by successive physical theories. 
Many examples have been given in this book; the progression illustrated 
in the sequence, classical science, original quantum theory, new quantum 
theories, affords an additional example. 

The quantum theory has gradually found its way into practically every 
province of physical science. Originally devised by Planck to account 
for the phenomenon of incandescence, it was soon extended by Einstein 
to the problem of the specific heats of solids and of gases at low tempera- 
tures, to the photo-electric effect and its converse (the production of 
X-rays by the sudden stoppage of swiftly moving particles), and to 
photo-chemical reactions. The discovery of collisions of the second kind 
and of their importance in certain chemical reactions was brought about 
through quantum considerations. Similarly the calculation of the chemi- 
cal constants was found to involve the constant h, and hence the quantum 
theory. The Third Principle of Thermodynamics was seen to be closely 
connected with this theory. The quantum theory was applied by Bohr 
to account for the spectra of atoms. In connection with these studies, the 
spinning electron and the ‘‘Exclusion Principle of Pauli’’ were discov- 
ered. The kinetic theory of gases was modified so as to comply with the 
quantum theory. Thanks to the new gas theory, the unexplained behavior 
of the electron gas in a metal was accounted for by Sommerfeld ; and the 
behavior of gases under enormous pressures (¢.g., in the interior of the 
stars) was better understood. Dirac, in his attempt to obtain a fusion 
of the relativity theory and of the quantum theory, was led to the con- 
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clusion that a positively charged electron should exist. It has since been 
discovered (the positron). More recently still, Maxwell’s equations have 
been investigated with a view of rendering them consistent with the new 
ideas. Finally, to the developments of the quantum theory are due the 
attacks on the doctrine of rigorous determinism. In short, optics, me- 
chanics, thermodynamics, chemistry, the statistical laws, and many others 
have one by one come under the sway of the quantum theory. Needless 
to say, our entire outlook on the physical world has been affected. 

In the following chapters we shall attempt to give an idea of the 
methods followed in the elaboration of the new doctrines. 


CHAPTER XXIV 
PLANCK’S ORIGINAL QUANTUM THEORY 


THE name radiation is given to all electromagnetic waves. These 
waves have the common property of being propagated with the velocity 
c, in vacuo. The frequency of a radiation is defined by the number of 
vibrations it executes every second at a given point of space. The wave 
length is the distance at any instant between two consecutive crests. The 
higher the frequency, the shorter the wave length in vacuo. In the quan- 
tum theory, frequency is a more useful notion than wave length, and so we 
shall classify the various radiations according to their increasing fre- 
quencies. Ranging them in this order, we have the long radio waves, the 
short ones, the infra-red radiations, the visible ones from red to violet, 
the ultra-violet radiations, X-ravs, y-rays, and possibly others of higher 
frequency. From the impersonal point of view of the physicist, all these 
radiations form a common family and differ from one another no more 
than a billiard ball moving fast differs from one moving slowly. Only 
when we confuse our subjective impressions with the impersonal point of 
view and introduce the extraneous idea of ‘‘value,’’ is there any essential 
difference between yellow light, which we see, and infra-red light, which 
is invisible. 

All bodies, with the exception of the so-called perfectly reflecting ones, 
absorb a part at least of the radiation that may fall upon them. They 
also emit radiation when heated. A general law due to Kirchhoff states 
that, for a radiation of given frequency, the ratio of the emissive power 
to the absorption coefficient is the same for all substances; it depends 
solely on the frequency of the radiation, on its plane of polarization, and 
on the temperature. 

From the standpoint of their radiating properties, all substances fall 
between two extreme limiting types. One extreme is represented by per- 
fectly reflecting surfaces, which absorb no radiation and therefore (ac- 
cording to Kirchhoft’s law) emit none when heated. The other extreme 
is illustrated by the so-called ‘‘ perfectly black bodies,’’ or ‘‘black bodies, ”’ 
for short. A black body absorbs all radiations and consequently, under 
the influence of heat, emits them all. <A piece of soot is a fair illustration 
of a black body. In practice the two extreme limiting cases are never 
realized rigorously. <A sheet of polished silver is not a perfectly reflecting 
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surface, for some radiations are not reflected; and a layer of soot is not 
a perfectly black body, for though it absorbs all the visible radiations, 
it does not absorb completely all the invisible ones. Nevertheless, though 
perfectly reflecting surfaces and perfectly black bodies are mere idealiza- 
tions, it is often useful to consider them in theoretical discussion. For 
similar reasons we speak of perfectly elastic bodies in mechanics and of 
perfectly reversible changes in thermodynamics. 

What we shall be concerned with in this chapter is the emission of 
radiation by a black body. The phenomenon is familiar enough, since it 
is illustrated very approximately when a piece of soot is heated and 
brought to the state of incandescence. Commonplace observation shows 
that when the temperature is progressively increased, the soot becomes 
luminous, passing from a dull red to dazzling whiteness. But such obser- 
vations are merely qualitative and of little value. What we must do is 
analyze the light, decompose it into its various monochromatic radiations, 
and then determine the intensity of each monochromatic radiation when 
the temperature of the black body has one value or another. The for- 
mula which condenses the results obtained is called the empirical law of 
‘*black-body radiation.’’ The aim of the theoretical physicist is to secure 
a theoretical basis for this empirical law and thereby construct a theory 
of black-body radiation. Despite the familiarity of the phenomenon of 
incandescence, the theory of black-body radiation has proved to be one 
of extreme difficulty. Entirely new concepts unknown to the more classical 
theories were found necessary, and it was the introduction of these new 
concepts that marked the start of the quantum theory. 

An important advance was made when a means of obtaining black- 
body radiation was devised. As we have said, a piece of soot is not a 
perfect example of a black body, so that the radiation emitted by incan- 
descent soot is not true black-body radiation. But a theoretical argument 
shows that the radiation contained in a heated enclosure (equilibrium 
radiation) is the same as black-body radiation. By taking advantage of 
this discovery, experimenters were able to secure accurate information 
on the intensities of the various radiations which would be emitted by a 
black body at one temperature or another. These preliminaries dispensed 
with, we pass to a study of radiation in an enclosure. 


Radiation Gas—Let us suppose that a certain amount of light (e.g., 
a mixture of yellow and green light) is introduced into an evacuated 
enclosure the walls of which are perfectly reflecting. Since the walls can 
neither absorb nor emit radiation, the composition of the radiation in 


EQUILIBRIUM RADIATION 449 


the enclosure remains unchanged.* If, then, we open the enclosure after 
any period of time, however long, exactly the same radiation will be 
found present, though of course it will escape immediately. The impri- 
soned radiation behaves in many respects like a gas. It exerts a pressure 
against the walls of the enclosure, and work must be expended if we wish 
to compress it into a smaller volume, e.g., by means of a piston. Because 
of this similarity in the behaviors of radiation and of gases, the radiation 
im an enclosure is sometimes referred to as radiation gas. 


Equilibrium Radiation—In the idealized experiment we have just 
been considering, we have purposely assumed that the enclosure contains 
no trace of matter susceptible of emitting and absorbing radiation; the 
walls of the enclosure, being perfectly reflecting, do not interfere with this 
assumption. We now suppose that, in an enclosure maintained at con- 
stant temperature, a piece of matter, e.g., a piece of soot, is introduced. 
The only stipulation is that the matter should be susceptible of emitting 
at least some amount of radiation of every frequency (soot satisfies this 
requirement). We need not inquire whether radiation is already con- 
tained in the enclosure when the matter is introduced, for, as we shall 
see, the final result is always the same. The matter will emit radiation 
and at the same time will absorb some. Exchanges will continue until the 
rates of emission and of absorption by the matter are equal; a balance is 
thus reached, and thenceforth the radiation within the enclosure remains 
unchanged in its composition. We have here a state of statistical equl- 
librium. The name equilibrium radiation is often given to the peculiar 
mixture of monochromatic radiations that will be found in the enclosure. 
This appellation is justified by the fact that the radiation and the matter 
are in equilibrium. f 

Kirchhoff’s law establishes several important points. It shows that, 
for a given temperature of the enclosure, the composition of the imprisoned 
equilibrium radiation is exactly the same regardless of the nature of the 
matter present. The only restriction imposed is the one previously stated ; 
namely, the matter must be susceptible of emitting at least some radiation 
of each conceivable frequency. It can also be shown that the shape and 
size of the enclosure do not affect results. To submit to experimental 


*It is probable that a change in the radiation wotld take place, but since the 
reasons that prompt this statement are connected with recent discoveries, we need not 


press the matter further at this point. 
+ When matter is present in the enclosure, the equilibrium between the radiation 
and the matter is similar to the equilibrium between a vapor and the solid phase of 


the same substance. 
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measurement the intensities of the various monochromatic radiations, we 
perforate one of the walls with a pin. Some of the radiation streams 
out and may be analyzed by suitable instruments. We assume that the loss 
of radiation through the pinhole is too small to affect the conditions within 
the enclosure, and hence that the sample analyzed gives the correct com- 
position of the equilibrium radiation. 

As we have mentioned earlier, the equilibrium radiation for any given 
temperature of the enclosure is exactly the same as the black-body radia- 
tion that would be emitted by a perfectly black body at the same tem- 
perature. The reason for this equivalence is easily understood. Any 
radiation which falls on the opening in the wall passes into the enclosure, 
is reflected from wall to wall, and does not emerge again. To all intents 
and purposes the radiation is totally absorbed, just as it would be were it 
to fall on a perfectly black body. The advantages of substituting the 
heated enclosure for a black body are numerous. In the first place, we 
have said that no perfectly black body can be found, whereas the heated 
enclosure simulates this ideal existent. In the second place, the en- 
closure is more easily maintained at a stated temperature than is a 
piece of soot. Finally, since the radiation in the enclosure is a manifesta- 
tion of an equilibrium condition rather than of an individual process, we 
may to a large extent ignore the mechanism by which the radiation is 
emitted from the matter and yet submit the problem of its composition to 
theoretical treatment. 


Experimental Results—Before we consider the derivation of the 
correct law of equilibrium radiation by means of theoretical arguments, 
let us examine the general results established by experiment. An enclos- 
ure was heated to one temperature or another, and the radiation stream- 
ing from the aperture was analyzed. Experimenters found that the 
intensity 7, of the radiation of frequency y was not affected by the shape 
of the enclosure or by the material of which the enclosure was made: 
the intensity was found to depend solely on the frequency y and on the 
temperature 7 of the enclosure. This dependency is expressed mathe- 
matically by the equation 


(1) t = F(», T), 
where #'(y,T) is some unknown function of the frequency and of the tem- 
perature. 

To obtain the empirical law of equilibrium radiation we should have 


to determine the exact form of this function from direct measurements 
of intensity, frequency, and temperature. However, for reasons which 
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will now be explained, the law of radiation was not discovered in this 
way. Human measurements being necessarily imperfect, the measure- 
ments performed by different experimenters (or by the same experimenter 
at different times) do not usually agree: slight discrepancies may be 
expected. As a result, slightly different forms are suggested for the 
same empirical law; and we cannot be certain that any one of the laws 
suggested is rigorously eorrect. Fortunately, in many cases, the various 
tentative laws differ so little from some law which is mathematically sim- 
ple that this simple law is accepted as the correct one.* Of course, no 
modern physicist believes that the laws of physics are necessarily simple ; 
nevertheless, whenever the correct form of a law is in doubt, we-are ob- 
viously justified in selecting, at least tentatively, the simplest law that 
is consistent with the results of measurement. Thus, the criterion of 
simplicity provides a means of agreeing on the law which will be recog- 
nized as correct—at least provisionally. Now this criterion of simplicity 
fails us in connection with the radiation law, for no simple law is even 
vaguely compatible with the experimental measurements. As a result, 
the different experimenters suggested different more or less complicated 
radiation laws and were unable to agree on the correct form of the 
function F(y, T) in (1). 

Although the correct radiation law could not be determined empiri- 
cally, the knowledge that the law must be of the general form (1) was 
soon supplemented by further information. Thus Stefan, as a result of 
his measurements, showed that the intensity of the sum total of all the 
radiations emitted was proportional to 7‘, 
where T is the absolute temperature of the 
enclosure. This relation, which the correct 
radiation law must satisfy, is called 
Stefan’s law. 

A third important feature which must 
be consistent with the radiation law was 
likewise furnished by direct measure- 
ment; it is exhibited in the graph. The 
different graph lines show how the inten- 
sity of a radiation varies with its fre- Fig. 38 
queney for different temperatures. The 
higher the temperature, the greater the elevation of the graph line. Quite 
generally we may assume that a continuous range of frequencies (visible 
or not) is present, however low the temperature. The intensities of the 


* Tilustrations of this remark are afforded by Kepler’s laws and by the gas laws. 


452 PLANCK’S ORIGINAL THEORY 


visible radiations will be small unless the temperature exceeds 600° Centi- 
grade; consequently, light will not be perceptible to the eye until this 
temperature is reached. We also see from the graph that, at any given 
temperature, one of the radiations is more intense than any of the others. 
Furthermore, when the temperature is increased, all the intensities in- 
crease, while the radiation of maximum intensity is displaced progressively 
towards the higher frequencies. Measurement shows that the frequency 
of the radiation of maximum intensity is directly proportional to the abso- 
lute temperature. The name ‘‘displacement law’’ is given to this fact of 
observation. Setting ¥mar for the frequency of maximum intensity, and T 
for the absolute temperature, we may express the displacement law mathe- 
matically by 


(2) Vmax = constant X T’, 


The constant factor of proportionality is determined by measurement. 

The well-known phenomenon of incandescence affords an illustration 
of the displacement law. When a piece of soot is heated, we find that, 
at temperatures below 600° Centigrade the soot remains non-luminous, 
although radiation of the infra-red type is being emitted in perceptible 
amounts; the frequency of maximum intensity is now in the infra-red. 
When the temperature is progressively increased beyond 500°, visible 
radiations begin to appear; first red ones, then yellow, green, blue, and 
violet ones, etc.; the intensities of al] these radiations increase with the 
temperature. When the temperature attains 1200° all the variously 
colored radiations are present in sufficient amounts for their superposition 
to yield to the eye the impression of dazzling whiteness. At the same 
time the progressive increase in temperature causes the radiation of 
maximum intensity to move towards the higher frequencies. If our 
piece of soot could stand still higher temperatures without passing into 
the vapor state, we should find that, at a temperature of about 3400°, 
the radiation of maximum intensity would emerge from the infra-red 
and pass into the visible part of the spectrum. As the temperature was 
increased still further the same gradual displacement of the frequency of 
maximum intensity would continue; this frequency would eventually 
pass into the ultra-violet, moving towards the X-rays. 

Stefan’s law or the displacement law may be utilized to determine the 
temperature of the sun. Let us consider, for example, the utilization of 
the displacement law. The frequency of the radiation of maximum inten- 
sity emitted by the sun can be determined from an analysis of the sun’s 
light. If, then, we assume that the sun radiates like a black body (an 
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assumption which is only approximately correct), we may deduce from 
the displacement law (2) the temperature of the sun’s surface layers. 

Let us summarize the results obtained thus far. Direct measurements 
show that the radiation law must satisfy the three following require- 
ments: it must have the general form (1), and it must be consistent with 
Stefan’s law and with the displacement law. On the other hand direct 
measurements cannot establish the exact form of the radiation law. 

We are thus prompted to inquire whether theoretical considerations 
will be any more successful in furnishing the radiation law. As we shall 
see presently, the correct radiation law cannot be derived from the 
classical theories. Nevertheless, classical considerations, based on the 
laws of thermodynamics, do confirm our former empirical findings by 
showing that the radiation law should satisfy the three requirements 
listed in the previous paragraph. Furthermore the methods of ther- 
modynamics enable us to particularize somewhat the form of the arbitrary 
function f(y, 7), which appears in (1). This last discovery was made 
by Wien when he sought to account theoretically for the displacement 
law. 


Wien’s Relation—Wien showed that the displacement law was sug- 
gested by thermodynamical considerations. We say suggested, because the 
thermodynamical theory, though compatible with the facts of observation, 
does not prove that they are inevitable. Wien approached the problem in 
an indirect way and obtained a result of major importance, of which the 
displacement law is, so to speak, a mere residue. Prior to Wien’s investi- 
gations, theory was unable to assign any definite form to the unknown 
function F'(y, T) which appears in (1). Wien, thanks to an ingenious 
thermodynamical argument, proved that this function must necessarily 
fulfill certain requirements. In particular, the function F'(», 7) must be 


of the general form. 
etre (aoe 
af (+), 


where f (4) is an unknown function of the ratio TE, and c is the ve- 
locity of light in vacuo. Substituting this expression for F'(y, T) in (1), 
we get for thé law of radiation 
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This important result is insufficient, of course, to furnish the radiation 


law, for the function (qr) is still unknown. It might be any function 


of = e.g. J+ or e? , ete. Nevertheless the form of the unknown 


function F'(y, 7’) is narrowed down by Wien’s discovery. Not all the con- 
ceivable laws which satisfy Wien’s relation (3) entail a radiation of 
maximum frequency and lead to the displacement law ; however, the rela- 
tion (3) is not inconsistent with the displacement law, for we may imagine 
laws which satisfy the-relation (3) and also the displacement law. This 
is what we meant when we said that Wien’s investigations suggested the 
displacement law, though they did not necessitate it. 

The theoretical results we have discussed exhaust all the information 
on the law of radiation that can be gathered when we restrict ourselves 
to the general methods of thermodynamics. To proceed further, hypo- 
thetical occurrences of one type or another must be postulated. We have 
here an illustration of the limited power of thermodynamical considera- 
tions, and we see that the progress of science would soon cease if all spirit 
of speculation were banned. 


Rayleigh’s Erroneous Law of Radiation—By basing his demon- 
stration on the classical laws of electromagnetism and by introducing cer- 
tain assumptions, Rayleigh was able to obtain a definite law of radiation. 
It bears his name. Jeans subsequently simplified the demonstration. We 
shall discuss, however, an entirely different derivation of the same law, 
given by Planck. 

We have said that equilibrium radiation will be present in the enclosure 
when the emission and the absorption of radiation by the matter pro- 
ceed at the same rate. We also mentioned that Kirchhoff’s law shows 
that the precise nature of the matter in the enclosure is of no importance 
(subject to the reservations mentioned previously). Consequently, we are 
running no risk when, for reasons of mathematical simplicity, we utilize 
some scher-. ‘2 model to represent the emission and absorption of radia- 
tion by matter. Planck assumed that the matter was represented by a 
number of oscillators formed of electrons vibrating to and fro along 
straight lines. Each oscillator was characterized by a definite frequency 
and it could emit and absorb only that radiation which had this Roamans. 

Suppose now that the state of statistical equilibrium is attained as 
between the oscillators and the radiation of the enclosure. Each oscillator 
will be emitting and absorbing radiation, and hence emitting and absorb- 
ing energy. Consequently the energy EF of an oscillator will fluctuate 
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in value, just as occurred for the molecules of a gas. At any given instant, 
therefore, the various oscillators having the same frequency » will have 
different energies. We represent by U(a, 7) the average value of the 
energies of all the oscillators y in the state of statistical equilibrium 
when the temperature of the enclosure is T. Equivalently we may sup- 
pose that U(», T) is the average value of the energy of one oscillator over 
a long period of time. 

The continuous emission of radiation by oscillators had been studied 
previously by Lorentz on the basis of classical electrodynamics, and Planck 
accepted his results. Planck was then led to a relation between the inten- 
sity of the radiation of frequency v present in the enclosure, and the aver- 
age energy of any one of the oscillators vibrating with this frequency. 
The relation in question is 


2 
(4) i, =; U(», P), 


where 7, is the intensity of the radiation of frequency ». The law of 
radiation will therefore be secured if we can calculate the average energy 
U(y, T) of an oscillator. 

The classical statistical theory furnishes the expression of U(», T). 
Thus let us consider the aggregate of oscillators which have some com- 
mon frequency. The oscillators exchange energy by emitting and absorb- 
ing radiation of this frequency ; they are therefore in a state of statistical 
equilibrium inter se. Consequently, the theorem of equipartition should 
apply as it does for colliding gas molecules, and each degree of freedom 
should have, on an average, a quantity of energy 


(5) =, 


where k is the gas constant. Our oscillators, being linear, have only one 
degree of freedom (in the mechanical sense) ; but, as mentioned on page 
422. where we discussed the specific heats of solid bodies, we must double 
the number of degrees of freedom on account of the potential energy of 
the oscillators. The net result is that each oscillator must be regarded as 
having two degrees of freedom, and hence the average energy of each oseil- 
lator will be 


(6) U=kT* 


* This expression shows that, according to classical theory, the average energy U 
of an oscillator depends on the temperature but not on the oscillator’s frequency. 
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Substituting this expression in (4), we obtain Rayleigh’s law of radia- 
tion, 7.€., 


(7) oer 


Rayleigh’s law, though it satisfies the requirements of Wien’s relation 
(3),* does not account for the displacement law. It indicates that the 
higher the frequency, the greater the intensity ; as a result, the radiation 
of infinite frequency should be the most intense. This conclusion is in 
crass contradiction with observation. Moreover, Rayleigh’s law is incom- 
patible with Stefan’s law. Finally, since the oscillators are assumed to 
have all possible frequencies, there must be an infinite number of oscil- 
lators. But then, if all of them are to share in the partition of energy, 
the energy must itself be infinite; and this is absurd. 

To obtain correct results, it seems necessary to assume that the oscil- 
lators of higher frequency cannot participate in the partition of the 
energy. Under such conditions the total energy may be finite, the higher 
frequencies fail to appear, and a frequency of maximum intensity arise. 
An equivalent way of expressing the foregoing assumption is to say that 
the degrees of freedom of the oscillators of high frequency must be inop- 
erative. We are here faced once again with the same peculiar situation 
noted in connection with the specifig heats; and so we are led to suspect 
that this situation, occurring as it does in widely different phenomena, 
must connote some general law as yet unknown. An additional point of 
similarity between the present situation and the one noted for the specific 
heats is that Rayleigh’s law tends to give the correct experimental values 
for the intensities when the temperature of the enclosure is high (and 
also when the frequencies considered are small). The law becomes increas- 
ingly incorrect when low temperatures are considered. Rayleigh’s law, 
though obviously incorrect, has nevertheless played an important part 
in the development of the quantum theory. As Lorentz and Poincaré 
showed, in whatever way we proceed without introducing assumptions that 
would conflict with classical electromagnetics and the law of equiparti- 
tion, Rayleigh’s law is the inevitable outcome. Hence it seems certain 
that the rejection of Rayleigh’s law will entail the rejection of classical 
theory, or at least will necessitate some important change in it. 


Wien’s Erroneous Law of Radiation—We mentioned that the com- 
plicated nature of the radiation law precluded it from being established 


*In Wien’s relation (3) we have but to set f eS) =k tor the unknown fune- 
e 
tion, and Rayleigh’s law is obtained. 
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by direct measurements, and that for this reason the different experi- 
menters were unable to agree on the exact form of the law. Wien sug- 
gested an empirical formula for the radiation law, and at one time this 
formula appeared to be in remarkable agreement with experimental meas- 
urements; later, however, discrepancies were detected. Wien’s radiation 
law, which must not be confused with his relation (3), satisfies the require- 
ments of the formula (3) and of the displacement law; it is also in har- 
mony with Stefan’s law. Wien’s radiation law is, so to speak, the 
antithesis of Rayleigh’s law, for whereas Rayleigh’s law becomes correct 
at high temperatures and for low frequencies, Wien’s radiation law be- 
comes increasingly correct at low temperatures and for high frequencies. 
Wien first, and later Planck, sought to give this law a theoretical founda- 
tion, but the assumptions introduced appeared arbitrary. In any case the 
law is not in perfect accord with experiment so that we need not consider 
it further. 


Planck’s Law of Radiation—Inasmuch as both Rayleigh’s and 
Wien’s laws of radiation, though incorrect, appear to express facts cor- 
rectly at opposite limits of temperature and frequency, we may presume 
that the correct law must have an intermediary form, passing over into 
Rayleigh’s when 7 is large and vy small, and into Wien’s when the reverse 
situation is contemplated. Planck, guided by these considerations, devised 
a new theory of radiation which he called the ‘‘Quantum Theory.’’ From 
this theory Planck was able to derive a radiation law which satisfied 
Wien’s relation (3), the displacement law, and Stefan’s law, and which 
was in excellent agreement with experimental measurements at all tem- 
peratures. Planck’s celebrated law is expressed by 


cee, 1 m 


(8) = 
err —1 


where & is the gas constant, and h a new constant the value of which is 
exceedingly small and is approximately 


ju==i6e5 X 10>?" engusens):. 


We must now examine how Planck derived the radiation law (8) 
from his theory. Planck followed the same course he had pursued pre- 


* We may derive Planck’s law from Wien’s relation (3) by setting 


Boe h 
(+) hp 


e kt —1 
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viously when he derived Rayleigh’s radiation law. As before, the matter 
in the enclosure was represented by a large number of linear oscillators, 
each one of which vibrated with a definite frequency and could emit and 
absorb only those radiations having that frequency. Planck, however, 
avoided being led to Rayleigh’s erroneous law by introducing an inno- 
vation which we shall examine presently. In order to appreciate the 
nature of this innovation, let us first recall the results which Planck 
had obtained on the basis of the classical theory. 

According to Planek’s classical theory the energy E of an oscillator, 
in the state of statistical equilibrium, fluctuated continuously, as a result 
of the continuous emission and absorption of energy. The symbol U(», T) 
was taken to represent the average energy of an oscillator » when the 
temperature of the enclosure was T. The classical treatment furnished 
the relation (4) between the average energy U(yv, 7) and the intensity 1, 
of the corresponding radiation. The classical expression of U, deduced 
from the theorem of equipartition is k7’; and when this value was in- 
serted in (4), Rayleigh’s law was the result. 

Since Rayleigh’s law is incorrect, it is certain that something must 
be wrong in the classical derivation. On the other hand the classical 
treatment cannot be entirely wrong, for we know that Rayleigh’s law 
tends to express conditions correctly at high temperatures. Planck 
therefore accepted the general procedure of the classical theory, and 
confined himself to determining at what point this theory needed modifi- 
cation. In this connection he assumed that the classical relation (4) 
was correct, and that the mistake in the classical treatment arose from 
its assigning the equipartition value, k7, to the average energy U of an 
oscillator. The problem confronting Planck was thus to obtain a revised 
expression for U. 

Now the equipartition value for U appears to be unavoidable so long 
as we assume that the energy of an oscillator varies continuously during 
the exchange of radiation. Inasmuch as this continuous variation in the 
energy results from the continuity which the classical theory ascribed 
to the emission and absorption of radiation by the oscillators, Planck 
concluded that the classical assumption of continuous emission and 
absorption would have to be abandoned. In his first theory (which is 
the only one we shall consider here) he postulated that the emission and 
the absorption processes both occur discontinuously. This revolutionary 
postulate constitutes the essence of the quantum theory. The precise 
discontinuities postulated by Planck will be more easily understood if 
we examine the problem from the standpoint of action rather than of 
energy. 
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When the vibrating electron of an oscillator deseribes a small in- 
terval ds, the Maupertuis action over this interval is the product of the 
length of the interval and the momentum mv of the electron. The action 
over a back-and-forth vibration is obtained by integrating the elementary 
amounts of action over the entire vibration. In the case of an oscillator 
vibrating with energy E, the action for a complete vibration is found 
to be 


(9) action = ma 
Y 
According to classical theory, where emission and absorption are con- 
tinuous, the action will fluctuate continuously, along with the energy F. 
But if we accept Planck’s postulate of the discontinuity of emission and 
absorption, a discontinuous set of values will be obtained for the energy 
and hence for the action. Planck then particularized his postulate of dis- 
continuity by making the following assumption : 


The action of an oscillator can have only the values 
(10) O Wipetrons «cea MR eG 
and changes in the action can occur only by the amount Hess 


A comparison of (9) and (10) shows that according to Planck’s as- 
sumptions the total energy of an oscillator of frequency » can have only 
the values 


(iil) 0, hy, Qhy, Shy .... mhy..., 


and that when energy is radiated or absorbed, it will always be in parcels 
hy. 

If now we calculate the average energy U(y, T) of an oscillator in 
the state of statistical equilibrium, we find 


hy 
(12) U(y, T)=———, 


Cd 


instead of (6) as was required by the classical theorem of equipartition. 
Tf we substitute the expression (12) for the mean energy in the relation 
(4), Planck’s formula (8) is obtained. 


*We have modified Planck’s theory by assuming that the action of an oscillator 
can change only by the amount hk. Planck did not make this restriction; he supposed 
that changes nh could occur, where ” is any positive integer. But the restriction in 
the text is required by the Correspondence Principle and by the subsequent develop- 
ment of the theory. 
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We may easily verify that Planck’s law (8) degenerates into Ray- 


leigh’s law (7) when is small, and hence when the temperature T is 
high and the frequency » is low. Now 7” would also be small if » and T 


were arbitrary and the value of h happened to be infinitesimal. We 
conelude that, if in our universe the magnitude h were infinitesimal, 
Planck’s law would degenerate into Rayleigh’s law for all values of the 
frequency and of the temperature. Rayleigh’s classical law would thus 
be correct in such a world. We are here faced with a situation that will 
present itself repeatedly in the quantum theory. It may be stated: 

In a universe where h would decrease progressively in value, passing 
from its actual finite value to an infinitesimal one, quantum phenomena 
would progressively be obliterated, and the quantum theory would pass 
over into classical science.* 

In short, the essential change in our outlook brought about by the 
quantum theory is due to the discovery that the unit A is finite and not 
infinitesimal. Also, we perceive the similarity between the réle played by 
h (finite and not infinitesimal) and the réle played by the invariant veloc- 
ity c (finite and not infinitely great) in the special theory of relativity. 
With a decrease in the value of h, the quantum theory would pass over 
into classical science ; and, with an increase in the value of the invariant 
velocity c, the theory of relativity would likewise pass over into classical 
science. 

Let us also observe that Planck’s law passes over into Wien’s radiation 


law when = or au is high. Consequently Wien’s law would be cor- 


rect in a world where the value of h was very great. The passage of 
Planck’s law into Wien’s is of less interest, so we shall not discuss it 
further. 


* This statement may be too general. The statement appears to be borne out in 
connection with the law of radiation and also, as will be seen later, in many other 
cases, But we must remember that in the present stage of scientific development we 
are far from being acquainted with the various implications of the quantum h. It is 
conceivable that in a world where h was infinitesimal, life would be impossible. It is 
also to be presumed that the finite value of h is in some way connected with the very 
existence of such stable structures as electrons; and if this be so, the gradual vanishing 
of A might lead not only to the disappearance of quantum phenomena, but alsa to 
a physical universe which would differ entirely from the one in which we live. 
However this may be, the statement made in the text contains at least an element of 
truth, and the general law which it illustrates has been of considerable heuristic value 
in the development of the quantum theory. 
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Without going into mathematical detail, we may understand in a 
rough way how a lowering of the temperature causes the degrees of free- 
dom of the oscillators of higher frequency to become inoperative. Thus 
we have seen that the total energy of an oscillator of frequency » can 
have as value only some integral multiple of the quantity hy. Our oscil- 
lator can therefore absorb no amount of energy smaller than hy. This 
quantity increases with the frequency v of the oscillator. Now, 
in our enclosure at temperature 7, there is only a limited amount of 
energy. If, then, the frequency » of an oscillator is so great that the 
minimum amount hy of the energy it can absorb is greater than the total 
amount of energy to be distributed, this oscillator will necessarily be 
sacrificed in the distribution of the energy and will be as good as non- 
existent. We thus understand why the oscillators of extremely high 
frequency cannot share in the distribution of energy. But, of course, 
the exact manner in which the energy will be distributed, 1.e., the most 
probable manner, can be determined only through mathematical calcula- 
tion. When the calculations are performed, Planck’s law is obtained. 

The foregoing analysis shows that Planck’s principal innovation con- 
sents in the assumption that the ‘‘action’’ of the emitting and absorbing 
oscillators (which represent the matter in the enclosure) can change only 
by the amount h. Had Planck resorted to more complicated mechanisms 
than oscillators he would have had to assume that the action might change 
by nh, where n is any integer.* But, in either case, the significant fact 
is that the action can vary only by discrete quantities and not continu- 
ously. From this standpoint and on the basis of our present knowledge, 
we are justified in viewing hf as the atom of action. 

The atomicity of action entails a discontinuity in the emission and 
absorption of radiation-energy by matter. Thus radiation of frequency » 
can be emitted only in bundles, or quanta, of energy hy. The notion of 
the atomicity of action is questionable in view of subsequent developments ; 
but to speak of atoms of energy would be still more misleading. In the 
first place, the bundles of energy vary in magnitude according to the value 
of y. Thus bundles hy for violet light are nearly twice as energetic as for 
red light. So there are as many different kinds of bundles, or quanta, 
of energy as there are different frequencies, 7.¢., a continuous infinity. 
Here is already a first difference between the bundles of energy and the 
atom of action, h. 

A further difference is that the bundles of energy may be increased 
or decreased at will and are in no sense permanent. For instance, let 


* The reasons for this statement receive their explanation when we consider the 
quantum theory of the atom. 
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us suppose that green light is reflected against an advancing or a retreat- 
ing mirror. We know that the reflected light may be violet or red. The 
reflected quanta of energy are then respectively more energetic or less 
energetic than the incident ones. In the former case, energy has been 
communicated to the incident quanta at the expense of the energy of 
the advancing mirror; in the latter case, energy has been withdrawn from 
the incident quanta and ceded to the mirror. The situation is much the 
same as when a tennis ball rebounds from an advancing, or from a retreat- 
ing racket. And just as in this latter case the element of atomicity is repre- 
sented by the ball and not by the energy it carries, so also with our 
radiation quanta it is the radiation, and not the energy, which in certain 
cases at least may be regarded as corpuscular. 

At first the reaction of physicists to Planck’s solution of the prob- 
lem of equilibrium radiation was lukewarm. Against it there seemed to 
be weighty evidence. In the first place, we have assumed that each 
oscillator of frequency v reacts, or exchanges energy, only with the radia- 
tion of the same frequency vy present in the enclosure. Under these con- 
ditions, each category of oscillators and the corresponding radiations are 
isolated, so to speak, from all other oscillators and radiations. Yet, when 
we calculate the mean energy of an oscillator, and therefore partition 
the total energy in the enclosure among the various oscillators, we are 
implicitly assuming that the oscillators are in statistical equilibrium 
inter se and are thus able to exchange energy. It seems necessary to make 
this assumption, and it is not difficult to understand how the exchanges in 
energy may occur. The exchanges may be due to gas molecules or 
electrons circulating within the enclosure, colliding with the oscillators 
and thereby conveying energy from one oscillator to another. We may 
also suppose that the molecules and electrons deviate the radiations 
and modify their frequencies; and that this process will bring about the 
exchange of energy between the various radiations, and thence between the 
oscillators. Finally, we may suppose that the different oscillators collide, 
and that an energy exchange occurs directly in this way. But the trouble 
is that if we take these subsidiary phenomena into account and treat 
them in the classical manner, we obtain Rayleigh’s law, and not Planck’s. 
If, then, Planck’s law is correct, we must assume that none of the sub- 
sidiary energy interchanges we have just mentioned can proceed according 
to classical ideas. Quantum phenomena cannot therefore be restricted 
solely to the emission and absorption of radiation by matter, and so the 
whole of classical physics seems endangered. This conclusion in itself 
is not an argument against Planck’s theory, but it does show that 
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this theory entails more revolutionary cousequences than might at first 
be supposed. 

A second difficulty that confronts Planck’s theory is exhibited by the 
following question: If radiation is emitted from matter in bundles, 
what becomes of Maxwell’s theory with its continuous electromagnetic 
waves and fields? Planck himself adopted a cautious attitude. At the 
Solvay Congress of 1911, devoted to the discussion of the Quantum Theory, 
he stated : 


‘(When the emission by an oscillator occurs in ‘quanta,’ Maxwell’s 
equations retain their validity in surrounding space, but only at a suf- 
ficient distance from the oscillator ... they must be modified inside the 
oscillator and in its immediate vicinity.’’ 


According to the views expressed in this passage the quanta of radiation, 
after leaving the oscillator, will merge, giving place to a continuous field. 
But Planck’s semi-classical attitude was resisted by Einstein. Indeed 
the real revolutionary in this early stage of the quantum theory was not 
Planck but Einstein. From the outset he supported the idea that radia- 
tion not only is emitted in bundles but that it remains so constituted, at 
least until it enters into contact with matter. 


The Specific Heat of Solids—The first physical phenomenon, 
which was not directly related with radiation but which nevertheless Jent 
support to the quantum theory, was the general decrease in the specific 
heats of solids at low temperatures. When we discussed the specific heats 
of solids (see page 422) we saw that, if we assume the validity of the 
theorem of equipartition for the oscillating systems composing the crystal, 
caleulation shows that the specific heat always has the same constant 
value, 3R, at all temperatures and for all substances. This result 
agrees with the empirical law of Dulong and Petit at ordinary tempera- 
tures, but the agreement ceases at low temperatures. Experiment shows 
that as we approach the absolute zero the specific heat decreases continu- 
ally. According to the third law of thermodynamics the specific heat 
should tend to zero. This falling off may be accounted for if we assume 
that as the temperature is lowered, the various degrees of freedom of the 
vibrating systems become inoperative. Einstein sensed that this phe- 
nomenon might be interpreted by the quantum theory. 

The explanation is very similar to the one mentioned in connection 
with the radiation law. The vibrating systems in the crystal may be 
assimilated to so many oscillators vibrating in space with the same fre- 
quency y. An oscillator vibrating in space, and hence in three directions, 
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is equivalent to three linear oscillators, so that in effect we may view our 
erystal as composed of an aggregate of linear oscillators of the same 
frequency y. These oscillators, according to our former conclusions, can 
assume only the energy values 


0, Ay, 2hy, Shy .. .nhy*... 


Consequently, if the temperature, or energy content, of the crystal is 
small, there may not be enough energy present to satisfy the demands of 
some of the oscillators. In this event some of the oscillators will receive 
no energy and will be inoperative. The specific heat of the crystal will 
thus tend towards zero when the absolute zero of temperature is neared. 
Qualitatively, therefore, the quantum theory accounts for the falling off 
in the specific heats of crystals and is thus in agreement with the third 
law of thermodynamics. 

Einstein, in his original treatment, assumed that the crystal was 
formed of space-oscillators all of which had the same frequency. His 
theory was subsequently refined by Debye, Born, and Karman. Debye, 
for instance assumed a whole spectrum of frequencies of vibration instead 
of a single one, and he calculated the frequencies from the elastic proper- 
ties of the body. Thus in Debye’s theory we must consider oscillators 
having various frequencies instead of confining ourselves to oscillators 
having the same frequency. Except for this difference the general treat- 
ment is the same; but the quantitative results obtained by Debye are in 
better agreement with experiment. 


The Specific Heats of Gases—According to the classical kinetic 
theory of gases, the specific heats of all gases should be 3R, where RF is 
the gas constant. Inasmuch as this conclusion conflicts with experiment, 
Boltzmann was led to suppose that, for some reason or other, the spherical 
molecules of a monoatomic gas cannot rotate and can assume only trans- 
lational motions; that the dumbbell-shaped molecules of a diatomic gas 
can rotate, but not along the line of the knobs; and that the molecules 
of irregular shape of a polyatomic gas may rotate in any way. With these 
restrictions imposed, the classical kinetic theory leads to the values 
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for the specific heats of the three kinds of gases; and these magnitudes 
are in agreement with experimental measurements at ordinary tempera- 
tures. But at extremely low temperatures, discrepancies appear: the 
specific heats of the diatomic and polyatomic gases decrease to the 
value Rj and thus assume the value that holds for a monoatomic gas. 
This falling off may be accounted for by supposing that when the tem- 
perature is lowered, the molecules one by one cease to rotate, so that their 
rotational degrees of freedom become inoperative. Einstein and Stern 
were the first to investigate the matter.* 

At the time Einstein was initiating his investigations, in 1913, there 
was some doubt as to the correct method of applying the quantum 
theory to rotating bodies. Up till then, only oscillators had been con- 
sidered; and Einstein’s deduction was not rigorous. But the problem 
was solved by Ehrenfest soon after, and we shall follow his procedure. 
Ehrenfest extends to a rotating body Planck’s postulate for the oscil- 
lators. He assumes that the action can take only the values 
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Now if we consider a molecule rotating about some axis, and if we call I 
the moment of inertia of the molecule about this axis, mechanical consid- 
erations show that the action and the energy EF are connected by the 
formula 


E= xX (action) ?. 


827] 
The values of the energy for the stable rotationary states are then secured 
when we substitute in this expression the permissible values for the action. 
We thus obtain as possible values for the energy, 
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The smallest amount of energy our molecule can absorb is seen to be 
h2 

8271 

of the moment of inertia J. 


- and we note that this quantity is the smaller, the greater the value 


* Nernst had already pointed out in 1911 that quantum effects should be expected 
in the rotation of diatomic and polyatomic molecules, but he did not investigate the 
problem theoretically. 

t Wave mechanics shows that the correct values are 
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The value of I depends on the mass, size, and shape of the molecule 
and also on the axis of rotation. For a diatomic molecule, Z is much 
smaller when the axis of rotation is the line of the knobs than when it is 
perpendicular to this line. The smallest amount of energy that can set 
a diatomic molecule into rotation is thus considerably greater when the 
rotation is around the line of the knobs than when it is around any per- 
pendicular axis. In other words, the most greedy rotational degree of 
freedom of a diatomic molecule is the one connected with the rotation 
around the line of the knobs. Now, according to the usual arguments 
of the quantum theory, when the temperature of a diatomic gas is not 
extremely high and hence when the energy at our disposal is not very 
great, the first degrees of freedom that will be sacrificed in the partitioning 
of the energy are the more greedy ones. These more greedy degrees of 
freedom will thus become inoperative, and as a result the diatomic mole- 
cules will not rotate about the lines of the knobs though they may rotate 
about perpendicular axes. This is precisely the situation which Boltz- 
mann assumed for a diatomic gas at ordinary temperatures when he 
wished to account for the specific heat 2 R. We conclude that the 
quantum theory justifies Boltzmann’s assumption. At the same time 
his unsatisfactory hypothesis of perfectly smooth molecules becomes 
unnecessary. 

Suppose now the temperature of the gas is high. Since more energy 
is at our disposal, there may be enough energy to distribute among the 
formerly inoperative degrees of freedom, with the result that the diatomic 
molecules may rotate in all ways. The specific heat of a diatomic gas 
should thus become 3F at high temperatures and hence be the same as 
for a polyatomic gas. These expectations are in agreement with experi- 
ment. Atstill higher temperatures there may be enough energy to satisfy 
the demands of other degrees of freedom, namely, those connected with 
the vibrations of the knobs in a dumb-bell molecule. The knobs will then 
start to vibrate and the specific heat of the gas will be increased further 
in consequence. 

The reason why the spherical molecules of a monoatomic gas do not 
rotate at ordinary temperatures may be understood by similar argu- 
ments. Thus the moments of inertia of a tiny sphere being extremely 
small, the minimum amount of energy which a rotational degree of free- 
dom can absorb is extremely large. At ordinary temperatures there is 
presumably not enough energy present to satisfy the rotational degrees 
of freedom; very much higher temperatures would be required before 
the spherical molecules could be set into rotation. 
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Finally, we examine the behavior which we may expect for diatomic 
and polyatomic molecules at extremely low temperatures, near the absolute 
zero. All the rotational degrees of freedom will be frozen in, and so the 
molecules will cease to rotate. According to our present theory, however, 
the molecules will still be in motion since they will be undergoing trans- 
lations. For this reason the specific heat will be non-vanishing and will 
have the value rR, just as occurs for monoatomic gases at ordinary 
temperatures. Yet: if we accept the inferences drawn from the third 
principle of thermodynamics, according to which the specific heat of a 
perfect gas should vanish at the absolute zero (degeneration of gases), 
we must suppose that the translational degrees of freedom will also 
eventually become inoperative. But the quantum theory, at its stage 
of development considered here, affords no means of introducing quantum 
restrictions on the translational movements of the molecules, with the 
result that gas degeneration cannot be accounted for. We shall see later 
that this difficulty is overcome in the New Statistics. 


Photons—Planck’s quantum theory raised at the outset the problem 
of the nature of radiation. Is it continuous and wave-like, or is it cor- 
puscular? Planck himself believed that, only in the immediate vicinity 
of his oscillators would Maxwell’s equations be at fault, and that elsewhere 
they would resume their validity. Planck’s belief implied that radiation 
was continuous at points not in the immediate vicinity of an emitting 
system. 

Einstein, however, subjected Planck’s law to a series of theoretical 
tests and came to the conclusion that, everywhere throughout the enclos- 
ure, radiation must have a dual nature, part wave and part corpuscle. 
His investigations concerned the phenomenon of fluctuations, which we 
mentioned in connection with the molecules of the kinetic theory. Fluctua- 
tions in the density of the radiation occur incessantly during the state 
of statistical equilibrium. From Planck’s law we may determine the 
fluctuations. Einstein found that the fluctuations should be composed 
of two parts: one part was consistent with the assumption that radiation 
is formed of waves; the other part required that radiation be corpuscular 
and that radiation of frequency » be constituted of corpuscles having the 
energy hy. If, in place of Planck’s law, we take Rayleigh’s, we obtain 
only the wave part of the fluctuations. If we take Wien’s law of radia- 
tion, the corpuscular aspect of the radiation is the only one in evidence. 
This illustrates a fact we already know; namely, Planck’s law is a com- 
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promise between Rayleigh’s and Wien’s. Inasmuch as Planck’s law 
passes over into Rayleigh’s classical law when we imagine that h becomes 
smaller and smaller, we may view the corpuscular aspect of radiation as 
a quantum manifestation. 

Einstein’s theoretical deductions suggesting the dual nature of radia- 
tion soon received support in the experimental field. Experiment showed 
that on certain occasions radiation behaves as though it were wave-like, 
on others as though it were corpuscular. The corpuscles of radiation, 
which seem to betray themselves in certain phenomena, have since been 
named ‘‘photons.’’ In vacuo they are assumed to be moving with the 
velocity c. A photon associated with a radiation of frequency » is called 
a photon of frequency 7; its energy is hy and its momentum (tm vacuo) 

hy 
= . 


The Photo-Electric Effect —In support of his theoretical investiga- 
tions, Einstein drew attention to the photo-electric effect. This effect, 
discovered accidentally by Hertz and studied by Lenard, consists in the 
emission of electrons from a strip of metal exposed to ultra-violet light. 
We must assume that the energy of the incident waves of light is com- 
municated in some way to the electrons circulating in the metal, and that 
the electrons are thereby ejected. Quantitative measurements show 
that the velocity with which the electrons are ejected is independent of 
the intensity of the incident light, but increases with the frequency of 
the light. The phenomenon is not easy to account for on the basis of 
the wave theory of light, for according to this theory the energy of an 
incident wave increases with its intensity; and so a more intense light 
of the same frequency should generate greater velocities for the ejected 
electrons—and this is contrary to observation. Furthermore, according 
to the wave-theory the energy is distributed continuously over the sur- 
face of the wave front, and under these conditions it is surprising to 
find that the electrons are ejected only at discrete points. 

But if a corpuscular theory is adopted for light, the phenomenon 
becomes comprehensible. The radiation corpuscles, or photons, fall in 
showers at random on the metal, and only at their points of impact need 
we expect electrons to be ejected. In particular, a photon of frequency 
y has energy hy, and Einstein assumes that when the photon collides with 
the metal, its energy is transferred to an electron and appears in the form 
of kinetic energy. If we neglect the refinements of the theory of rela- 
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tivity, the kinetic energy of an electron of velocity v and of mass m is 
mv, and the equation of the photo-electric effect becomes 


Ymv? = hy.* 


As a matter of fact, some of the energy of the photon is expended in 
tearing away the electron from the surface of the metal, and so the 
velocity with which the electron is ejected will be somewhat less than is 
indicated by this formula. 

We may readily understand why the intensity of the incident light 
does not affect the electron’s velocity. When the light is more intense, 
the energy conveyed by each one of the photons is no greater; it is only 
the number of photons that is increased. The effect of increasing the 
intensity will merely be to increase the number of electrons ejected. To 
increase the velocity with which these electrons are hurled out from the 
metal, we must increase the energy of the individual photons and hence 
the frequency of the incident light. When the frequency of the incident 
light falls below a certain value, the energy of the photons will be too 
small to tear the electrons from the metal; for this reason the photo- 
electric effect will not arise for visible light. It will be extremely violent 
if X-rays are used. Indeed, with X-rays, not only the superficial electrons, 
but also those present in the deep interior of the atoms may be torn 
out and hurled into space. 

The converse of the photo-electric effect may also arise. It will occur 
when an electron moving at extremely high speed is suddenly stopped by 
impact against a metal. The kinetic energy of the electron is then de- 
stroyed and a photon of the same energy is emitted. By utilizing this 
phenomenon, physicists generate X-rays in the laboratory. 


The Compton Effect—An effect which also suggests a corpuscular 
theory of light is the Compton effect. Compton’s experiment consists 
essentially in directing radiation of high frequency against free elec- 
trons. The incident radiation is more or less deflected by the electrons 
and it decreases in frequency. At the same time, some of the electrons 
are thrown back as though they had been submitted to an impact. The 
interpretation of this effect by means of photons is simple. Thus we 
assume that the radiation is corpuscular, so that radiation of frequency 
y moving im vacuo is identified with a shower of photons moving with 


velocity c; each photon has energy hy and momentum a4 When radia- 


* Since mv and v can be measured, the formula of the photo-electric effect affords 
a means of determining the value of Planck’s constant h. 
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tion of frequency »y is directed against free electrons, collisions oceur be- 
tween the photons and the electrons. Each collision may be viewed as 
similar to one between two perfectly elastic billiard balls. By an appli- 
cation of the mechanical laws of the conservation of energy and of 
momentum, a relationship may be established connecting the three fol- 
lowing magnitudes: the loss in energy of the rebounding photon; the 
direction of its deflection arising from the collision; and the direction of 
recoil of the electron. All three of these magnitudes can be measured 
experimentally. In particular, the loss in the energy of the photon ex- 
hibits itself in a lowering of the photon’s frequency and hence in a lower- 
ing of the frequency of the radiation. Thanks to these measurements, 
the theory just sketched for the Compton effect may be tested. The 
agreement is satisfactory. 

This theory of the Compton effect has since been refined by the apph- 
cation of wave mechanics and of Ieisenberg’s principle of uncertainty. 
Nevertheless the crude mechanical explanation on the basis of the analogy 
of billiard balls gives a good approximation, and we see from this example 
that even in the remote levels of the microscopic, far different from the 
level of commonplace experience, mechanical analogies may still retain 
a certain measure of validity. 


The Fundamental Law of Photo-Chemistry—Some chemical’ re- 
actions and dissociations which cannot occur under ordinary conditions 
take place when light falls on the chemical substances. Such reactions are 
called photo-chemical. If a photo-chemical reaction proceeds when light 
of a definite frequency falls on the substances, we usually find that, with 
a change in the frequency of the light, the reaction ceases. The frequency 
of the radiation is thus characteristic of the reaction. For instance, silver 
chloride, used in the photographie plate, dissociates into silver and chlorine 
(or at least the bonds between the atoms are loosened) when light ranging 
from the green to the ultra-violet and beyond is applied. Red light pro- 
duces little effect. Similarly the chlorophyllian action of plants requires 
red light (as is apparent from the reflection of green light by the leaves). 

An elementary interpretation of photo-chemical reactions based on 
the quantum theory was given in 1905 by Einstein and by Stern. In the 
particular case where the reaction is a dissociation, Einstein’s law states: 


Ifa molecule dissociates under the action of radiation of fre- 
quency v, the dissociation will absorb a quantum hy of energy. 


The connection of this law with the quantum theory resides in the fact 
that a molecule cannot absorb less than a quantum of energy hy. We 
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may suppose that a photon, having a quantum of energy hy, collides with 
the molecule and surrenders its energy to the molecule. 

As an illustration let us consider the dissociation of gaseous hydrogen 
bromide HBr into hydrogen and bromine. At ordinary temperatures 
and pressures the free energy of the compound is less than the sum of 
the free energies of the component elements. According to the laws of 
thermochemistry a spontaneous dissociation is thus impossible. But if 
radiation of appropriate frequency yv falls on HBr gas, a quantum 
hy is absorbed by a molecule, and the dissociation takes place. The free 
energy required to bring about the loosening of the atomic bonds is thus 
furnish-d by the quantum of radiation energy. Of course, in many cases, 
the initial action of the light may merely set free certain atoms, which 
in turn combine with others. In such cases the action of the light is more 
indirect. Further information is yielded on these chemical problems by 
the curious phenomenon of collisions of the second kind. See Chapter 
XXVIII. 

The various applications of Planck’s ideas, which we have mentioned 
in the course of this chapter, show that Planck’s quantum theory cannot 
be regarded as a mere makeshift devised for the sole purpose of inter- 
preting the law of equilibrium radiation. We must recognize therefore 
that the quantum theory has uncovered a new world of physical occur- 
rences, a world formerly unsuspected. As we proceed, we shall find 
that one group of phenomena after another will reveal itself as controlled 
by quantum laws. 


CHAPTER XXV 
GENERALITIES ON THE ATOM 


Tue possibility of disrupting molecules and of separating them into 
atoms has been known for many years; it forms the basis of chemistry. 
But the destructibility and evolution of atoms has forced itself upon sci- 
ence only in recent times. So long as atoms were regarded as permanent 
and indestructible, the problem of accounting for their stability did not 
present itself. The atoms simply were and science had to accept them as 
fundamental units from which to build complicated structures. But 
when this permanency was found to be illusory, the reason for the 
extraordinary stability of the atoms became an urgent problem. 

Here a statement of general policy may be mentioned. When we 
attempt to construct a theory so as to account for some new phenomenon, 
we seek to interpret the unknown in terms of the known or at least of the 
supposedly known. Accordingly, the first theories of the atom were based 
on the classical laws of mechanics or of electromagnetism. Of course, the 
critic is justified in questioning our right to apply the classical laws, espe- 
cially so when we apply these laws to phenomena occurring in a micro- 
scopic world about which practically nothing is known. But this critical 
attitude, unless supplemented by some constructive idea, would be worse 
than useless, and, if applied consistently, would stifle the progress of 
science. The history of science shows that there is but one way to proceed : 
We extend the classical conceptions to some model of the phenomenon of 
interest, and then determine whether or not we are led to predictions that 
are verified by experiment. If, however much we vary the model, our 
predictions remain in conflict with experiment, we shall be assured that 
the classical laws are inadequate; it will then be time enough to discard 
these laws and to decide in what respects they must be amended. This 
is the course that has always been followed in theoretical physics, and we 
shall find that the theories of the atom are no exception to the rule. 

In our attempt to devise a model for an entity as minute and as elusive 
as the atom, we must necessarily be guided by very indirect sources of 
information. The most important of these has been the study of the 
radiations which the atoms emit under suitable conditions. By means 
of resolving instruments these radiations may be separated, and they then 
appear as distinct luminous lines (spectral lines). But the atomic spectra 
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are not the only clues at our disposal. Chemical properties, the color of 
substances containing the atoms of interest, electrical and magnetic prop- 
erties, ionizing potentials, radioactive phenomena, and many others have 
all played a part in guiding physicists towards a better understanding of 
the atom. 


The First Atomic Models —The first atomic model was devised by 
Lord Kelvin. At the time he was pursuing his investigations, the most 
conspicuous property credited to atoms was their stability ; and the main 
purpose of Kelvin’s model was to account for this stability. Now, the 
theoretical investigations of Helmholtz in hydrodynamics had established 
the peculiar stability of vortex motions, and so Kelvin availed himself of 
this discovery and assumed that an atom was a vortex in the ether. 
Kelvin’s investigations have today but a historical interest. The next 
attempt was due to J. J. Thomson, though his model seems to have been 
suggested by Kelvin. Thomson’s investigations were carried out in 1904, 
when the existence of the electron (corpuscle of negative electricity) had 
been established and its presence in the interior of atoms recognized. In- 
asmuch as atoms appeared electrically neutral, Thomson supposed that 
the negative electrons in the atom were counteracted by an appropriate 
amount of positive electricity. Now although negative electricity was 
known to be corpuscular, Thomson believed that positive electricity was 
a continuous fluid; and his model of the atom was represented by a 
sphere of uniform positive electrification in which electrons were em- 
bedded. The electrons placed themselves along rings and revolved about 
the centre of the sphere. Owing to their accelerated motion, they radiated 
electromagnetic energy (light) in accordance with the laws of electro- 
dynamics. The conditions of stability were also investigated by Thomson. 
This conception of the atom was soon abandoned as a result of Ruther- 
ford’s discoveries. 


Rutherford’s Atom—Rutherford, in 1911, submitted a thin foil of 
gold to a bombardment of those positively charged particles which are 
hurled out from atoms during radioactive explosions. The particles to 
which we refer have since been called ‘‘alpha particles’’; the electrical 
charge of an alpha particle is twice that of an electron, and of course 
the sign of the electrification is reversed; the mass of an alpha particle 
is much greater than that of the electron. Rutherford, on bombarding 
the foil of gold with a stream of alpha particles moving at extremely high 
speeds, found that the particles usually passed straight through the foil 
without deflection, but that on rare occasions large deflections arose. Since 
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each individual electron contained in an atom of gold had far too small 
a mass to be responsible for the deviations of the massive alpha particles, 
the large deviations that occasionally occurred were ascribed to the 
repulsive actions of massive positive charges present in the atoms. The 
rarity of large deviations suggested that in each atom the positive charge 
was concentrated in a small volume (called the nucleus), presumably 
situated at, the centre of the atom. According to these ideas, an alpha 
particle, on passing through the metal foil, would be deviated percep- 
tibly only when it passed sufficiently near to a nucleus; in all other cases 
it would proceed without perceptible deviation. Quantitative measure- 
ments of the deviations in a series of experiments enabled Rutherford to 
calculate the net positive electrical charges of the nuclei of various atoms 
(the nuclear charges) and also the approximate diameters of these 
nuclei. 

Subsequent discovery proved that positive electricity was corpuscular 
in structure; its corpuscles were called protons. Though protons have 
the same charge as the electrons (but of opposite sign), their mass is 
some 1830 times greater. For this reason, practically the entire mass 
of the atom was thought to be due to the protons contained in its nucleus; 
and since the masses of the various atoms were known, physicists com- 
puted on this basis the numbers of protons present in the various nuclei. 
Now experiment showed that, except in the case of the hydrogen atom, 
the nuclear charge of an atom always fell below the total charge of the 
nuclear protons. This situation was accounted for by the assumption 
that a nucleus (other than that of hydrogen) contained electrons as well 
as protons, the charges of the former counteracting those of some of the 
latter. Furthermore, since an atom was electrically neutral as a whole, 
additional electrons were assumed to be circling around the nucleus under 
the pull of its electrostatic attraction. 

The final picture of the atom as suggested by Rutherford is very 
similar to a miniature solar system: the massive nucleus formed of pro- 
tons ant of electrons, with a predominance of the former, plays the part 
of the sun; and the remaining electrons which circle around this central 
body behave like the planets. The nucleus occupies only a small part 
of the atom, and so the atom is represented by a practically empty region 
of space. The hydrogen atom which is the simplest of all atoms is formed 
by a single proton around which a single electron is circling. As for 
the alpha particle, to which reference was made in Rutherford’s experi- 
ments, it is the nucleus of the helium atom and is a highly stable configura- 
tion, having a net positive charge of two units. Since it has a mass 
of four units, it was believed to be formed of four protons and two elec- 
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trons. In the higher atoms the nuclei were assumed to contain larger 
numbers of protons and electrons. 

Today, as a result of recent discoveries, a different conception of the 
nucleus is entertained, and many of the conclusions which we have just 
mentioned, have been revised. For the present, however, we shall accept 
the earlier conception of the atomic structure. 

We have seen that according to this conception all atoms are formed 
of protons and electrons exclusively. Since the mass of an electron 
may be disregarded in comparison with that of a proton, the masses of 
the various atoms should be integral numbers of times the mass of a 
proton. This expectation, however, is not always borne out by experi- 
ment. For instance, the helium atom has as nucleus an alpha particle 
and so contains four protons, and the hydrogen atom contains a single pro- 
ton; hence we should expect a helium atom to be exactly four times 
more massive than a hydrogen one. But such is not the case: the mass 
6f the helium atom is slightly less than the required amount. The special 
theory of relativity affords an explanation of the discrepancy. According 
to the relativity theory the mass of a particle at rest is equal to its energy 
of constitution divided by c? (where c is the velocity of light). Now, if 
the protons and electrons in the helium nucleus, or alpha particle, are 
closely packed, the total potential energy of the helium nucleus will be 
reduced and hence the mass will be less than the sum of the constituent 
protons considered in isolation. Thus, the discrepancy is accounted for. 
But in some cases the atomic mass of an element appeared to differ con- 
siderably from a whole multiple of the mass of a proton; and in such 
eases the discrepancy could no longer be attributed to a relativity effect. 
Chlorine is an example in point; its atomic mass appears to be 3514 times 
the mass of a proton. Subsequent investigation showed, however, that 
the chlorine gas obtained by ordinary chemical processes is in reality 
a mixture of two different chlorine gases having as atomic masses 35 and 
37, respectively. In short, a chlorine atom of mass 351% is a myth, and 
the earlier belief in the existence of such an atom was due solely to the 
error of confusing a mixture with a pure substance. Thus, our assump- 
tion that all atoms contain an integral number of protons is not en- 
dangered by the apparent discrepancy noted in connection with the 
chlorine atom. Incidentally, the existence of atoms having the same 
chemical properties but different masses is of frequent occurrence. These 
various forms of the same element have been called isotopes by Soddy. 

Rutherford’s atom was imagined so as to account for his experiments, 
but these experiments elucidate only some of the features of the atomic 
structure. Other features must also be taken into consideration. In the 
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first place, atoms are exceedingly stable structures, and any successful 
model of the atom must give an account of this fact. A rigorous proof 
of the stability is obviously out of the question, for it involves the problem 
of n-bodies. It is true that the stability of the solar system may be 
established over a long interval of time; but, in view of the tremendous 
speeds that must be credited to the planetary electrons, a long period of 
time for the solar system would correspond to a fraction of a second 
for an atom. For these reasons we cannot (apart from exéeptional cases) 
obtain any rigorous proof of the stability of Rutherford’s atom. Besides, 
Rutherford’s model does not account for the observed distribution of the 
spectral lines. Nevertheless, we shall see that when supplementary 
assumptions are introduced, Rutherford’s atom is taken over by Bohr. 


Mendeleeff’s Table—We shall advance a step further in our search 
for a satisfactory model of the atom by following momentarily a different 
train of inquiry. Many years ago Mendeleeff had the idea of ordering 
the atoms according to their increasing atomic weights, or masses. In so 
doing he noticed that atoms with similar chemical properties (such as 
fluorine, chlorine, bromine, iodine) recurred periodically at more or 
less regular intervals. To bring these chemical similarities into promi- 
nence, Mendeleeff cut into a number of sections the single line along which 
he had originally ordered the atoms. He placed the sections one below 
the other in such a way that atoms with similar chemical properties were 
situated in the same vertical column. This classification of the elements 
is known as Mendeleeff’s Table, or the ‘‘ Periodic Table.’’ * Mendeleeff ob- 
served that some of the partitions in his table were left unoccupied. He 
attributed these vacancies to the existence of undiscovered elements. 
Subsequent investigations have justified his surmise, for today, with the 
discovery of new elements, all the vacant partitions have been filled. 

Mendeleeff’s classification of the elements is not entirely satisfactory. 
For instance, in his table, potassium precedes argon, and as a result 
potassium is situated in the same vertical column as neon, and argon 
in the same column as sodium. But to be in accord with the similarity 
of chemical properties, we should have to exchange the positions of these 
two elements. The same situation occurs for iodine and tellurium. We 
conclude that an ordering of the elements in accordance with the in- 
creasing atomic weights is incompatible with an ordering which stresses 
chemical similarities; one of the two methods of ordering must be sacri- 
ficed. This difficulty is present in all classifications and is not peculiar 


* The name Periodic Table was given to Mendeleeff’s classification because of the 
periodically recurring chemical properties of the atoms in the table. As we shall see 
presently, however, this name is now reserved for Moseley’s table. 
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to Mendeleeff’s. But a serious difficulty beset Mendeleeff’s classification 
when isotopes were discovered by Soddy. Isotopes (to which reference 
has already been made in the ease of chlorine) are atoms which are 
chemically indistinguishable, yet differ in their atomic weights. Ever- 
increasing numbers of them are being isolated. Their discovery neces- 
sarily entails considerable ambiguity in any rigid classification based 
on atomic weights. 


Moseley’s Discovery—The Atomic Number —Moseley’s experi- 
mental investigations bear on the spectral lines emitted by the atoms. 
And this leads to a digression on the general characteristics of spectra. 
When a solid is heated, it emits radiation, and the frequencies of the 
radiations form a continuous aggregate. Matter in the form of a vapor 
or of a gas may also emit radiation. A commonplace illustration is 
afforded by the luminous gases in the so-called neon tubes, where the 
gases neon, argon, or helium are made to glow by electrical means. An 
important difference between the spectra of substances in the solid and 
gaseous forms is that, in the latter, the frequencies of the radiations 
emitted form a discontinuous and not a continuous spectrum (though 
a faint continuous spectrum is also present). For instance, if we analyze 
by means of a spectroscope the light generated by a tube of glowing 
neon, we find bright lines separated by wide dark intervals. The lines 
are not equally intense. With neon the greater number of the visible 
lines are red, and to this circumstance is due the red glow of the neon 
tubes; lines of other colors, however, are also present. In the theoretical 
investigation of the atom it is the line spectra due to incandescent gases, 
and not the continuous ones produced by incandescent solids, that are 
of particular interest. The former spectra are ascribed to internal changes 
occurring within the atoms; whereas, with the latter, the closeness in 
the packing of the molecules complicates the situation. 

The converse of emission is absorption. If white light is transmitted 
through a gas, the gas (in accordance with Kirchhoff’s law) absorbs pre- 
cisely those incident radiations which it might emit.* The spectrum of 
the transmitted light is called the ‘‘absorption spectrum.’’ It exhibits 
the same similarity to the spectra thus far considered (the emission 
spectra) as does a photograph to its negative. The absorption spectrum 
of a gas is thus composed of a discrete set of dark lines which intersect a 
brilliant band of color ranging from red to violet. An absorption spec- 
trum is observed when the light of the sun is analyzed; for above the 
brilliant photosphere which radiates almost like a black body, le layers 
of cooler gases that absorb some of the radiations emitted by the photo- 


* The exceptions to this law are clarified by Bohr’s theory of the atom. 
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sphere. The dark lines are called the Fraunhofer lines, and their distribu- 
tion enables us to determine the nature of the absorbing gases in the 
sun’s outer atmosphere. 

The fact that atoms are associated with spectra which characterize 
them is an old discovery ; it forms the basis of spectral analysis. We know, 
however, that scientific advance occurs only when our observations 
assume a precise quantitative form, for then alone is it possible to narrow 
down possibilities. The first advance in the study of spectra was made 
when the frequencies of the radiations emitted by the various atoms were 
measured with precision. Considerable difficulty attends such investiga- 
tions. In the first place, many of the radiations are so faint that they 
are scarcely perceptible, and furthermore, the majority of them do not 
happen to fall within the range visible to the human eye. In such cases 
indirect methods of measurement (e.g. photography) must be applied. 

The radiations emitted by the hydrogen atom and by the lighter atoms 
comprise visible radiations and also infra-red and ultra-violet ones, whose 
frequencies are respectively smaller and greater than those of the visible 
radiations- In the heavier atoms additional radiations having the fre- 
quencies of X-rays (several thousand times greater than the ultra-violet 
frequencies) may also occur. The spectral lines produced by these 
X-ray radiations constitute the X-ray spectra of the heavier atoms. 
Spectroscopists have grouped the lines of the X-ray spectra into families, 
or series, to which the names K-series, L-series, M-series, and so on have 
been given, in the order of decreasing frequencies. The different lines 
pertaining to the same series are sometimes designated by the letters 
a, 8, y. In particular the line of lowest frequency of the K series is 
represented by Ka. These preliminary notions will suffice to clarify 
the nature of Moseley’s discoveries. 

Moseley, having measured the X-ray frequencies of the various atoms. 
constructed a table of the elements, ordering them in such a way that 
the frequency yx,q of the Ka line increased from one element to the next. 
The frequencies of the other X-ray lines were then found to increase 
likewise. But the important point established by Moseley was that these 
successive increases in frequency did not take place in haphazard fashion 
but appeared to form more or less regular step-like progressions. In 
particular the progression of the Ka line was found by Moseley to be 
expressed by the following simple empirical formula: 


— 37 _4\2 2 1_4 
Vx rac 1)? < Ra ae, (2Z—1) «Ry x(a). 
In this formula Ry represents a constant which was already known to 
spectroscopists owing to its appearance in the formulae for the lines of 
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the hydrogen spectrum. As for Z it is a positive integer which increases 
by one wnit each time we pass from one element to the next in Moseley’s 
table. Similar formulae containing Ry and Z were devised by Moseley 
for some of the other X-ray lines. 

In 1913, however, when Moseley constructed his table, the number Z 
was occasionally found to change by more than one unit from one ele- 
ment to the next, so that gaps appeared. Moseley attributed these unex- 
pected gaps to the existence of missing elements. His views have since 
been vindicated, for today all the missing elements have been discovered, 
and the frequencies of their X-ray lines verify Moseley’s empirical 
formulae. Today, therefore, Moseley’s table is complete; it extends 
from hydrogen * (Z =1) to uranium (Z = 92), and beyond. 

The value of Z being characteristic of an element and indicating its 
position in the table, Moseley named it the atomic number. We may 
therefore say that Moseley’s X-ray classification is one based on the 
increasing values of the atomic number. 

It is of interest to compare Moseley’s X-ray classification with Men- 
deleeff’s earlier one based on the increasing atomic weights. The two 
classifications coincide except in two or three cases. For example, in 
Mendeleeff’s table, potassium preceded argon, and iodine preceded tel- 
lurium; Moseley’s table transposes the positions of these elements two 
by two. Now we mentioned earlier that the foregoing transpositions 
were precisely those that were required in Mendeleeff’s table to bring 
it into agreement with the classification based on the periodic recurrence 
of chemical similarities. We conclude that Moseley’s X-ray classification 
is in full agreement with these recurring similarities, instead of with the 
increasing atomic weights. 

Moseley’s formulae for the X-ray lines have been of great assistance 
in facilitating the search for the missing elements. In this connection 
we recall that Mendeleeff’s table, like Moseley’s, suggested the existence 
of missing elements. But Mendeleeff’s investigations afforded no means 
of recognizing these elements when they happened to be present in a 


*Tt would appear from our explanations that Moseley ’s formula and his classifi- 
cation can apply only to the heavier atoms, which emit X-ray spectra. But this con- 
clusion would not be correct, for the lines of the lighter atoms may be regarded as 
the analogues of the X-ray lines of the heavier atoms. For example, in the hydrogen 
atom the line of lowest frequency of the Lyman series (an ultra-violet line) is, in 
effect, the analogue of a Ka line. Moseley ’s formula and his classification may thus 
be extended to all the atoms. In the case of hydrogen, however, which is the first 
atom in Moscley’s classification (i.e, Z= 1), we must make a slight change in his 
formula: we must replace Z—1 by Z. In point of fact, as will be seen in Chapter 
XXVII, Moseley’s formula is only approximate in any case; one reason for this lack 
of accuracy is that the Ka line is found to be a doublet, not a single line. 
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chemical preparation. Moseley’s formulae, on the other hand, by pre- 
dicting the frequencies which the X-ray lines of the missing elements 
should have, facilitated the detection and identification even of minute 
traces of these elements by the ultra-sensitive methods of spectral analysis. 

From a theoretical standpoint the most valuable part of Moseley’s 
contributions was his discovery of the atomic number. This integer, 
which regularly increased by one unit from one element to the next, 
naturally suggested itself as having some fundamental significance, and 
its existence implied an underlying scheme of great regularity and 
simplicity in Nature’s process of atom building. It should be noted that 
the regularity revealed in the atomic numbers is far more striking than 
that foreshadowed by the more or less capricious increases in the atomic 
weights. For this reason Moseley’s table, based on the atomic numbers, 
has completely superseded Mendeleeft’s earlier table. 

The next problem was to determine the physical significance of the 
atomic number. Moseley surmised that it defined the net positive charge 
(in units e) of the atom’s nucleus, and so he inferred that the positive 
charges of the nuclei belonging to the successive atoms of his table would 
differ by one unit e. This surmise is accepted today as correct. The 
nature of the isotopes is clarified by Moseley’s ideas. The fact is that 
the isotopes of the same element all exhibit the same spectrum (except 
for minor details) ; consequently all such isotopes must have the same 
atomic number and therefore the same nuclear charge. Finally, let us 
observe that since an atom is electrically neutral as a whole (unless it 
is ionized), the total charge of its planetary electrons must be the same 
in absolute value as the charge of its nucleus. We conclude that in a 
neutral atom the number of planetary electrons is equal to the atomic 
number. 

We mentioned on page 475 that the earlier conception of the atom’s 
nucleus had been revised as a result of new discoveries. This revision 
was precipitated by the discovery of the ‘‘neutron,’’ a particle which 
has the same mass as the proton but which carries no charge. According 
to the modern view, the nucleus of an atom, other than that of ordinary 
hydrogen (which is assumed to be a proton, as before) is formed of 
neutrons and protons instead of containing electrons and protons, as was 
formerly supposed. The alpha particle, for example, which in the earlier 
theory was viewed as formed of four protons and two electrons, is now 
assumed to contain two protons and two neutrons. The new arrangement, 
like the earlier one, accounts for the mass and charge of the alpha particle. 
As for isotopes, which in the earlier theory were thought to differ from 
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one another in the number of pairs of electrons and protons in their 
nuclei, they are now believed to differ in the number of their nuclear 
neutrons. 

Radioactive atoms are atoms whose nuclei are unstable; the nuclei 
explode, throwing off alpha particles, or else protons, or electrons, 
accompanied by an emission of y-rays (which are X-rays of very high 
frequency). In some cases positrons (positive electrons) are expelled. 
When, following a radioactive explosion, the net positive charge of the 
nucleus is altered and hence the atomic number is changed, the atom of 
a different element is formed and transmutation oceurs. Alterations in 
the constitution of the nucleus, with its attendant transmutations, may 
also be brought about artificially, e.g.. by submitting atoms to the bom- 
bardment of neutrons or alpha particles. 

The new conceptions of the atom do not affect many of our former 
conclusions. As before, the net positive charge of the nucleus determines 
the atomie number; and also, as before, the atom is assimilated to a 
miniature solar system; viz., a central nucleus around which planetary 
electrons (equal in number to the atomic number) are circling. Bohr’s 
theory and the wave theories of the atom, which will be examined in 
this book, were developed before the newer conceptions of the nucleus 
had been advanced. In these theories. however, the behavior of the 
planetary electrons is the only subject of study. All that is considered 
of the nucleus is its charge (atomic number) and its mass; its constitu- 
tion is disregarded entirely. For this reason the recent discoveries in 
nuclear physics do not impose any revision of the results established by 
the earlier theories of the atom. 


Ritz’s Combination Principle—Moseley’s discovery of the regulari- 
ties in the X-ray spectra was made in 1912. But many years earlier, in 
1885, Balmer had discovered regularities in the spacings of some of the 
visible spectral lines of hydrogen—these are the lines of the so-called 
Balmer series. Then, in 1908, Ritz found that the spectral lines of many 
atoms were distributed according to a simple mathematical scheme, and 
he expressed the belief that this scheme would be found to be valid in 
all cases. Subsequent research appears to have confirmed Ritz’s views. 
His scheme, called ‘‘Ritz’s Combination Principle,’’ has been of con- 
siderable assistance in the unravelling of spectra. For the present we 
are not attempting to justify Ritz’s principle on theoretical grounds; we 
aecept it as empirical. We shall now describe it in connection with the 
hydrogen spectrum, 
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Let us suppose that an infinite sequence of numerical terms is jotted 
down, @.g., 


The terms are assumed ordered according to decreasing magnitudes. We 
then find that if appropriate numerical values are given to these various 
terms, the frequencies of all the radiations that hydrogen can emit are 
defined by the differences between the terms. The sequence of the 
numerical terms is called the Ritz sequence for the atom in question. 
The observation of spectra shows that, for hydrogen, the Ritz terms must 
have the values 


Ry Ry Ry Ry Ry 
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where Ry is the Rydberg constant, which we have already encountered 
in Moseley’s investigations. Its value is approximately 


1tey) = A OX MOY 0 


All the frequencies » which hydrogen can emit are thus, according to 
Ritz, comprised in the general formula, 


» ad 
Pp n 


p? nz 
where p and n are any two integers. It is usual to subtract a smaller 
term from a larger one so as to obtain a positive value for the frequency. 
This requires that the integer p be smaller than the integer n. But the 
point is not of particular importance, and we may obviate the restriction 
by taking the absolute value of the difference. 

With hydrogen, four spectral series are known: they are the Lyman, 
the Balmer, the Paschen, and the Brackett series, named after their 
discoverers. In particular, we obtain the frequencies of the lines of the 
Lyman series by setting p = 1 in our previous formula and by giving all 
integral values to». The line of highest frequency of this series is called 
the ‘‘limiting line of the series’’; its frequency is obtained by taking 
m = o, and is therefore 


y= Ry. 


This frequency is the highest one that hydrogen can emit (in the line 
spectrum). The Balmer, Paschen, and Brackett series are obtained in 
the same way but by setting p= 2 or 3 or 4. As for n, it must always be 
a positive integer greater than p. 
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Each different atom has its corresponding Ritz array ; and the concern 
of experimenters is to determine in each case the exact numerical values 
of the Ritz terms. The application of Ritz’s prineiple is particularly 
simple in the case of hydrogen, for not only is every frequency that hydro- 
gen radiates defined by the difference of two of the Ritz terms (as required 
by the Ritz rule), but in addition the difference of any two of the Ritz 
terms defines a frequency which is actually observed in the hydrogen 
spectrum or which is assumed at least to be possible. We may express the 
situation by saying that all the theoretically possible Ritz frequencies 
coincide with actually observed ones. With the higher atoms, things are 
not so simple. As before, in a given atom we find that all the observed 
frequencies are equal to the differences between some of the Ritz terms 
of the array corresponding to the atom of interest.* But, as against this, 
not all differences between the terms define frequencies that have been 
observed. In other words, all the actually observed frequencies are 
comprised among the theoretical ones, but the converse is not true. The 
spectra of the higher atoms are much more complicated than that of 
hydrogen: their spectral lines are classed into series, or families, called the 
principal, diffuse, sharp, and fundamental series; sometimes there are 
also others. In such cases it is convenient to write the Ritz terms in 
superposed lines. The frequencies actually observed are then given by 
some of the differences between the terms situated in two adjacent lines. 


The Classical Interpretation of Radiation—Up to this point we 
have neglected to consider how an atom was expected to emit radiation. 
We must remedy this omission for two reasons. In the first place, only 
when we take into consideration the classical understanding of radiation 
emission, can we appreciate the difficulty of obtaining an atomic model 
that will account for the spectral lines and for their distribution. Also, 
only in this way can we understand the necessity for the modifications 
introduced by Bohr. Finally, the classical theory of radiation, though 
discarded in Bohr’s atom, is nevertheless an essential adjunct to Bohr’s 
theory; it still plays a fundamental role owing to its intrusion in the 
Correspondence Principle. This will be understood in the following 
chapter. 

When we apply the laws of electromagnetism to an electron moving in 
a Galilean frame, we find that no electromagnetic energy will be radiated 
by the electron unless its motion is accelerated. We recall that the motion 
of a particle is accelerated whenever the velocity changes either in 


* This statement is at present a mere assumption, for there are many lines in 
spectra which have not yet been classified. 
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direction or in magnitude. Circular motion in particular, even with 
uniform speed, is an example of accelerated motion. 

The motions we shall consider are the so-called periodic motions. One 
of the simplest is harmonic motion along a straight line. It may be 
defined as follows: A point P describes a circle with uniform velocity ; 
the projection Q of this point P on any diameter of the circle then exe- 

cutes a to-and-fro periodic motion about the centre 
Pp O; this motion is called sumple harmonic. The num- 
ber of complete vibrations a second is called the 
frequency of the periodic motion, and the maximum 
B elongation OB is its amplitude. If we call x the 
elongation OQ of the vibrating particle Q from the 
centre of oscillation O at any instant t, and if we 
denote the frequency by y and the amplitude by A, 

the harmonic motion is expressed by 


(1) x= A cos 2m. 


Fic. 39 


The vibrating system here described is called a ‘‘linear harmonic oscil- 
lator.’’ Planck’s oscillators are of this type. 

The application of classical electromagnetism to an electron vibrating 
harmonically proves that a monochromatic electromagnetic wave will be 
emitted continuously, speeding away with the velocity of light. The 
frequency of the radiation is the same as the mechanical frequency of 
the oscillation; and the intensity of the radiation is proportional to the 
square of the amplitude A.* Finally, the vibration of the electric vector 
in the propagated wave is parallel to the line of oscillation of the electron; 
the radiation is said to be plane polarized. Since the vibrating electron 
is radiating energy, it should eventually come to rest. But we may 
assume that, owing to some restoring mechanism, energy is furnished 
as fast as it is being lost, so that the motion of the electron is prevented 
from dying down. 

A harmonic motion of the electron yields, as we have seen, a radiation 
of one single frequency (monochromatic). But we must now examine 


* The intensity of the radiation emitted by the oscillator is by definition the total 
energy carried by the radiation and transmitted every second through a closed sur- 
face (e.g., a sphere) surrounding the oscillator. It is measured by 


where ¢ is the charge of the oscillating electron, A the amplitude of the oscillation, 
and c the velocity of light. 
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more complicated periodic motions of the electron. Suppose that the 
electron vibrates in some arbitrary continuous way over a straight-line 
segment. We shall assume that the motion is periodic and hence that it 
repeats after each complete vibration. The number of complete vibrations 
performed every second is called the frequency », as before. Fourier’s 
discoveries, mentioned in Chapter XIV, show that this motion may be 
viewed as due to the superposition of a finite, but usually infinite, num- 
ber of harmonic vibrations of frequencies 


(2) 1) 2VEOe. . nee 


and of amplitudes which are to be calculated. We shall denote these 
amplitudes by 


(3) An, Aa, A ay, ost gee = 


The sum of partial harmonic vibrations thus obtained illustrates a Fourier 
series. It will be noted that the harmonic vibration of lowest frequency 
has the same frequency » as the given non-harmoniec vibration. This fre- 
quency is called the fundamental frequency of the non-harmonic vibra- 
tion; the other frequencies, which are integral multiples of the first, are 
called the harmonics of the fundamental frequency. As for the ampli- 
tudes (3) of the component vibrations, they can be obtained only by 
ealeulation and will vary in value according to the nature of the vibra- 
tional motion which we have split up. Some of these amplitudes may 
be zero, and in this event the corresponding vibrations do not arise. In 
the particular case, where the given periodic motion of frequency » is 
harmonic, all the amplitudes vanish, except the first one. 

To revert to the problem of radiation, classical electromagnetism shows 
that we may treat the periodic motion of the electron as though it were 
equivalent to the superposed motions of an infinite number of harmonic 
oscillators vibrating with the frequencies (2) and having the amplitudes 
(3). The net result is that our present vibrating system will emit, at 
one and the same time, radiations of all the frequencies listed in (2), 
and that the intensity of each one of these radiations will be proportional 
to the square of the corresponding amplitude. For instance the second 
harmonie, of frequency 3y, will have an intensity proportional to A,*. If 
the Fourier decomposition yields a zero value for the amplitude As3, the 
radiation of frequency 3» will not be emitted. We may also mention that 
all these radiations will be plane polarized, with their electrical vibrations 
parallel to the line of oscillation of the electron. The emission of sound 
waves by a vibrating harp string is a phenomenon of practically the same 
kind as the one just considered. Here also, if the vibration of the harp 


486 GENERALITIES ON THE ATOM 


string is harmonic, only one musical note is emitted (the fundamental 
note). And if the periodic motion of the harp string is more complex, 
we may decompose it into its Fourier components, each one of which 
will yield a musical note. The string will then emit simultaneously the 
fundamental note and any number of others, namely, the several different 
harmonics of the fundamental note. 

We must now examine what will happen when the electron describes 
acurve, ¢.g., an ellipse. We assume, as before, that the motion is periodic. 
The frequency is defined by the number of revolutions performed by 
the electron every second. Here also a distinction between harmonic and 
non-harmonie motions arises. Suppose that, when the motion of the 

electron P along the ellipse is projected on the 
principal axes OA and OB, harmonic motions 
e Pp are obtained for the points of projection Q and 
ae. Q’. In this case the motion along the ellipse is 
A likewise called harmonic. The two linear har- 
See monic vibrations of the projected points Q@ and 
Q’ have the same frequency » as has the elliptical 
motion of the point P. We may now view the 
Fig. 40 elliptical motion as due to the simultaneous oc- 
currence of the two simple harmonic motions 
along the perpendicular axes. These two harmonic motions will give 
rise to radiations of frequency », and the two radiations when combined 
will yield the radiations of frequency » generated by the elliptical motion. 
The intensity of this latter radiation will be the sum of the intensities 
of the two partial radiations. As for the polarization of this radiation, 
it will be of the type called elliptical. This means that the electric vector 
in the radiated wave rotates perpendicularly to the direction of advance 
while remaining parallel to the rotating segment OP in the figure. If 
the curve followed by the electron is a circle instead of an ellipse, the 
light will be cireularly polarized; and if the motion in the circle is 
uniform, only one frequency will be emitted. 

It is easy to pass to cases where the periodic motion in the ellipse is 
not harmonic or where the plane curve described periodically by the 
electron is more complicated. We have but to decompose the motion into 
two motions along perpendicular axes. These two linear motions will 
be periodic, though no longer harmonic. But we may apply the Fourier 
decomposition to each one of them, and, as before, we shall obtain a 
superposition of harmonic vibrations yielding radiations of frequencies 
y, 2y, 3y,...., with corresponding intensities. Combining the radiations 
of the same frequency which are derived from the rectangular decomposi- 
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tion along the two directions, we obtain the total radiation (of this fre- 
quency) due to the electron’s motion along the plane curve. These 
considerations may also be extended to the case where the electron is 
pursuing a periodic motion in space instead of in a plane. In short, the 
point to keep in mind is that according to classical conceptions a single 
electron deseribing a path with periodic motion may generate a number 
of different electromagnetic waves having different frequencies, and that 
all the waves are emitted simultaneously. Furthermore, the frequencies, 
intensities, and polarizations of the radiations may be computed from 
the motion of the electron. We shall see in the next chapter that Bohr’s 
theory, though it gives an entirely different rule for computing the fre- 
quencies of the emitted radiations, is obliged nevertheless to rely on the 
classical rules in order to predict the intensities and the polarizations. 


CHAPTER XXVI 
BOHR’S ATOM 


Bonr’s atom is an adaptation of Rutherford’s. We shall consider first 
the atom of hydrogen. It is the simplest of the atoms and was the first 
to be studied by Bohr. According to Rutherford’s ideas the hydrogen 
atom is composed of a single proton around which revolves a single 
electron. The attraction exerted on the electron by the proton varies 
in accordance with Coulomb’s law of the inverse square—the same law 
as Newton’s, except that the force is electrostatic instead of gravitational. 
The orbits will necessarily be conics, whether ellipses, parabolae, hyper- 
bolae. We shall exclude from consideration the open orbits (parabolae 
and hyperbolae) ; because, if the electron were to follow an open orbit, 
it would leave the atom for good, and we should no longer be dealing 
with a hydrogen atom. 

The system proton-electron forms an isolated and conservative 
dynamical system, and according to the general principles of mechanics 
its total energy remains constant. In the present case this total energy 
is represented by the sum of the kinetic energy of the proton, the kinetic 
energy of the electron, and the mutual potential energy. First, let us 
consider the kinetic energy. The principles of mechanics require that 
the centre of gravity of our dynamical system remain fixed in the Galilean 
frame in which it is initially at rest. Inasmuch as the mass of the proton 
is very much greater than that of the electron, the centre of the proton 
will at all instants coincide approximately with the fixed centre of gravity. 
Thus the proton will scarcely move, and we may neglect its contribution 
to the kinetic energy of the system. When this approximation is made, 
the total energy is equal to the sum of the kinetic and potential energies 
of the electron alone; and the total energy thus defined will remain con- 
stant during the motion. The kinetic energy of the electron is Yuv?, 
where u is the electron’s mass, and v its velocity. 

We now pass to the definition of the electron’s potential energy. We 
shall adopt the convention that this potential energy vanishes when 
the electron is situated at infinity. The value of the potential energy 
when the electron is at a current point P then becomes determinate; it is 
defined by the following magnitude: the negative value of the work 
we should have to expend against the force of attraction in order to 
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remove the electron from the point P toa point at infinity. This definition 
shows that the potential energy is always negative when the electron is 
situated at any finite distance from the nucleus. 

The total energy of our dynamical system can be shown to have a 
negative value whenever the orbit described by the electron is elliptical. 
For a parabolic orbit the total energy is zero, and for a hyperbolic one 
it is positive. Since the value of the potential energy at any point is 
determined only when its value at some particular point is stipulated, 
no special significance should be attached to the possible negative values 
of the potential energy and hence to negative values of the total energy. 
For instance, the negative value of the electron’s energy on an elliptical 
orbit as contrasted with its positive value on a hyperbolic orbit merely 
means that the energy is less on the elliptical orbit than on the hyperbolic 
one. The advantage of agreeing, as we have done, on a vanishing value 
for the potential energy at infinity is that the various kinds of orbits are 
now classified immediately according to the sign of the total energy. 

Let us suppose the electron is describing some particular elliptical 
orbit. With this orbit is associated a definite energy. But the total energy 
by itself does not determine the orbit uniquely, for an infinite number 
of other elliptical orbits varying in shape and in size have exactly 
the same total energy. It can be shown, however, that all such orbits 
have a common geometrical property: viz., their major axes have the 
same length. In particular, if we consider a circular orbit of given energy 
and any number of elliptical orbits associated with the same energy, the 
diameter of the circle and the major axes of the various ellipses will all be 
equal in length. A further common property of all these orbits of equal 
energy follows directly from Kepler’s third law of planetary motions; 
namely, any one of these orbits will be described in the same time. In 
other words, the frequency of the motion will be the same over any 
one of the orbits of equal energy. All these conclusions remain valid 
when Bohr’s atom is considered, for insofar as the motion of the electron 
on an orbit is concerned, Bohr’s theory accepts elassical mechanics. 

We must now examine what kinds of radiation an electron moving 
in an orbit should emit, according to the classical laws of radiation 
mentioned in Chapter XXV. If the orbit is circular, only one radiation 
will be emitted namely, that which has the same frequency as the electronic 
motion. The radiation will be circularly polarized. But suppose that 
the motion is elliptical. It will never be harmonic, for a harmonic motion 
would arise only if the attractive force of the nucleus were proportional 
to the distance, whereas here we are dealing with a Newtonian attraction. 
Since the motion though periodic is not harmonic, more than one radiation 
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will be emitted.* The emitted radiations will have as frequencies the 
fundamental frequency » of the periodic motion and its harmonic 
frequencies 2y, 37, ....7Y,..... The intensities of these radiations 
can be derived from the Fourier series which express the electron’s mo- 
tion; they will depend on the ellipse followed. Owing to the loss in 
energy that accompanies the radiation, the electron will fall progressively 
to lower orbits of smaller total energy; and, in so doing, it will revolve 
faster and faster around the nucleus—a situation that may be understood 
when we note that the planet Mercury revolves more rapidly round the 
sun than does the Earth. The fundamental frequency y of the motion 
and all its harmonics will thus increase in value, and so the radiations 
emitted by the electron will likewise increase in frequency. Since these 
inereases will be extremely rapid, the spectral lines should appear broad- 
ened and blurred. 

These classical expectations conflict with observation. The classical 
frequencies are incorrect; and the spectral lines are not blurred, they 
are sharp, well defined. The latter discrepancy may be remedied if we 
assume that energy is communicated in some way to the system as fast 
as it is being lost by radiation; the frequencies would then remain fixed 
and the spectral lines be well defined. But it is unnecessary to gloss over 
details, because the major discrepancy concerns the exact frequencies 
radiated. The frequencies actually observed in the hydrogen spectrum 
are not the successive integral multiples of some fundamental frequency, 
as would be required by the classical theory. Ritz made an ingenious 
attempt to account for the observed frequencies. He assumed that tiny 
bar magnets which he called ‘‘magnetons’’ were present inside the nucleus, 
and that they could adjust themselves in various ways. According to 
the number and the arrangements of these magnets, different types of 
orbits would arise for the electron, and Ritz hoped by this means to 
account for the spectral lines. Quite aside from the artificial nature of 
Ritz’s assumptions, the magnetons he postulated were never isolated and 
so his theory was discarded. 


Bohr’s Atom—Bohr accepts Rutherford’s model of the hydrogen 
atom; namely, a central proton around which a single electron circles. 
But Bohr introduces additional assumptions : 


(A) The electron can move only along privileged ellipses. 
These are determined by the condition that, over them, the total 


*In fact, the decomposition of the elliptical motion by means of Fourier series 
shows that all the harmonics of the fundamental frequency will be present. Conse- 
quently, according to the classica! theory, all the harmonic frequencies (an infinite 
number) should be radiated. 
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Maupertuisian action of the electron must be an integral multiple 
of Planck’s constant h. 

(B) No radiation will oceur when the electron circulates along 
a permissible orbit. Since no energy is lost by the atom under 
these conditions, its state is said to be ‘‘stable,’’ or ‘‘stationary.”’ 
The permissible orbits are therefore also referred to as stable or 
stationary orbits. 

(C) The electron may drop spontaneously and spasmodically 
from a permissible orbit of higher energy to one of lower energy. 
The energy, thus liberated from the atom, will appear as a radia- 
tion of perfectly definite frequency. Conversely, if radiation is 
directed against an atom, or if the atom is submitted to collisions, 
it may absorb energy, and its electron is then jerked up to an orbit 
of higher energy. 

(D) The frequency v of the radiation emitted when the electron 
drops from an orbit of total energy EF; to one of total energy E> 
is defined by Bohr’s frequency condition, viz., 

(1) re Ey = E, fe drop = energy 

We may note that in our present treatment, where the motion of the 
proton nucleus is disregarded, the total energy of the electron moving 
in an orbit is also the total energy of the atom. Instead, then,-of saying 
that the electron is in an orbit of energy EZ, we may equivalently say that 
the atom has the energy E, or is situated in the energy level E£. Bohr’s 
assumptions appear strange; yet they are natural generalizations of 
those introduced by Planck and by Einstein in connection with the 
earlier development of the quantum theory. This point will be better 
understood when we analyze Bohr’s assumptions in detail. 


Bohr’s Assumption (A)—This assumption is in crass contradiction 
with classical mechanies, for according to classical (or relativistic) me- 
chanics the electron might describe any one of the elliptical orbits: none 
would be excluded as impossible. Assumption (A) is called the quan- 
tizing condition. As we shall now see, it is a mere generalization of the 
restriction postulated by Planck for his linear oscillators. 

We recall that when a mass p is moving with velocity v over a tiny 
stretch ds, the Maupertuisian action over this stretch is defined by the 
product uvds. The Maupertuisian action over a finite distance is ob- 
tained by integrating such elementary amounts of action over the entire 
path described. We may therefore calculate the Maupertuisian action 
which is associated with an electron’s to-and-fro vibration in an oscillator 
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or with an electron’s motion around an elliptical orbit in Bohr’s atom. The 
quantizing condition adopted by Planck for his oscillators was mentioned 
in Chapter XXIV. It requires that the action over a complete oscillation 
should have a value determined by nh, where n is any positive integer. 
Bohr’s quantizing condition is exactly the same, except that now the 
periodic motions are along ellipses. 

If we call J the value of the Maupertuisian action of the electron 
over an ellipse, the privileged ellipses will be determined by the condition 


(2) J=mnh (n=1,2,3,...). 


The integer ~ is called the quantum number. According to the value 
given to n, we have the first, second, or third stable orbit, and so on. Along 
the first orbit the total action is h, along the second 2h, and along the 
ath it is nh. The formula (2) gives the mathematical expression of 
Bohr’s quantizing condition. 

To each value ascribed to J corresponds a value of the total energy E, 
so that orbits associated with the same value of the action are automatic- 
ally associated with the same value of the total energy. An orbit is thus 
equally well determined by the action or by the energy with which it is 
associated. The relationship between the action and the energy is easily 
derived from classical mechanics; it is given by 


2n*uet 


where « and c are the mass and charge of the electron, respectively. The 
stable energy levels are obtained when we substitute in this expression 
of the energy the permissible values of the action J. We thus find for the 
stable energy levels of the hydrogen atom the values 


2 pt 
(4) pa— lee 


The lowest energy level corresponds to the orbit which is nearest the 
proton-nucleus ; we obtain it by setting n = 1 in the previous expression. 
Suecessive higher integral values ascribed to n give the successive higher 
energy levels. Two points may be noted. 

Firstly : The formule (2) and (4) express exactly the same quantizing 
condition ; the only difference is that in (2) the stable energy levels are 
determined by the action, whereas in (4) they are determined by the 
energy. The greater simplicity of the formula (2) shows that, in the 
present formulation of the quantum theory, action is more fundamental 
than energy. 
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Secondly : For a given value of the quantum number 2, the formula 
(4) defines a corresponding value of the energy and hence defines an 
energy level, namely the mth energy level. The energy level is thus well 
determined, but we have seen that an infinite number of different orbits 
are associated with the same value of the energy. The quantizing con- 
dition does not therefore pick out any particular one of these orbits of 
equal energy; and so, when the system is in the nth energy level, the 
electron may, for all we know, be following one or another of the orbits 
associated with this level. In short, each energy level may be viewed as 
represented by any one of a large number of equivalent orbits. 


Bohr’s Assumption (B)—According to this assumption no radia- 
tion occurs when the electron is describing a quantized orbit. The 
classical laws of electrodynamics are thereby violated, for, the motion of 
the electron being accelerated, these laws require that radiation be 
emitted. It is not the first time, however, that physicists have been led to 
question the validity of the classical laws in similar situations. For ex- 
ample, some years before Bohr developed his theory, Langevin had 
ascribed permanent magnetism to the circlings of electrons in a metal. 
And in order to account for the permanence of the magnetism, Langevin 
made the same assumption that was subsequently made by Bohr; namely, 
the circling electrons did not radiate energy. 

If we connect Langevin’s idea with Bohr’s model of the atom, we 
must expect that a hydrogen atom with its circling electron should be 
equivalent to a little magnet. The magnetic properties of the atom will, 
however, be discussed on a Jater page, and we shall not dwell on them here. 

Bohr’s condition (B) also postulates the stability of the quantized 
motions. But we must first understand clearly in what sense the word 
‘¢stability’’ is used. As will be explained presently, an electron revolving 
in astable orbit does not remain there indefinitely. Unless the orbit be the 
one of lowest energy, the electron soon drops to a lower orbit, emitting 
radiation in the process. It would thus be incorrect to suppose that the 
stability of the privileged electronic motions implies their permanency. 
All that is meant by the word stability is that the privileged orbits con- 
stitute possible resting places for the electron, and that the electron may 
circulate for a certain length of time (extremely short) on one of these 
orbits before it falls to a lower one. 

The nature of the stability is best understood when we examine under 
what conditions the electron will be jerked up to a higher level. Let us 
suppose that the atom is in a state characterized by the value 3h for the 
action J. If light falls on the atom, the light may yield part (or all) of 
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its energy to the electron, thereby causing the atom to pass from the 
state 3h to a higher state, say 4h. Similar changes will occur in the 
state of the atom if it is subjected to a violent collision; the energy sur- 
rendered by the colliding body throws the atom into a higher state. 
But only when the energy of the incident light is sufficiently great or 
the collision is sufficiently violent, will the atom be raised to a higher 
state. For weak collisions in particular, the state of the atom will remain 
unaffected,-so that in such cases the state of the atom shows stability. 

These considerations enable us to formulate in another way the 
stability of the privileged states of the atom. Thus according to Planck’s 
assumptions, light of high energy is light of high frequency. Hence light 
of high energy generates a foree which varies with extreme rapidity. 
Similarly a violent impact is necessarily more sudden than a weak one. 
We may therefore say that the privileged states remain unchanged,* and 
hence manifest stability, when the atom is subjected to weak forces which 
vary slowly. This stability breaks down under the action of strong forces 
applied violently. 


Adiabatic Invariants—At first sight, we might suppose that the type 
of stability just discussed is a characteristic of Bohr’s postulates and was 
unknown in classical mechanics. But this is not so. All periodie me- 
chanical systems, in which no quantum assumptions need be introduced, 
exhibit peculiar magnitudes which remain unchanged in value when the 
system is submitted to slowly varying forces. Ehrenfest calls these semi- 
permanent magnitudes ‘‘adiabatie invariants.’’ Suppose, for instance, 
that while a pendulum is swinging, we shorten its length gradually. We 
may do this by displacing slowly downwards a small ring which embraces 
the string of the pendulum near the point of suspension. To lower the 
ring we must expend work against the tension of the strong, thereby 
increasing the total energy of the pendulum. But though the energy 
increases, the Maupertuisian action remains unchanged in value. This 
action affords an example of an adiabatic invariant. Similarly in our 
mechanical model of the hydrogen atom, the Maupertuisian action J of 
the electron can be shown to be an adiabatic invariant. As a result, if the 
atom is submitted to forces which are slowly varying, the action J will 
remain unchanged and the atom will manifest stability. 

Thus, quite independently of Bohr’s postulates, the existence of stable 
mechanical motions in an atom must be expected on the basis of classical 


* Spontaneous changes to lower levels are disregarded in this discussion. 
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considerations. In this respect the only novelty introduced by Bohr is 
that not all values of the action are stable, but only the quantized ones 


J=nh (n=1,2,3....). 


Bohr’s Assumption (C)—Sinee, according to Bohr, radiation occurs 
only as a result of a drop of the electron from a higher to a lower energy 
level, we can expect radiation only when the electron is not already in the 
lowest orbit. Equivalently we may say that the atom must be in one of 
the higher energy states. Such states are called excited states; the higher 
the energy of the orbit in which the electron is moving, the greater the 
‘‘excitation.’’ When, as a result of its successive drops, the electron has 
reached the lowest level, all further radiation ceases; the atom is then 
said to be unercited. Now, the spectrum of an incandescent gas exhibits 
spectral lines which endure. It is therefore necessary to suppose that the 
gas atoms which have radiated and have fallen into the unexeited state 
are subsequently re-excited so that the drops may be repeated. We may 
readily understand whence the restoring energy is derived in practice. 
At the high temperature of the incandescent gas, the collisions between 
molecules are (according to the kinetic theory) sufficiently violent to 
restore the excited states of the atoms. In this way, so long as the tem- 
perature of the gas is maintained, radiation may continue indefinitely. 

These considerations bring to light an important difference between 
the classical and the quantum conception of radiation. The classical 
theory ascribes the radiations to the mechanical motion of the electron ; it 
also assumes that the frequencies of the radiations are the frequencies into 
which the periodic motion of the electron may be decomposed by Fourier’s 
method. Hence, according to classical conceptions, the electron may emit 
different frequencies simultaneously. A single hydrogen atom should 
thus be susceptible of emitting all the frequencies at the same time. But 
in Bohr’s theory, the situation is entirely different, for owing to the dis- 
crete succession of energy drops, the atom can emit only one frequency 
at a time, not two or more different ones. The reason we observe in prac- 
tice a large number of lines simultaneously in a spectrum is that we are 
dealing with the large aggregate of radiating atoms present in an incan- 
descent gas. The simultaneous exhibition of different spectral lines is 
thus a cumulative effect of an orchestra of atoms, as it were. 


Bohr’s Assumption (D)—lIlere Bohr postulates the frequency of 
the radiation which will be generated by a drop from a higher energy 
level E, to a lower one Ey. The frequency emitted is given by the drop 
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in the value of the energy, divided by h. The new rule is revolutionary 
from the classical standpoint, for, in contradistinction to classical ideas, 
the frequency of the radiation now has no connection with the mechanical 
frequency of the electron on its orbit. Bohr’s rule is, however, a mere 
generalization of Einstein’s rule mentioned in connection with the photo- 
electric effect. We recall that, according to Einstein, when a fast-moving 
electron is suddenly stopped, it yields its energy (here kinetic) to a 
photon. The frequency of vibration of the radiation associated with the 
photon is then defined by 


_ kinetic energy of electron 
ae 


The frequency is thus equal to the drop in the energy of the electron 
divided by hf; and this is also Bohr’s rule. But Bohr’s rule is more gen- 
eral, for in the hydrogen atom the energy lost by the electron during a 
drop is the total energy (kinetic + potential), not the kinetic energy alone. 
Furthermore, the electron does not lose all its energy but only a part. 
Thus, Einstein’s rule appears as a particular case of Bohr’s. 


Verifications of Bohr’s Theory—-We have now to _ investigate 
whether Bohr’s theory can account for the precise spectral frequencies 
which experiment reveals for hydrogen. We saw in the previous chapter 
that all these frequencies are contained in the empirical formula 


1 as: 
(5) y= Ry (=~), 


where Ry is Rydberg’s constant and where p and n are any positive 
integers. We assume p <7, so as to obtain positive values for the fre- 
quencies. In particular, if we set p=1 and give all positive integral 
values to n, we get the lines of the so-called Lyman series; the line of 
highest frequency, or the limiting line, is obtained when we set n= oo. 
We then get » = Ry, which is the line of highest frequency that the 
hydrogen atom can emit (in the line spectrum). The Balmer series is 
obtained when we set p = 2 and give all higher values to n._ The Paschen 
series arises when p= 3, and the Brackett series when p=4. A still 
higher series, in which p = 5, has also been observed. 

According to Bohr’s theory the radiated frequencies produced by a 
drop from the nth to the pth energy level are, by (4), 


(6)¥= Lily Serene: (1 ee el 
h i Xn pe [i 
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The two formulae (5) and (6) will yield exactly the same frequencies 
provided the numerical value of the Rydberg constant Ry, as determined 
by experiment, and that of the expression 


2n*ue* 
(7 Bat oka 
) hs 
are the same. 


Now the value of the Rydberg constant as determined by empirical 
measurements on the spectra is 


Ry = 3.27 X 10" sec.-'. 


The same value is found when in the expression (7) we replace e, u, and h 
(i.e., the charge and mass of the electron and Planck’s constant h) by 
their experimental values.* Consequently, we axe certain that Bohr’s 
theory gives the correct distribution of the spectral lines. 

Aside from its success in accounting for the hydrogen spectrum, we 
see that Bohr’s theory has also given an interpretation of Rydberg’s 
optical constant. The value of Ry is now known to be defined by (7), a 
formula in which the universal constants e, u, and h alone appear. This 
formula is of extreme importance, for, just as the chemist endeavors to 
show that all substances can be derived from the various combinations of 
a limited number of elementary ones, so is it the aim of the theoretical 
physicist to express the various constants of physics in terms of a limited 
few. 

Bohr’s theory of the hydrogen atom also accounts for the continuous 
spectrum which covers the line spectrum and prolongs it in the direction 


* Bohr’s theory may be refined if we take into consideration the wobbling motion 
of the proton nucleus. We have disregarded this motion in the text because, in view of 
the larger mass of the proton as compared with that of the electron, the refinement 
would searcely modify our results. If, however, we wish to take the refinement into con- 
sideration, the motion of the electron round the proton will not be quite the same, and 
the energy levels will be slightly different. The corrections in the values of the 
energy levels, in those of the frequencies radiated, and in the expression of the 
Rydberg constant are secured if we replace in the formulae (4), (6), and (7), the 
mass uw of the electron by 


bh 
) 


+ 


where Af is the mass of the proton. Since M = 1830p the effect of the correction 


will merely be to multiply our former numerical values by tee) and will therefore 


1831’ 
be very minute, 
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of the higher frequencies. We may explain the presence of the continu- 
ous spectrum by taking into consideration the hyperbolic orbits which an 
electron sometimes describes. Such orbits are not periodic; and since the 
quantum theory imposes no restrictions on non-periodic motions, no 
quantization is imposed on the hyperbolic orbits; all such orbits are pos- 
sible. Let us suppose, then, that a hydrogen atom has lost its single 
electron: the atom is now said to be ionized; all that remains of it is the 
proton. Of course, no radiation can be emitted since there is no electron 
to drop. Suppose, however, that a vagabond electron comes into proxim- 
ity with the proton and, under the proton’s attraction, describes a hyper- 
bolic orbit. (In astronomy we have the simile of a comet following a 
hyperbola under the gravitational attraction of the sun.) <A drop can 
now occur from the more energetic hyperbolic orbit to one of the less 
energetic elliptical orbits. Bohr’s formula for the frequency emitted is 
oy Ex = E, 


) = 


h 


where Ey and E, are the energies of the hyperbolic and the elliptical 
orbits. Inasmuch as Ey may have any one of the values of a continuous 
set, the same will be true of the emitted frequency ; a continuous spectrum 
is thus accounted for. Drops between hyperbolic orbits may also arise. 


The Spectrum of Ionized Helium—The atom of helium is formed 
of a nucleus consisting of an alpha particle around which two planetary 
electrons are revolving. All attempts to investigate the helium atom by 
Bohr’s original method were failures, and only after the hypothesis of the 
spinning electron was advanced was any progress made. Even then, 
many obscure points remained. Not until Heisenberg investigated the 
problem by the methods of the new quantum mechanics was the riddle 
of the helium spectrum elucidated. 

Despite the difficulty of accounting for the spectrum of neutral helium, 
the problem of the once-ionized helium atom is simple. In the ionized 
atom one of the two planetary electrons is removed, and we are left with 
one electron revolving around an alpha particle. The situation is thus 
the same as in the hydrogen atom, except that the net positive charge of 
the nucleus is double and hence the attractive force it exerts on the 
planetary electron is twice as great. In view of this similarity the ionized 
helium atom is said to be hydrogen-like; and we may expect its spectrum 
to resemble that of hydrogen and to differ considerably from the spectrum 
of neutral helium. Bohr’s theory requires that the energy levels and the 
frequencies of the spectral lines of ionized helium should be approximately 
four times as high as those of hydrogen, and that some of the lines of 
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ionized helium should occupy very nearly the same positions as some of 
the hydrogen lines.* When Bohr first applied his theory to the ionized 
helium atom, some of the spectral lines which he attributed to this atom 
had been observed in the laboratory and also in the spectra of certain 
stars. But the prevalent opinion was that these lines belonged to a new 
hydrogen series. Bohr disputed this belief, asserting that ionized helium, 
not hydrogen. was responsible for the lines. Finally, the matter was put 
to a test when the spectrum of ionized helium was carefully studied in the 
laboratory by A. Fowler. Bohr’s contention proved correct. This inci- 
dent was regarded at the time as affording a powerful argument in favor 
of Bohr’s theory. 

The atom following helium is lithium, with three planetary electrons. 
When two of these electrons are removed, and hence when the lithium 
atom is twice ionized, we again obtain a hydrogen-like atom. The nuclear 
charge, or atomic number, of lithium is 3, in place of 2 for helium and 1, 
for hydrogen ; but aside from this difference the situation is the same as 
in once-ionized helium or in hydrogen, and the spectrum may be predicted 
by Bohr’s method. Still higher hydrogen-like atoms are exemplified by 
beryllium ionized three times, boron ionized four times, and so on. 


The Correspondence Principle—We have now reached a point 
where we may discuss the famous ‘‘ Correspondence Principle,’’ which is 
so important both from a philosophical and a practical standpoint. In 
Bohr’s theory the spectral lines of hydrogen, for example, are produced 
by the various atoms dropping from higher to lower energy levels. We 
assume that, as a result of collisions, energy is continually imparted to 
the atoms, exciting them afresh, so that the drops may be repeated. If 
all the drops were equally probable, they should on an average occur 
equally often and the various spectral lines should have more or less the 
same intensity. But this is not what 1s observed. Instead we find that 
some lines are very much fainter than others, and that, in many atoms, 
lines which we should expect (from our knowledge of the distribution of 
the energy levels) do not oceur at all.t We are thus compelled to recog- 
nize that all drops are not equally probable, and that some cf them are 
so improbable that they never take place. These are the forbidden drops, 
as they are sometimes called. 


* The lines in question would actually coincide, were it not for the larger mass of 
the helium nucleus. This point becomes clear when the motion of the nucleus is taken 
into account. ' 

+ Hydrogen is an exception in thab all the theoretically possible drops are believed 
to be possible in practice. 
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Bohr’s theory affords no means of calculating the probabilities of the 
various drops and is thus unable to furnish any information on the rela- 
tive intensities of the various spectral lines. In particular, it cannot pre- 
dict the ‘‘forbidden drops.’’ Finally, Bohr’s theory has nothing to say 
on the polarizations of the radiations. In this respect classical science is 
superior in principle, for it professes to give not only the frequencies 
of the radiations, but also their intensities and polarizations. It is true 
that the classical frequencies usually conflict with experiment, but the 
classical theory does at least make an attempt to answer our questions, 
and it thereby gives us something to work on. To remedy these defects in 
his theory, Bohr introduced his correspondence principle. This principle 
may be divided into two parts. 

1. Bohr shows that the radiation frequencies derived from his fre- 
queney condition tend to merge into the mechanical frequencies of the 
electron’s motion, and hence into the radiation frequencies predicted by 
classical science, whenever the drops in the energy (or in the action) 
are small and the levels between which the drops occur are high. We 
shall refer to these restricted situations, in which the Bohr and the classi- 
cal frequencies tend to coincide, as the limiting conditions of the corre- 
spondence principle. Accordingly, we may say: Under the limiting con- 
ditions of the correspondence principle, the quantum theory passes over 
into classical theory. This first part of the correspondence principle 
results immediately from mathematical analysis; it involves no hypo- 
thetical assumptions. 

2. The second part of the correspondence principle is speculative; it 
concerns the intensities and the polarizations, which Bohr’s theory, as 
such, is unable to calculate. Bohr circumvents this deficiency in his 
theory by postulating that even when the limiting conditions of the corre- 
spondence principle are not realized, the intensities and polarizations of 
the radiations (in contradistinction to their frequencies) are given 
correctly by classical theory. 

Let us examine more closely the first part of the correspondence prin- 
ciple. We mentioned in Chapter XXV that when an electron is per- 
forming a periodic motion with a mechanical frequency », the motion 
may be decomposed into a number of superposed harmonic vibrations of 
mechanical frequencies 


(8) Ho, 20, 39, oe 6 NM, . 


and of amplitudes 


(9) Ail Agimedde a. 
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These amplitudes can be calculated mathematically from the known 
motion of the electron. According to the classical theory of radiation, 
the electron will radiate just as would an aggregate of electrons vibrating 
simultaneously, each electron of the aggregate vibrating with one of the 
frequencies (8) and with the corresponding amplitude (9). The frequen- 
cies of the radiations emitted will be the mechanical frequencies (8), and 
the intensities will be proportional to the squares of the corresponding 
mechanical amplitudes (9). Finally, the polarizations of the radiations 
are determined by the nature of the mechanical vibrations. Let us apply 
these classical considerations to an electron describing an ellipse in Bohr’s 
hydrogen atom. We assume that the ellipse is one of the quantized ellipses 
of Bohr’s theory, e.g., the ellipse characterized by some integral value for 
the quantum number n. Since the motion of the electron in the ellipse 
is known, the frequencies that should be radiated are obtained from 
the classical theory. These frequencies exhibit, of course, the general 
relationships expressed in the sequence (8). 

Suppose now that we consider the hydrogen atom in the same state as 
previously but that we apply Bohr’s quantum principles to determine the 
radiated frequencies. The electron, initially in the mth orbit, drops to a 
lower orbit,. [fe call Ey@Hn—1, Bae . . . the energies of the nth and 
of the successively lower orbits, the Bohr frequencies are given by 


| ee ae | E, — En—2 E,— En—3 


ene h 4 h h 


In general, these Bohr frequencies will differ from the classical, or 
mechanical, frequencies (8). Nevertheless, if the energy level E, is high, 
it can be shown that the values of the Bohr frequencies (10) tend to coin- 
cide with the classical ones v0, 2v%0, 8%). - + -- This discovery constitutes 
the first part of the correspondence principle. The approximation holds 
best for the lower frequencies, which result from small energy drops 
(e.g., the ones written in (10)), and will tend to become less accurate 
when the higher frequencies are considered. We may summarize our 
findings by saying that when an electron drops from a high energy level 
to the one immediately below, or to the second lower one, or to the third 
lower one, and so on, the corresponding Bohr frequencies coincide, re- 
spectively, with the fundamental mechanical frequency % of the motion 
on the higher orbit, or with its successive harmonics 2%, 3%) ...-- This 
rule holds, however, only for the relatively small drops. All these results 
are obtained mathematically without the introduction of additional as- 
sumptions, and furthermore they are general and do not hold solely for 
the hydrogen atom. 
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A simple graphical representation of these results may be given. Thus 
let us consider a hydrogen atom, formed as usual of a proton-nucleus 
around which an electron is circling. We first disregard Bohr’s quantum 
restrictions and assume, in accordance with classical ideas, that the 
planetary electron may be describing any elliptical orbit. Formula (3) 
expresses the general relation between the energy F# of the electron and 
the action J associated with the electronic orbit. Let us take J and E as 
Cartesian coordinates, and plot the curve defined by the relation (3) ; 
this curve is represented by the dotted line in the figure. We now mark 
off any distance Oa along the horizontal axis, and through the point a 
we draw the vertical, which intersects the curve at a point HE. The lengths 
Oa and aE then measure corresponding values for the action and the 
energy of the electron (as required by the classical formula (3) ). 


Action 


The frequency of the electron’s motion along its orbit may also be 
represented in the graph. We draw the tangent Eb to the curve at E. 
The trigonometric tangent of the angle made by the line Eb and the 
horizontal axis Ob may then be shown to measure the mechanical fre- 
quency of the electron. For simplicity, we shall say that the ‘‘slope’’ of 
the tangent Eb represents this frequency, so that the more nearly vertical 
the tangent Eb, the higher the frequency. 

Now, according to classical theory, the frequency » of the electron’s 
motion and the various harmonics of this frequency (t.¢., 29, 3y9,....) 
are also the frequencies of the radiations which the electron will emit. 
We shall.confine ourselves, however, to the radiation of lowest frequency, 
i.e., to the one whose frequency is the fundamental frequency 9 of the 
electron’s motion. As we mentioned previously, this frequency is repre- 
sented by the slope of the tangent Hb in the figure. 

Thus far we have considered the classical theory. We now take 
Bohr’s theory into account. The relation (3) between the action and the 
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energy holds as before, but in Bohr’s theory the only possible orbits of 
the electron are those for which the action J has any one of the values 
mh (n=1, 2. 3....). Let us, then, plot these privileged values of the 
action along the horizontal axis. The verticals drawn through the points 
thus obtained intersect the dotted curve at points F,, Es, E3.... The 
distances of these points of intersection from the horizontal axis measure 
the energy values corresponding to the privileged values of the action. 
Such energy values are the energy levels of the atom. The lowest of the 
energy levels is E;, the next lowest is E2, and so on. In short, whereas 
in the classical treatment any point on the dotted curve could define a 
possible energy state of the atom, we must now suppose that only such 
points as Ey, Eo, Es, etc., are possible. 

Next, we pass to the frequencies that may be radiated according to 
Bohr. The frequency condition shows that when the electron drops from 
an energy level to the one immediately below it, say from E3 to Eo, the 
frequency of the radiated light is defined by the slope of the chord E2E3. 
On the other hand, if the classical theory were accepted, the electron 
circling with energy Ez would emit a radiation whose frequency was de- 
fined by the slope of the tangent to the dotted curve at E3. Obviously 
the slopes of the tangent at E3 and of the chord EE; are not the same. 
We therefore conclude that the classical frequency and the corresponding 
Bohr frequency will be different. But we observe that the curve tends 
to become straight as it proceeds to the right, .e., for high values of the 
energy. Consequently, for any two points, EZ, and E,—1, which are 
situated at a sufficiently great distance to the right, the chord E,_iEn 
and the tangent to the curve at E, will tend to coincide; hence the 
classical frequency and the Bohr frequency will tend to the same value. 

Thus we have the following general result: If the energy of an orbit 
is high, the Bohr frequency emitted when the electron drops from this 
orbit to the one immediately below will tend to coincide with the funda- 
mental frequency % of the electron’s motion along the orbit, and hence 
with the frequency of the radiation that would be expected in the classical 
theory. This conclusion is rendered intuitive by the graph. To establish 
the other results mentioned in the first part of the correspondence prin- 
ciple, we should have to show that the larger drops yield frequencies 
which coincide with the harmonics of the electron’s motion. We shall, 
however, accept this correlation without proof because its demonstration 
requires mathematical analysis. 

The graphical method of representation has the advantage of bringing 
out another-point. Let us imagine that the universe be so constituted 
that Planck’s constant / is many times smaller than it is in our actual 
universe. The points Ei, E2, E3, Es, which define the energy levels, would 
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then be more closely packed, though of course they would still lie on 
the same curve. The closer packing would imply that the energy levels 
differed by smaller amounts. Now, we see that if the energy level Es, just 
below the level E3, differed but little from E3, the segment E2E3 would 
tend to coincide with the tangent at E3. Consequently, even for the rela- 
tively low energy level E3, the classical and the Bohr frequencies would 
tend to coincide; and we should not have to pass to the high energy levels 
in order to bring about the merging of the two frequencies. In short, the 
classical and the quantum theories would tend to become indistinguish- 
able, not only for the high energy levels, but also under all conditions. 
A very general principle is here illustrated; it often recurs in the 
quantum theory and was noted on previous occasions. We may express 
it by saying: If in our universe the constant h were to be infinitesimal 
instead of merely small, the quantum theory would pass over into classical 
theory; the latter would then be correct.* 

We now examine the second part of Bohr’s correspondence principle. 
In contradistinction to the first part, which is a mathematical necessity, 
the second part of the correspondence principle is a sheer assumption. 
We have seen that Bohr’s theory does not even attempt to predict the 
intensities and polarizations of the radiations whereas the classical treat- 
ment professes to give full information. Now common experience shows 
that, under the limiting conditions of high energy values and small drops, 
not only the frequencies radiated but also the intensities and polariza- 
tions of the radiations are predicted correctly by the classical methods. 
To remedy the deficiency in his theory, Bohr therefore suggests that the 
intensities and polarizations be calculated classically in all cases. It must 
be admitted that this extrapolation of the classical methods appears 
gratuitous. We know that the extrapolation would lead to incorrect 
results if it were applied to the radiated frequencies. Why, then, should 
it be permissible in the case of the intensities and polarizations? No 
answer can be given to this question,t and so the extrapolation has no 
theoretical justification. Be this as it may, the extrapolation appears 
justified on empirical grounds and it has been of considerable use in the 
development of Bohr’s quantum theory. 

The correspondence principle readily furnishes the polarizations of 
the emitted radiations, but it is less successful in determining the inten- 
sities ; some measure of vagueness is usually unavoidable. This vagueness 
is due to the peculiarities ascribed to the radiation process in Bohr’s 


* See the note page 460. 
+t At least not at the present stage of the discussion. 
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theory. Thus let us assume that an electron is describing one of the Bohr 
orbits. We apply Bohr's frequency condition, and the frequency of the 
radiation is obtained. We wish to utilize the correspondence principle 
to determine the intensity of the radiation. The principle tells us 
that we must refer to the classical theory and derive the intensity from 
the motion of the electron on the orbit. But in Bohr’s theory a difficulty 
arises at this point; for there are two orbits, the initial one and the one to 
which the electron drops; and we have no means of deciding which of 
the two orbits should be taken. Two different values are thus suggested 
for the intensity. Usually a mean value, corresponding to an inter- 
mediary orbit, is selected. Obviously, however, the procedure is arbitrary. 

Nevertheless there is one important case in which the correspondence 
principle furnishes definite results. It oceurs when the decomposition 
of the classical motion fails to yield some of the harmonic motions. For 
example, suppose that in the mechanical motion of frequency vo, the 
amplitudes of the harmonics 27% and 4) are both zero. This circumstance 
implies that in the classical treatment the radiations of frequencies 2% 
and 4) will have zero intensity and hence will not be radiated at all. 
Now, under the limiting conditions, where the frequencies of Bohr and 
of classical theory merge, the classical frequencies 2) and 4% are also 
those which, in Bohr’s theory, would be generated when the electron 
drops from a high energy level E,, to the lower but one (1.e., H,-2) and 
to the lower but three (1.¢., E, 4). And since these frequencies do not 
arise in the classical treatment, the correspondence principle informs us 
that neither can they arise in Bohr’s theory. Accordingly the two drops 
listed above cannot occur. Thus, the correspondence principle enables 
us to determine the forbidden drops in Bohr’s atom or indeed in any 
quantized mechanical system.* 

The usefulness of the correspondence principle is well illustrated 
in the plane rotator. This is the name given to the system formed 
of a charged body, such as an electron, revolving in a fixed circle around 
a fixed centre. Bohr’s quantizing condition gives for the energy levels 
the values 

h? ene So De nh? 
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where I is the moment of inertia of the system. If we were ignorant of 
the correspondence principle, we should assume that all drops between 
the energy levels were possible. But if we apply the correspondence prin- 


*In the next chapter we shall see that some forbidden drops cannot be predicted 
from the correspondence principle. 
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ciple, we find that some drops are impossible. To understand how the 
correspondence principle operates in the present case, we must first treat 
the problem classically. The electron is describing a circle with uniform 
motion. The frequency of the motion is, say, v9; and the motion being 
uniform, no harmonic motions of higher frequency occur in the Fourier 
decomposition. The classical theory thus requires that the rotator 
should emit a single radiation frequency v9, 7.e., the fundamental mechani- 
eal frequency. In addition, the radiation should be circularly polarized. 
We now apply the correspondence principle. Since according to the 
classical theory the rotator can emit only the fundamental frequency , 
we must assume, in accordance with our previous explanations, that in 
the quantum treatment the only possible energy drops are those between 
consecutive levels. All other drops are forbidden. Furthermore, the 
correspondence principle enables us to predict that the radiation will 
be circularly polarized. 

Let us verify that these permissible quantum drops will, under the 
limiting conditions of the correspondence principle, yield the classical 
frequency. According to Bohr’s frequency condition, the frequency 
radiated during a drop from the nth to the (n — 1)* energy level is 


ee n7h? _ (n—1)?h? _ A oa 
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On the other hand, the classical frequency of the rotator, when its energy 


is that of the nth energy level, is found to be oF n. The two frequencies 


are not the same. But if the energy, and hence n, is high, the relative 
discrepancy between the two frequencies tends to vanish, so that the 
requirements of the correspondence principle are satisfied. We may note 
that the two frequencies would also tend to coincide if the value of h were 
to decrease. 

As a second illustration of the correspondence principle, we consider 
the linear harmonic oscillator, 2.e., a Planck oscillator. It is constituted 
by an electron vibrating back and forth with simple harmonic motion 
along a straight line. If we call ») the mechanical frequency of the 
motion, the quantizing conditions show that the energy levels are 


0, hyo, 2hyo, oe nhyo, ane 


* The correct energy levels, as derived from wave mechanics or the matrix method, 
are 
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But this change does not affect the conclusions stated in the text. 
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The theoretically possible radiated frequencies, corresponding to all con- 
celvable drops, are contained in the general formula 


nhyo — ph 
y= ee = (np) ¥0, 


where » and p are any two positive integers or zero. We assume 7 > p. 
We must, however, apply the correspondence principle so as to determine 
which drops (if any) are impossible. We first note that the mechanical 
motion is a simple harmonic motion of frequency 7, and that a simple 
harmonic motion cannot be decomposed into a Fourier series. Conse- 
quently, from the classical standpoint, the fundamental mechanical fre- 
quency is the only one that can be radiated. According to the corre- 
spondence principle this circumstance implies that the theoretically pos- 
sible Bohr frequencies can be radiated only when n—p has the value 
unity, and hence only when the energy drops take place between consecu- 
tive levels. All other drops are forbidden. We conclude that the quantum 
treatment supplemented by the correspondence principle permits only 
the frequency » to be radiated by the harmonic oscillator. 

The result we have just obtained is important. It shows that the 
quantum frequency radiated by the oscillator is always exactly the same 
as its mechanical frequency », and is therefore the frequency which 
should be radiated according to classical ideas. This situation is excep- 
tional, for usually it is only in the case of high energy levels that the 
quantum and classical frequencies tend to coincide (e.g., in the rotator). 
In a sense this peculiar feature of the harmonic oscillator is fortunate, 
because Planck, when he laid the foundations of the quantum theory, 
assumed that an oscillator present in the heated enclosure radiated light 
of the same frequency as the motion of the vibrating electron. Planck, 
at the time, knew nothing of Bohr’s frequency condition and his assump- 
tion was based solely on classical considerations. We now see that in the 
general case Planck’s identification of the quantum frequencies with the 
mechanical or classical ones would have been untenable, except under the 
limiting conditions of the correspondence principle. Fortunately for the 
development of the quantum theory, the linear oscillator is an exception, 
and so Planck’s assumption, though founded on erroneous premises, was 
correct. 

In the hydrogen atom the correspondence principle shows that all 
drops may occur. Consequently there is nothing to change in our pre- 
vious presentation of the hydrogen atom. But we may note that if the 
electron in the hydrogen atom described only circular orbits, the situa- 
tion would be the same as in the rotator, and the correspondence principle 


508 BOHR’S ATOM 


would exelude all drops between non-consecutive orbits. This restriction 
would render impossible the production of the majority of the spectral 
lines of hydrogen. The fact that many of the other mathematically pos- 
sible spectral lines of hydrogen have been observed, shows that the elec- 
tron’s orbits cannot always be circles; elliptical orbits must also be 
assumed. 

The various examples we have given demonstrate the importance of 
the correspondence principle in the application of Bohr’s theory. Never- 
theless this combination of the semi-classical correspondence principle 
with Bohr’s revolutionary quantum theory is an extremely unsatisfying 
feature of the theory. A properly conceived quantum theory should fur- 
nish physical predictions by its own methods without having to resort 
to the help of discarded classical conceptions. Objections of this sort 
were among those which prompted the formulation of the newer quantum 
theories. In particular, the inability of Bohr’s theory, as such, to caleu- 
late the intensities of the radiations was, according to to Born, one of the 
controlling motives which prompted Heisenberg and himself to develop 
the Matrix Method. 


The Significance of the Correspondence Principle —The classi- 
eal theory of radiation furnishes correct predictions whenever we are 
operating under the limiting conditions of high energy values and of 
small quantum drops. An illustration is afforded by the emission of radio 
waves by an oscillating electromagnetic system. Here the emitted fre- 
quency coincides with the frequency of the alternating current oscillating 
within the system, and so the classical theory is in no need of revision. 
Inasmuch as the limiting conditions occur in a large number of cases, 
even in many laboratory experiments, we may well understand why the 
classical theory was accepted for so many years. 

Closely allied with the range of validity of the classical theory of 
radiation is the problem of mechanistic conceptions in general. We 
recall that, according to the classical theory, the frequencies of the radia- 
tions are those of the electron’s mechanical motion, the intensities are 
proportional to the squares of the mechanical amplitudes, and the polari- 
zations are determined by the shape of the path followed by the electron. 
Bohr’s theory on the other hand, though it utilizes mechanical concepts as 
a scaffolding, subsequently rejects these concepts when it interprets the 
phenomenon of radiation. The frequencies radiated are determined by 
Bohr’s frequency condition, and the various intensities of the different 
radiations are assumed to be proportional to the probabilities of the differ- 
ent quantum drops. Thus the merging of Bohr’s theory with classical 
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science, under the limiting conditions of the correspondence principle, im- 
plies that, as these conditions are approximated, the mechanical categories, 
frequency of motion, amplitude of motion, and direction of motion, 
become more and more adapted to the interpretation of radiation phe- 
nomena. Since, in the main, the earlier experiments occurred under the 
limiting conditions, mechanistic interpretations were able to account for 
the phenomena Observed and so no particular objection to their introduc- 
tion was voiced. Suspicions arose when the field theories were investigated, 
but it was only after the more remote subatomic realms had been explored 
that mechanical categories were recognized as inadequate for the majority 
of physical processes. In short, the discarding of mechanistic interpreta- 
tions was due to the pressure of facts, not to a change in the psychology 
of the theoretical physicists. 

It is misleading, therefore, to say that mechanism was a wrong de- 
parture ; rather was it a necessary consequence of the too limited range of 
phenomena known to the earlier investigators. Indeed, as mentioned in 
the earlier part of this book, the meaning of the word mechanism needs 
revision, for today, since mechanics has been revised, there is no reason to 
associate mechanism with a form of mechanics which is recognized as a 
mere approximation. 

When we recall that the limiting conditions, under which the classical 
mechanical theory of radiation gives correct conclusions, would always be 
realized in a universe where the constant A was infinitesimal, we see that 
the breakdown of mechanism, in the outworn sense, can be ascribed to the 
existence of Planck’s constant h, finite and not infinitesimal. In particu- 
lar, if we should imagine a progressive decrease in the value of h, the 
classical theory of radiation and its mechanical categories would express 
results with increasing correctness.* 


Sommerfeld’s Discovery of the Fine Structure of the Hydrogen 
Lines—Sommerfeld remarked that the electron in the hydrogen atom 
must be circling at tremendous speed and that under these conditions the 
variation of its mass with its velocity, as required by the theory of relativ- 
ity, cannot be disregarded. The relativistic refinement does not affect the 
force exerted by the proton on the electron, for this force is electrostatic 
and is expressed by the same law of the inverse square in the theory of 
relativity as in classical theory. We are not dealing here with a gravita- 
tional force, and so Einstein’s modification of Newton’s law does not enter 
into consideration. But although the force acting on the electron will be 
the same as heretofore assumed, the variation in the electron’s mass will 
modify the ordinary elliptical orbit. 


* See note page 460, 
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Calculation shows that the orbit and the motion are the same as they 
would be if the electron’s mass were to remain constant (as in classical 
mechanics) while the central force attracting the electron to the nucleus 
were increased by the addition of a small force varying as the cube 
of the distance. The exact numerical value of the change in the force 
is of no interest here. All we need note is that the relativistic orbit and 
motion may be deduced if we assume that classical mechanics holds but 
that a slightly different attractive force is acting on the electron. This 
equivalent way of stating the problem enables us to anticipate the form 
of the orbit. The fact is that the law of the inverse square is, among the 
laws of central forces, one of the very few which ean yield closed curves 
(ellipses) for the circling body.* Any slight departure from this law, 
such as the one we have just been led to consider, will give rise to an open 
orbit differing slightly from an ellipse. Mathematical analysis shows that 
the orbit will be rosette-like and that it will not be a closed curve.t+ Its 
general aspect is shown in the figure. The orbit lies in a plane and is 
contained between two concentric circles. 
The nature of the motion is easily understood 
when we say that the electron revolves in an 
ellipse as before but that, while the first mo- 
tion is taking place, the ellipse as a whole 
moves in its plane, precessing very slowly 
around the nucleus. The orbit and motion 
are of the kind illustrated by the planet 
Mereury: a progressive advance occurs in 
the position of the perihelion (or rather of 
the perinucleon in the case of an electron 
and a proton-nucleus). 

Two periodicities are connected with the 
motion: the first is defined by the motion of the electron in the ellipse, 
and the second by the revolution of the ellipse as a whole. These two 
periodicities are independent. By ‘‘independent’’ we mean that when 
the one is given, the other is not determined thereby. The existence of 
two independent periodicities is also revealed graphically by the shape 
of the orbit: the orbit does not close and it covers an area. 

According to classical (and also relativistic) mechanics, one of those 
stable mechanical magnitudes called adiabatic invariants is always asso- 


Fig. 42 


* The elastic force (i.e., the central force proportional to the distance) is the only 
other central force (depending solely on the distance) which yields closed orbits; these 
also are ellipses. 


t The orbit may close accidentally. 
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ciated with each independent partial motion of a periodic nature. In 
Bohr’s treatment of the hydrogen atom there was only one independent 
periodicity in the motion and consequently only one adiabatic invariant, 
which we ealled J. But in Sommerfeld’s treatment, where there are two 
independent periodicities, there will be two adiabatic invariants J; and 
Jz. The first of these adiabatic invariants is associated with the periodic 
motion in the ellipse, and the second with the rotation of the ellipse as 
a whole; these adiabatic invariants measure the Maupertuisian actions 
of the two partial motions, respectively. 

In classical (and also in relativistic) mechanies the adiabatic invari- 
ants may have any values within certain continuous ranges, and accord- 
ing to their values the motion has one aspect or another. The first 
adiahatic invariant J; is the one that we called J in Bohr’s more elemen- 
tary treatment; the greater its value, the greater the swing of the orbit. 
The mechanical significance of the second adiabatic invariant J» will be 
considered presently. Suffice it to say that Jy controls the eccentricity of 
the revolving ellipse and also its rate of revolution, or of precession, 
around the nucleus. The greater the value of Ja, the smaller the eccen- 
tricity (i.e., the less pronounced the flattening) of the revolving ellipse, 
and also the slower its speed of revolution. Furthermore, Jz can never 
exceed J, in value. If Jo = J; the orbit is cireular. If Jz vanishes, the 
electron will oscillate through the nucleus—a situation which may be dis- 
carded as physically impossible. Consequently, the value of J2 will 
always be some positive number comprised between 0 and the value of J4. 

We next consider the energy. The energy of a periodic (or multiply 
periodic) system is determined by the values of all the independent 
adiabatic invariants. Thus in Bohr’s treatment the energy was deter- 
mined by the value of the single adiabatic invariant J, whereas in 
Sommerfeid’s treatment, where there are two adiabatic invariants J, 
and Jo, the energy will be determined by the values of both J; and Je. 

What we have said up to this point is a mere consequence of the 
ordinary mechanical laws; the quantum theory has not been considered. 
But we know that a characteristic of Bohr’s theory is to place quantum 
restrictions on mechanical motions which manifest periodicity. Since in 
Sommerfeld’s treatment the motion of the electron has two independent 
periodicities, the application of Bohr’s method requires that both these 
periodic motions be quantized. The quantization is most easily obtained 
through the medium of the two adiabatic invariants, J; and Je. 

We recall that in the absence of quantum restrictions the adiabatic 
invariants Jy; and J» could have any values within appropriate ranges. 
Bohr’s quantum restrictions now require that only a discrete set of 
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values within these ranges be possible. In particular the value of either 
adiabatic invariant must be a multiple of Planck’s constant A: Our 
present quantum restrictions are thus expressed by 


J, = mh (WAS) 


dt 
a Je=kh (S12, 3, te 


where n and k are two positive integers. The numbers n and k are called 
the quantum numbers of the problem. It will be noted that the quantum 
number k cannot exceed the value of n, since Jz cannot exceed J;. Simi- 
larly & cannot take the value zero, since, for the reasons stated previously, 
Jo cannot vanish. 

Let us revert to the energy. We have said that it depends on J; and J. 
Now since J; and Jz must be quantized according to (11), we conclude 
that the energy can have only a discrete set of values; these values define 
the energy levels. Instead of saying that the energy depends on J; and Jo, 
we may equivalently say that it depends on the values of the quantum 
numbers n and k, which define J; and Ja. The difference between the 
present situation and the one encountered in the ordinary treatment of 
the hydrogen atom is that now an energy level is no longer determined 
by a single quantum number 7; two quantum numbers are required for 
its specification. For instance, if n = 3, then k may have the values 8, 2, 
or 1; so that three energy levels will be associated with the same value 
of n. The separations between the energy levels that correspond to the 
same value of n but to different values of & are relatively small; and we 
may regard the various levels which differ solely in the value of k as 
forming so many sublevels of the main level determined by n. For this 
reason the quantum number 7 is called the main quantum number. The 
net result is that when we follow Sommerfeld by introducing the theory 
of relativity into the study of Bohr’s hydrogen atom, Bohr’s original 
energy levels are usually split into sublevels. There is only one excep- 
tion ; it eccurs for the lowest energy level, which remains single as before. 
Our analysis shows that these complications are due to the presence of 
two quantum numbers and hence to the existence of two independent 
periodicities in the mechanical motion. 

Owing to the increase in the number of energy levels, a larger variety 
of drops will be possible and consequently a larger number of spectral 
lines may be expected. To determine the modifications that will arise 
in the spectrum of hydrogen, let us examine what will happen to the 
lines of the Balmer series. In Bohr’s original scheme these lines were 
generated by the drops to the level n = 2 from all levels n > 2. But with 
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our relativistic refinements, the Balmer lines arise from the drops between 
the following sublevels: 


(n>2;k=1, 2, 3....n)— > (n=2; k=1 or 2). 


A larger number of different mathematically possible energy drops is 
thus suggested. For instance, if we consider a drop from the level 
n= 3 to the level n = 2, we see that in place of the single drop considered 
by Bohr there are now six different ones; these drops differ according to 
the particular sublevel, # =1 or 2, to which the electron falls and also 
according to the sublevel whence the fall occurs. 

The number of lines to be expected is. however, restricted, when the 
correspondence principle is applied. Thus, when we calculate the fre- 
quencies that should be radiated according to the classical theory and 
apply the rules outlined in connection with the correspondence principle, 
we find that, during a drop, the quantum number k must always change 
by +1. When account is taken of this restriction, the possible drops 
from given sublevels x > 2 to the sublevels (n = 2, k = 1 or 2) are reduced 
to the following three: 


(n>2;k=1) — (n=2;kh=2) 
(n>2;k=2) —> (n=2;k=1) 
(n>2;k=3) — > (n=2;k=2). 


Let us consider one of these triplets of drops, say the triplet corre- 
sponding to drops from the level n = 3 to the level n = 2. Since sublevels 
(n, k) which have the same value for n and different values for k differ 
but slightly in energy, the, three drops we have considered will likewise 
differ but slightly. The three spectral lines generated by these drops 
will therefore be exceedingly close to one another, so much so that it may 
be difficult to distinguish them. The net result is that each Balmer line, 
believed by Bohr to be single, must be formed of three closely packed 
fine lines, or ‘‘components.’’ This structure of the lines, predicted by 
Sommerfeld, is called the ‘‘fine structure’’ of the Balmer lines of 
hydrogen. 

We may verify, by taking into account the restrictions in the permis- 
sible changes of the quantum number k, that the lines of the Lyman 
series will not be split, and that only the lines of the higher series (Balmer, 
Paschen, and Brackett) will exhibit the fine structure. Furthermore, 
the number of components to be expected increases with the order of the 
series considered: each Balmer line is formed of three fine lines; each 
Paschen line of five; each Brackett line of seven. The theory just de- 
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veloped applies to all atoms of the same type as hydrogen, 7.c., to the 
hydrogen-like atoms, such as once-ionized helium, twice-ionized lithium, 
and so on. But the fine structure should be easier to detect in the case 
of these higher atoms, because theory shows that the separation of the 
components increases with the nuclear charge and hence with the atomic 
number. 

Sommerfeld’s theory prompted spectroscopists to examine the hydro- 
gen and hydrogen-like spectra more carefully. The first investigations 
that were then performed appeared to corroborate Sommerfeld’s theory ; 
and at the time, these corroborations were viewed as lending powerful 
support to Bohr’s theory, to the theory of relativity, and to the validity 
of the correspondence principle. But subsequent measurements revealed 
discrepancies. We may understand their nature by reverting to the 
Balmer lines. Sommerfeld’s theory, as we have said, requires that each 
line of the Balmer series should be formed of a number of closely packed 
lines. The correspondence principle then excludes all but three of the 
lines, with the result that each Baimer line should be a triplet. But more 
recent spectroscopic analysis has shown that five lines, and not three, are 
present. Inasmuch as the two additional lines were found to occupy the 
positions of two of the forbidden lines ruled out by the correspondence 
principle, doubt was at one time cast on the validity of the principle. 
Today the situation is interpreted in a totally different way. Sommer- 
feld’s relativistic refinements and the correspondence principle are re- 
tained, but the situation is complicated by the introduction of an addi- 
tional hypothesis—that of the spinning electron. We shall not consider 
the matter further at this stage; it will be resumed in the next chapter. 


The Physical Significance of the Quantum Number k—We 
have seen that Sommerfeld’s treatment of the hydrogen atom intro- 
duces a second adiabatie invariant J. and a second quantum number k. 
We now propose to show that simple mechanical interpretations can be 
given to these two magnitudes. The hydrogen atom constitutes an iso- 
lated mechanical system (as long as it is not radiating). Consequently, 
in accordance with the laws of mechanics, its total angular momentum 
remains constant in magnitude and in direction. Since we are viewing 
the nucleus as fixed and non-rotating, the total angular momentum of our 
hydrogen atom becomes that of the electron. The angular momentum 
(with respect to the nucleus) of the electron along its orbit is 


LY ovo, 


where w is the mass of the electron, 7» is the distance from the nucleus 
to the perinucleon, and vo is the electron’s velocity at the instant it passes 
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the perinucleon. The value written above is, then, also the value of the 
angular momentum at any other instant. 

Obviously, the magnitude of the angular momentum would be exactly 
the same if the motion of the electron were reversed or if the orbit were 
situated in some other plane differently inclined. The bare magnitude 
of the angular momentum gives us therefore no means of determining the 
situation. But we may obviate this ambiguity if we represent the angular 
momentum by a vector, 2.e.,an arrow. The length attributed to the vector 
measures the magnitude of the angular momentum. The vector is then 
placed perpendicularly to the plane of the orbit which the electron is 
describing, with the result that the direction of the vector determines the 
orientation of this plane. Finally, the sense in which the electron is 
describing its orbit is indicated by making the vector point in one sense 
or the other in accordance with the following convention : 

If we imagine that we are standing at the nucleus on the plane of the 
orbit and find that, on looking down, the electron is circling in a counter- 
clockwise direction, we shall place the vector so that it points from our 
feet to our head. If the circulation is clockwise, the vector must be made 
to point in the opposite sense. 

Thanks to this convention, the angular-momentum vector determines 
at one and the same time the magnitude of the angular momentum, the 
plane of the orbit, and the sense of circulation of the electron. The prin- 
ciple of mechanics which asserts that the angular momentum is con- 
served implies that the vector remains fixed during the motion. In par- 
ticular, the permanency in the vector’s direction shows that the orbit 
must lie in a fixed plane; and the permanency in the vector’s magnitude 
entails the law of areas (which Kepler discovered by observing the 
planetary motions). Remembering these general considerations, let us 
revert to Sommerfeld’s hydrogen atom. 

We recall that Sommerfeld’s adiabatic invariant J. was connected 
with the presence of a second periodicity in the electron’s motion. This 
adiabatic invariant, like the first, measures a certain action pertaining 
to the motion. But we may also prove that it measures 21 times the 
constant angular momentum of the circling electron. If, then, we repre- 
sent the magnitude of this angular momentum by K, Sommerfeld’s second 
quantizing condition becomes 


Jo = 2ak = th (hk =4, 2. 3.3...%), 
whence 


K=k-~ (k=1, 2, 3....m). 
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From this formula we see that Sommerfeld’s second quantum condition 
can be expressed by the statement that, in the stable orbits, the value of 


° A 
the angular momentum must be some multiple & of the quantity 3—.* 


; hn. 
Because of the frequent occurrence of the magnitude 3, Bohr’s 


theory, it is often taken to represent one ‘‘unit of angular momentum.”’ 
We may say, therefore, that the quantum number & represents the num- 
ber of units of angular momentum which the electron may have in a 
stable state of the atom. 

The foregoing analysis reveals an important difference between 
Sommerfeld’s quantizing conditions and the simpler one used by Bohr. 
In Bohr’s non-relativistic treatment, there was no need to quantize the 
angular momentum, and in Bohr’s nth energy level any value of the 
angular momentum, compatible with the energy of this level, was possible. 
The introduction of relativity considerations by Sommerfeld has thus 
restricted the possible orbits of the nth energy level by restricting the 
possible values of the angular momentum. 


Bohr’s Magneton —In the hydrogen atom the negatively charged 
electron is circling around the nucleus. Since this motion is exceedingly 
rapid, its physical effects will be very similar to those developed by an 
electric current of suitable intensity describing the same orbit. The laws 
of electromagnetism show that such a current will develop a magnetic 
field which is the same as would be developed by a very thin and flat 
magnet limited by the orbit. Consequently, we may expect the atom to 
manifest the properties of a tiny magnet. 

A magnet is characterized by its magnetic moment, a concept which 
we shall now investigate. Consider a bar magnet. In a simplified way, we 
may represent it by two magnetic poles situated near the opposite ends of 
the bar, the two poles being of opposite sign but equal in absolute value. 
The magnetic moment M of the magnet is, then, defined by the numerical 
value of the positive pole multiplied by the distance separating the two 
poles (approximately the length of the magnet). This definition gives the 
bare magnitude of the magnetic moment; but, as in the case of an angular 


; . i ae 
* As will appear later, it is not eee which measures the angular momentum of the 


co 


— mun h h 
circling electron; it is (k —1 er a (setting 1=k—1). The significance of 
oT Tv 


this change cannot be understood at this point; it receives an interpretation only when 
the methods of wave mechanics are applied. 
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momentum, we must also define its direction by a veetor.* The conven- 
tion usually adopted is that the vector points from the south to the 
north pole. For reasons of convenience which will appear presently, we 
shall make it point in the opposite direction, i.c., from the north to the 
south pole. 

We now return to the hydrogen atom. A calculation based on classical 
considerations shows that when the electron (or atom) has an angular 
momentum A, the magnetic moment M generated by the circling of the 
electron has a magnitude 


ae 
(12) Nie Bue K, 


where e is the charge of the electron, w its mass, and c the velocity of 
light.t Also, the vector of the magnetic moment is perpendicular to the 
plane of the orbit (like the vector of the angular momentum) and points 
in the same direction as the angular-momentum vector. Both vectors 
will be assumed to pass through the centre of the atom, i.¢., through the 
proton-nucleus. The line and the direction defined by the angular- 
momentum vector is called the atomic axis, because our present angular- 
momentum vector, which is that of the circling electron, is also the 
angular momentum of the entire atom. We may therefore say that the 
magnetic-moment and the angular-momentum vectors both point along 
the atomic axis. 

If we take into account Sommerfeld’s relativistic refinement, the value 
of the angular momentum K is always k times the unit of angular mo- 


mentum mae (wherek=1,2,...%). Substituting this value for K in 
m 
formula (12), we obtain 
(13) ee ee (kK=1,2,3...n). 


Que 2a 4nuc 
In the lowest orbit we have n = 1, and hence k has the value 1; the mag- 
netic moment is then 


(14) Mo 


4nuc ” 


This magnitude is called Bohr’s magneton. It defines, in a certain sense, 
a unit of magnetic moment, and, as will be noted, it involves Planck’s 


* When we are concerned solely with the magnitude of the magnetic moment and 
not with its orientation, we express the magnetic moment by M. When the direction 


i 
is taken into consideration, we write M. This rule will apply to all vectors. 
+ The electric charge e is measured in electrostatic units, and the magnetic 
moment M in electromagnetic units. 
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constant h. The formula (13) shows quite generally that if the electron 
F — ; 
in the hydrogen atom has & units of angular momentum oe the magnetic 


moment of the atom in this state will be k magnetons. Such at least are 
the conclusions to which we are led in the present state of the theory.* 

Thus, in Bohr’s theory, magnetism is interpreted as a macroscopic 
manifestation of hidden electric occurrences. This view is not new; it 


was first suggested by Ampére, and was assumed explicitly by Lorentz 
in his theory of electrons and by Langevin in his theory of magnetism. 


The novelty of Bohr’s treatment is that, in his formula for the magneton, 
Planck’s constant h appears. Incidentally the great importance of this 
constant once again asserts itself, 


Space-Quantization —When a top which is not spinning is set with 
its point against the ground, it falls on its side owing to the pull of 
gravity. But if the top is spinning rapidly, it does not fall; instead, its 
axis precesses with uniform motion and describes a cone about the direc- 
tion of the force, z.e., about the vertical. We have here an illustration 
of a gyroscopic motion in which the force of gravity seems to be defeated. 
A similar situation arises if, in place of a top in a gravitational field, we 
consider a bar magnet suspended at its centre of gravity in a magnetic 


field. Let us suppose that we have a vertical magnetic field H directed 
upwards. In such a field the positive, or north, pole of a magnet will be 
attracted upwards in the direction of the field, while the negative, or 
south, pole will be attracted in the opposite direction. If, therefore, a 
bar magnet is suspended at its centre of gravity and is abandoned at 
some slanting inclination with respect to the field, it will start to oscillate 
back-and-forth indefinitely about the direction of the field. Of course, 
if there is friction, the oscillations will soon cease, and the magnet will 
point its north pole in the direction of the field. This is the familiar 
phenomenon illustrated in the magnetic compass. 

The potential energy of the magnet, due to the action of the field, is 
a minimum when the north pole points in the direction of the field. And 
since we are defining the direction of the magnetic-moment vector of the 


* Later we shall see that the correct value of the electron’s angular momentum 


h A ; , 
is not a but =a). According to this change the maguetic moment should 
w 2m 


be (k—1) magnetons. As a result, in the unexcited state, where k = 1, the hydrogen 
atom should have no magnetic moment; but this expectation is not borne out by 
experiment. The anomaly is accounted for by the hypothesis of the spinning electron, 
a hypothesis which will be discussed in the next chapter. 
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magnet as the direction from the north to the south pole, we conclude 
that the potential energy is a minimum when the magnetic-moment 
points in the direction opposite to the field, and is a maximum when it 
points in the same direction as the field. The value of the potential 
energy is determined by the product of the intensity of the field and 
the projection of the magnetic moment on the direction of the field. Thus, 


if # is the angle the magnetic-moment vector M makes with the vector 
. . . => 
defining the direction of the field H, the potential energy is 
(15) M Heos 6. 


As oceurs in all definitions of the potential energy, the position of zero 
potential energy is determined by convention. In the foregoing definition 
the position of zero potential energy is attained when cos 9=0, 1¢., 


0 =>. and hence when the magnet is set perpendicularly to the field. 


We now suppose that the bar magnet is spinning about its axis. An 
angular momentum is generated about the axis, and a new phenomenon 
occurs. If we assume that the axis of the spinning magnet is released 
from a position of rest, we find that the axis precesses with uniform speed 
around the direction of the field, while the initial angle between the axis 
and the field remains constant. We have here the exact analogue of 
the spinning top in a gravitational field. 

Instead of considering a bar magnet we may consider a hydrogen 
atom. We have seen that a hydrogen atom is analogous to a tiny magnet 
in rapid rotation; for the circling of the electron generates at one and 
the same time the angular momentum and the magnetic moment. Both 
vectors are perpendicular to the plane of the orbit and point in the 
same direction—the direction of the atomic axis. A precessional motion 
of the atomic axis around the direction of the field will therefore take 
place, and the axis will retain a constant inclination @ with respect 
to the field. Larmor was the first to calculate the frequency of the 
precessional motion (number of precessions or revolutions, per second). 
This Larmor frequency, as it is called, is represented by w,, and its 
value is 


cH 


Ifere e is the charge of the electron (in electrostatic units), « its mass, 
and H the intensity of the magnetic field in electromagnetic units. The 
Larmor frequency increases with the intensity of the field. The direc- 
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tion of the Larmor precession about the magnetic field H is such that, if 
we look along the lines of force, the axis of the atom will appear to be 
precessing in a clockwise direction. 

The resultant motion of the electron in the hydrogen atom under the 
action of the magnetic field is now clear: the electron describes an ellipse 
(or rather the more complicated rosette curve) in the plane perpendicu- 
lar to the atom’s axis, and, while this first motion is proceeding, the plane 
precesses with a constant and slow uniform speed about the direction of 
the field (the inclination of the plane relative to the direction of the field 
remaining unchanged). It is this latter slow precessional motion which 
represents the Larmor precession. Thus, in addition to the two periodi- 
cities of the electron’s motion in its plane (as in the relativistic atom 
in the absence of a field), we now have a third periodic motion super- 
posed on the other two (due to the precessional motion of the orbital 
plane, or of the atomic axis). These three periodicities are independent 
in the sense explained previously. 

The existence of three independent periodicities in the motion shows 
that, in addition to the two adiabatic invariants J; and J2 noted in 
Sommerfeld’s atom (no field), there will be a third adiabatic invariant 
Jz independent of the former two. Furthermore, since according to 
mechanics the total energy of the atom involves all the independent 
adiabatic invariants and is determined when their values are specified, 
we conclude that the total energy E of the hydrogen atom in a magnetic 
field will be a function of Jy, Jo, and J3. 

We explained in connection with Sommerfeld’s atom that the 
adiabatic invariant J» is equal to 22 times the angular momentum K of 
the revolving electron. This adiabatic invariant retains the same sig- 
nificance when the magnetic field is applied, and its numer:cal value is 
not affected by a slow application of the field. As for the third adiabatic 
invariant Js, required by the new periodicity in the motion, its value is 
2a” times the projection of the electron’s angular momentum onto the 
direction of the field. Calling K the magnitude of the angular momentum 


and therefore Keos # its projection on the direction of the field, we may 
set 


(17) J3 = 22Keos 0 = Jocos 0. 


The following argument, which is sufficiently rigorous for our present 
purpose, will enable us to verify that the total energy of the atom in the 
magnetic field is determined by the values of the three adiabatic in- 
variants Ji, Jo, Js. Let us suppose that at the initial instant there is no 
magnetic field; the axis of the hydrogen atom may then be pointing in 
any direction. If we adopt the relativistic treatment for the atom, we 
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know that the energy will be defined in terms of the two adiabatic in- 
variants J; aud Jo. We call Fo(Jy, J) the value of this energy. We 
now suppose that a magnetic field H is applied. Since we are viewing 
our atom as equivalent to a little magnet of moment M, the presence of 
the field will contribute the potential energy MHcos@ to the atom (see 
(15)), where @ is the angle between the direction of the field and that of 
the magnetic moment, or atomic axis. The total energy E of the atom 
in the field will thus be the sum of the energy in the absence of a field 
and the added potential energy. Thus 


(18) E = Eo(J1, J2) + MHoos 0. 


If in this formula we replace the magnetic moment M by its value (12), 
we obtain 


(19) E = Ho (ds, Jz) + Ae? 
Ty 
In view of (17), the formula (19) may also be written 
al eH 
(20) E = Eo(d1, J2) + aaie 


This formula shows that, when the three adiabatic invariants J, J2, and 
Js are specified, the total energy of the hydrogen atom in a given mag- 
netic field of intensity H is determined. Thus far we have treated the 
problem classically. 

We wish now to examine the restrictions which will be imposed on 
the motion by the quantum theory. In the classical treatment the 
adiabatic invariants, and J, in particular, could have all values com- 


patible with the system. The same was therefore true for the ratio 

= and hence for cos 6. This fact implied that all inclinations of the 
Pe 

atomic axis with respect to the direction of the field were permissible. 

But if we introduce quantum restrictions, all our adiabatic invariants 


must be quantized ; and in addition to the restrictions (11), 1.€.5 


ais, = tle (awe. no ) 
a Jo=kh (k= 1,258. aon tes 
we must set the third quantum restriction 
(22) J3 = mh, 


where m is a new quantum number which must be some integer. In- 


asmuch as oe = cos 6 (see 17), we must have 
2 


(23) = cos 0. 


ae 
k 
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The only values a cosine can assume are contained between —1 and +1. 
Consequently, for a given value of the positive integer k, the new 
quantum number m must assume one-of the 2k + 1 integral values 


(die =' i =o. oe 1, eens 


Reverting to (23) we see that only a limited number of orientations # are 
possible for the atomic axis in a magnetic field; all other orientations are 
impossible according to the quantum theory. This limited number of 
possible orientations for the atomic axis illustrates the quantum mani- 
festation called space-quantization by Sommerfeld. 

An important feature of space-quantization is that it can arise only 
when there is a privileged direction in space, which has a physical 
significance and with respect to which the inclination of the atomic axis 
can be measured. In the problem we have discussed, the magnetic field 
furnishes this direction. In free space, where there is no privileged 
direction, space-quantization does not come into consideration and so 
the atomic axis may point in any direction. 


The Normal Zeeman Effect—Lorentz, on the basis of his elec- 
tronic theory, predicted that if a radiating atom were placed in a mag- 
netic field, each spectral line which the atom emitted in the absence of 
the field would be split into three components. He also predicted that 
if we observed one of these triplets from a direction at right angles to 
the field, the radiations corresponding to the three lines of the triplet 
would appear plane polarized in well-defined directions; and that if 
the observation were made in the direction of the field, only the two 
outer lines of the triplet would be seen, the corresponding radiations 
being circularly polarized in opposite sehses. 

This phenomenon, predicted by Lorentz, is named after Zeeman, who 
established it experimentally. It is called the normal Zeeman effect. 
According to Lorentz’s theory, it should manifest itself in all atoms 
and not only in the hydrogen atom. But experimenters soon found that 
with the higher atoms a more complicated splitting of the spectral lines 
usually occurred. The name anomalous Zeeman effect was given to this 
more complicated phenomenon.* The normal Zeeman effect thus ap- 
pears to be the exception; and in the light of these discoveries, the 


* Recent investigation has shown that even hydrogen manifests the anomalous, 
and not the normal, effect, as had formerly been assumed. The past misconceptions 
on this score have been traced to the too high intensity of the magnetic field used in 
the experiments; a strong magnetic field generates a secondary effect called the 
Paschen-Back effect, which has the same appearance as the normal Zeeman effect, 
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terminology should logically be reversed: the normal effect should be 
ealled anomalous, and vice versa. However, the original terminology 
is always retained, and so we shall adhere to it. 

Lorentz’s theory of the normal Zeeman effect was developed subse- 
quently by Larmor. Larmor, before the advent of the quantum theory, 
showed that the classical theory accounts for the normal Zeeman effect. 
His treatment is easily understood when we first assume that there 
is no magnetic field. The electron in the hydrogen atom is then describ- 
ing some ellipse situated in a fixed plane. The motion of the electron 
may be decomposed by the Fourier method into a number of superposed 
harmonic vibrations. Let vo be the frequency of any one of these. Ac- 
cording to the classical treatment, where the mechanical and the radiated 
frequencies are the same, the mechanical frequency of the electron 
should also be the frequency of one of the radiations emitted by the 
atom in the absence of a field. We know of course that the classical 
theory is unable to give the correct frequencies. But this fact is unim- 
portant from our present standpoint, because, in the Zeeman effect, 
our concern is not with the exact frequencies of the hydrogen lines, but 
only with the manner in which spectral lines in general are split under 
the action of a magnetic field. 

Let us, then, suppose that a magnetic field is applied. The motion 
of the electron is now complicated by the precession of the atomic axis, 
with the Larmor frequency wz (see (16)), about the direction of the 
field. As a result of this precession two additional mechanical fre- 
quencies, ¥ + wr,* will be superposed on the original frequency ¥ of the 
electron’s motion. Hence, the frequency % will be radiated as before, 
but there will also be two other radiated frequencies of magnitudes 
¥y9t wy. In place of a single spectral line we shall have three: the 
original line and two others equally spaced to the right and to the left. 
When account is taken of the numerical value of the Larmor frequency wz 
(which measures the separation between the two displaced lines and 
the central one), the exact Zeeman split disclosed by experiment is 
accounted for. The polarizations may also be determined classically. 

In view of the known deficiencies of the classical conceptions in so 
many cases, we cannot accept the classical theory of the Zeeman effect, 
and we must now attempt to interpret it by means of Bohr’s theory and 
its quantum postulates. We have seen that, when a hydrogen atom 


* The motion of the electron may be decomposed into a harmonic vibration of 
frequency 0 along the direction of the field, and into two additional vibrations 
vo wr, which are represented by circular motions in opposite directions oceurring 
in a plane perpendicular to the direction of the field. 
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situated in an energy level (n, k) is placed in a magnetic field of in- 
tensity H, its total energy is increased by the presence of the field. If we 
call Ey(n, k) the energy of the atom in the absence of a field, the formula 
(20), in which J3 is replaced by its permissible values mh, becomes 
(25) E=E)(n,k) +m, 

where the values of the quantum number ™ are restricted to integers 
extending from —k to +k. Each sublevel (n,k), which exists in the 
absence of a field, is thus subdivided into 2k + 1 sub-sublevels (, k, m), 
which we define by giving to the quantum number m all permissible 
values (7.e., all integral values between —k and +k). This splitting of 
the former sublevels into more numerous sub-sublevels entails a cor- 
respondingly increased variety of quantum drops, and a larger number 
of spectral lines may be expected. But the application of the semi- 
classical correspondence principle, which throws us back on the electron’s 
motion, shows that the possible drops are considerably restricted by the 
following requirements: 


During a quantum change, either the quantum number m must 
not change at all (n or k will then change), or else it must change 
DYaetel Ore D vaca 


Under these conditions it is easy to see that each drop which could 
have occurred in the absence of the field will be supplemented, thanks 
to the presence of the field, by two other possible drops differing slightly 
from it. As an example, consider the spectral line which arises in the 
absence of a field when the drop from (n=4, k=3) to (n=2, k=2) 
takes place. If we operate in a magnetic field, m may also suffer a change 
by passing, let us suppose, from m, to m2. If we apply Bohr’s frequency 
condition and utilize the value (25) of the energy, we see that the fre- 
quency of the spectral line that is now obtained differs from the former 
one by 


eH hm,—hime : eH 


2) 4nuc h ent 4nuc ia — Ma) 


And since m,; — m, must be 0 or +1 or —1, the new spectral line will have 
the same frequency as the original line or else its frequency will exceed 
the original frequency or fall below it by the amount 


eH 
4nuc 


(27) a.e., the Larmor frequency wz. 
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We thus obtain three possible lines, and one of the three new lines 
coincides with the original one. Incidentally we may note that (27) also 
measures the Larmor frequency (16), so that our present results coincide 
with those obtained in the classical treatment of the Zeeman effect. 

In practice we observe a large number of atoms simultaneously, 
and since, for a given drop, the quantum number m can behave in three 
permissible ways, we may assume that the three different situations will 
occur for the various atoms. For this reason the three lines of the 
triplet will be observed simultaneously. Finally, the polarizations of 
the rays are obtained from the classical treatment by an application of 
the correspondence principle, and the results are in agreement with 
observation. Although Bohr’s interpretation of the normal Zeeman 
effect cannot be regarded as a distinct triumph for his theory since the 
effect is also accounted for by classical methods, it is satisfying to know 
that the normal effect does not conflict with the theory.* 

A point that may seem strange is that the classical theory should 
have been able to account for the normal Zeeman effect which after 
all, is a quantum phenomenon. However, this point is clarified when 
we examine the expression (27) for the shifts in the frequency. In this 
expression Planck’s constant h does not appear at all; it is cancelled 
when (26) is derived from (25). Had the constant h been present in 
our formula, the classical theory, which ignores h, would have been 
helpless. The success of the classical theory in the present case is thus 
accidental. 


The Stark Effect—The Stark effect consists in a more or less com- 
plicated splitting of each of the spectral lines when an electric field is 
applied. The interpretation of this effect by Bohr’s theory is a marked 
success for the theory, because classical methods proved ineffective. We 
shall not discuss the Stark effect further. Suffice it to say that, under 
the influence of the electric field, an additional periodicity appears in 
the electron’s motion, and that the number of energy levels and attendant 


spectral lines is thereby increased. 


The Various Kinds of Degeneracy—In Bohr’s theory the only 
motions that are subjected to quantum restrictions are those that mani- 


* We mentioned in a previous note that recent experiment has shown that hydrogen 
exhibits the anomalous effect. It would thus appear that Bohr’s theory, which pre- 
dicts the normal effect, must be incorrect. In point of fact, however, it is not only 
Bohr’s theory in its present form which is incorrect; our model of the hydrogen atom 
also needs revision. In the next chapter we shall see that the circling electron is in 
» state of spin and that complications arise therefrom, 
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fest periodicities. In celestial mechanics such motions are called ‘‘con- 
ditioned periodic’’ or ‘‘multiply periodic.’’ They are not usually 
periodic, but they include periodic motions as a special case. We shall 
here be concerned only with very particular illustrations, and to simplify 
the exposition we shall confine our attention to the motion of a single 
particle. 

A particle (point-mass) moving in space has three degrees of free- 
dom, for three coordinates are required to define its position in a given 
frame; and the motion of the particle in space is determined when we 
specify how the three coordinates vary with time. We shall suppose 
that the three coordinates are Cartesian coordinates x, y, 2. Let us 
project the motion of the particle onto the three coordinate axes Oz, Oy, 
Oz. We obtain three component motions along these axes. The motion 
of the particle is called conditioned periodic when each one of the three 
component motions is periodic. Let us call 7, v2, and v3 the respective 
frequencies of the three component periodic motions. Here several 
situations may arise. 

Firstly, it may happen that no one of the ratios of the three fre- 
quencies, taken two by two, is a rational number, /.c., a common fraction 
(or an integer). The three periodicities of the component motions are 
then said to be independent. Despite the periodic nature of the com- 
ponent motions, the resultant motion is not periodic in this case. The 
particle describes a curve which never closes and which fills a volume. 
The conditioned-periodic motion is said to be non-degenerate. 

Secondly, one among the ratios of the three frequencies may be a 
rational number, though the other ratios are irrational. Only two 
among the three periodicities are now independent. The resultant motion 
in space is still aperiodic. The particle describes a curve which never 
closes but which, this time, covers an area instead of filling a volume. 
The conditioned-periodic system is said to be once-degencrate. 

Finally, if all the ratios of the three frequencies are rational numbers, 
there is only one independent periodicity. The motion in space is itself 
periodic, and under these conditions the conditioned-periodic motion 
becomes periodic. The path in space is now a closed curve, and the 
motion is said to be totally degenerate. 

In the study of the hydrogen atom, we have encountered all three 
kinds of motion. In Bohr’s treatment of the atom, the path of the 
electron is an ellipse which is described with a periodic motion. There 
is but one independent periodicity and the motion is completely de- 
generate. In Sommerfeld’s relativistic treatment, the motion has two 
independent periodicities, represented by the periodic motion along the 
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ellipse and the precession of the ellipse as a whole around the nucleus. 
The motion is thus once-degenerate, and the path followed by the electron 
covers an area. Finally, when a magnetic field is applied, a third inde- 
pendent periodicity appears; it is exhibited by a precession of the orbital 
plane round the direction of the field. The motion is now non-degenerate, 
and the path described by the electron fills a volume. 

Caleulation shows that when a motion which is degenerate is sub- 
mitted to a perturbing force, its degeneracy is decreased. For example, 
we have seen that the relativistic refinements, when superimposed on 
Bohr’s treatment, are equivalent to a small modification in the New- 
tonian force of attraction exerted by the proton-nucleus on the circling 
electron. The relativistic refinements thus impose a small perturbation 
on the original motion, and, for this reason, the motion formerly totally 
degenerate becomes once-degenerate. A second type of perturbation is 
introduced when a magnetic field is applied (Zeeman effect) ; the motion 
has its degeneracy reduced still further and becomes non-degenerate. 
In the Stark effect, a perturbation is created by means of an electric 
field, and the degeneracy is likewise completely removed. 

We wish now to examine the bearing of this general discussion on 
the quantum theory. We recall that with each independent periodicity 
of the motion is associated one adiabatic invariant, and that the total 
energy of the system depends on the numerical values of all the adiabatic 
invariants present. In the quantum theory the adiabatic invariants may 
assume only discrete sets of values, ie., they are quantized, and the 
allotment of the quantized values introduces the corresponding quantum 
numbers. There are thus as many quantum numbers as there are 
adiabatic invariants or, what amounts to the same, as there are inde- 
pendent periodicities. Since the various energy levels are determined 
by the different sets of integral values that may be eiven to the quantum 
numbers, there will be a larger variety of distinct energy levels, and 
consequently of spectral lines, when the supply of quantum numbers 
inereases. Collecting these results, we conclude that as the order of 
the degeneracy is decreased (and therefore the number of adiabatic in- 
variants and of quantum numbers is increased), the spectrum will betray 
a richer variety of spectral lines. For this reason, a perturbation im- 
posed on an atom increases the complexity of its spectrum. 

These conclusions are readily verified in the hydrogen atom. Thus, 
when the degeneracy of Bohr’s original model is decreased, first by the 
relativistic refinements and then by the application of a magnetic field, 
the spectrum predicted by the theory progressively increases in com- 


plexity. 
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An alternative method of quantizing the orbits is sometimes advan- 
tageous because it leads to a new interpretation of degeneracy which 
proves valuable in Schrodinger’s wave theory of the atom. Consider 
Bohr’s hydrogen atom when the relativistic refinements are disregarded 
and no magnetic field is applied. We shall refer to this atom as the 
‘‘undisturbed atom.’’ We saw that in the undisturbed atom the major 
axes of the elliptical orbits were quantized by the introduction of the 
quantum number n, but that the eccentricities and orientations of the 
orbits were left arbitrary. Thus the energy states E, of the atom were 
determined by the single quantum number n. When the relativistic re- 
finements were introduced, the eccentricities of the orbits were quantized 
by means of the quantum number k, though the orientations of the orbits 
still remained arbitrary. The quantizing of the eccentricities entailed 
the splitting of the energy levels #, into sublevels E,,. Finally, when 
a magnetic field was applied, the orientations of the orbital planes were 
submitted to space-quantization, and the third quantum number m was 
introduced in consequence. The sublevels Ey, of the relativistic atom 
were thus split into sub-sublevels Ey xm. 

In the alternative method of quantization, the orbits must always 
be submitted to the three quantizations, n, k, m (or to equivalent ones in 
the case of k and m). Consequently, even in the undisturbed atom the 
three quantum numbers will appear. This implies that the energy states 
of the undisturbed atom will be represented not by levels Hn, but by 
sub-sublevels E’,,.,. The new procedure does not entail any change in the 
spectra, for, in the undisturbed atom, all those sub-sublevels Ey 4.m, which 
are associated with the same value of , will have the same energy and 
hence will coalesce into the single level E,. Similarly in the relativistic 
atom, those sub-sublevels, which differ only in the value of m, coalesce into 
the corresponding sublevels £,,;, of Sommerfeld. 

An obvious objection to our present retention of seemingly irrelevant 
quantum numbers is apparent in connection with the quantum num- 
ber m. This number determines the inclinations of the various orbital 
planes with respect to the direction of the magnetic field. But then m 
must become meaningless when no magnetic field is applied. How, 
then, can it affect the quantization of the undisturbed atom? This diffi- 
culty is mitigated to a certain extent when we observe that 22m is an 
adiabatic invariant in the presence of a magnetic field, so that when the 
field is progressively reduced to the vanishing point, m still retains its 
original value and the orbit its original inclination. At all events we 
shall accept the new method of quantization for the purpose of discussion. 
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According to our present views the hydrogen atom is degenerate 
whenever more than one sub-sublevel is associated with each energy state. 
Degeneracy thus consists in a coalescing of some or all of the sub-sublevels. 
In the undisturbed atom all the sub-sublevels Ey.,m, pertaining to the 
same value of n, coalesce, and hence the degeneracy is total. The rela- 
tivistic refinements, which are equivalent to a perturbation, remove this 
degeneracy in part, for in the relativistic atom coalescence endures only 
for those sub-sublevels which are associated with the same values of both 
n and k. Finally, the perturbation imposed by a magnetic field removes 
the degeneracy entirely : all the sub-sublevels now become distinet. From 
this account we see that a perturbation does not create sub-sublevels ; it 
merely separates some or all of those which already existed but which 
happened to coalesce. 

The process whereby a perturbation removes the degeneracy is readily 
understood. The perturbation modifies the energies of all the orbits, 
but not necessarily to the same extent. If, then, a perturbation is applied 
to a degenerate atom, two orbits that had the same energy may assume 
different energies, with the result that two sub-sublevels that coalesced 
may now be separated and become distinct. If all the sub-sublevels are 
thus separated, the degeneracy is removed entirely and a further per- 
turbation cannot cause any additional separation. 

The considerations we have just developed in connection with the 
hydrogen atom are general. In all cases, whether we be dealing with 
sub-sublevels or with levels of a still lower order, degeneracy implies 
coalescence, and a perturbation, by destroying the coalescence, removes 
the degeneracy. 

For the present, however, Bohr’s simpler method of quantization will 
suffice for our purpose. Accordingly, we shall mention the existence of 
the sub-sublevels (n, k, m) of the hydrogen atom only when they are 
distinct. 


The Higher Atoms.—We explained in the last chapter that, accord- 
ing to the views of Rutherford and of Moseley, an atom of atomic number 
N is formed of a nucleus of positive electric charge N around which N 
planetary electrons are circling. When all the electrons except one are 
removed from a higher atom, we obtain a so-called hydrogen-like atom, 
this name being given on account of the similarity of an atom of this 
sort with the atom of hydrogen. Examples of hydrogen-like atoms are 
afforded by the once-ionized helium atom and the twice-ionized lithium 
atom. The hydrogen atom and the hydrogen-like atoms are the simplest 
of the atoms, and it is with these that Bohr’s theory registered its great- 
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est success. Considerable progress was also made by Bohr in unravelling 
the complexities of other atoms. But owing to the increase in the 
number of planetary electrons, the difficulties were very much greater. 
If we attempted to operate as we did in the case of the hydrogen atom, 
we should first have to determine the motions of the electrons in the 
absence of restrictive quantum conditions, and then establish the nature 
of these quantum restrictions. But such attempts would be futile, for 
even the first step in our program would be impossible since it would 
throw us back on the unsolved problem of n-Bodies in celestial mechanics. 

In view of the difficulties besetting a direct approach, indirect meth- 
ods were utilized by Bohr. Every possible clue was scanned. The 
spectroscopic evidence, the chemical properties, the color of salts, ioniza- 
tion potentials, X-ray spectra, magnetic properties, and many others 
played a part in determining the models of the various atoms and the 
distributions of their planetary electrons. The progress was piecemeal, 
and in many eases results originally believed correct were subsequently 
found to need revision in the light of new discoveries. If we were to 
state the final results of Bohr’s theory in its completed form without 
mentioning the intermediary steps, we should convey a totally wrong 
impression of the methods of theoretical physics. Besides, the final 
conclusions would appear extravagant and gratuitous. We shall there- 
fore examine the successive models suggested for the atoms and explain, 
as we proceed, in what respects and for what reasons they were revised. 
In the present chapter the first of the models devised by Bohr is the 
only one we shall discuss. In the next chapter the completed model 
will be investigated. 

Bohr’s treatment of the higher atoms consists in imposing quantum 
restrictions on the motions of the planetary electrons. For the present 
we shall defer consideration of the manner in which these restrictions 
are formulated. Suffice it to say that the N electrons of an atom of 
atomic number N are assumed to be circling along prescribed orbits 
which are determined by means of quantum numbers. Let us econ- 
sider two electrons describing two different orbits in a given atom. 
The total energy of the first electron may be less than that of the second. 
In this event the first orbit is said to be of lower energy than the second. 
The lower the energy of the orbit on which an electron is circling, 
the greater the amount of work we must expend to tear the electron from 
the atom. Orbits of lower energy pass within shorter distances of the 
nucleus and are usually enveloped by the orbits of higher energy. We 
may therefore refer to the orbits of lower energy as the inner orbits, 
and to those of higher energy as the outer orbits. For similar reasons 
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the electrons describing the respective orbits are often called inner and 
outer electrons. An orbit can contain only one electron, or else none. 
When an atom is wnexcited, its electrons are moving in the lowest 
orbits available, so that the innermost orbits will be the first ones filled. 

Next, let us consider the problem of radiation. In the hydrogen atom, 
where there is only one electron, radiation oceurs when this electron drops 
from a higher to a lower level. But in the higher atoms there are always 
two or more electrons, and the problem of radiation emission must be 
investigated further. Bohr assumes that, in the general case, when a 
higher atom is excited and is thus in a position to radiate, only one of 
the electrons is removed from its normal orbit and is raised to an un- 
oceupied orbit of higher energy. The subsequent drops of this electron 
to the lower unoccupied orbits then give rise to radiation. The electron 
which is raised during the process of excitation isthe one which, in the 
unexcited state, is describing the outermost of the occupied orbits, OES 
the orbit of highest energy. This electron is called the optical electron. 
Being less firmly bound to the atom than are any of the others, it can 
more easily be removed to a higher level. As for the inner electrons, 
they circulate in their orbits, and since all lower orbits are occupied, 
these inner electrons cannot drop and so cannot radiate. When there 
are two or more outer electrons, one alone of these outer electrons is 
usually assumed to play the part of the optical electron. In some cases, 
however, it would seem that two electrons may act as optical electrons. 
In other words, two outer electrons may be displaced to higher levels 
and then fall back simultaneously. But we must not suppose that two 
different radiations are emitted thereby. Both drops add up, as it were, 
producing the same effect as a single drop from a higher energy level. 
The evidence in favor of this assumption is that, in some cases, the fre- 
quency radiated is greater than it would be if a single electron were to 
drop from infinity; and since the drop from infinity represents the 
highest energy drop possible when one electron alone is involved, we 
must suppose that the energies of the two falling electrons have been 
added together. 

The major problem confronting Bohr was to decide in which precise 
orbits the electrons of a specific atom would be circling. Here, he was 
guided by a number of clues. Some of these will be mentioned in the 
remaining pages of this chapter. 


Ionized Atoms—An atom is said to be once-ionized when one of its 
planetary electrons is removed completely; a once-ionized atom has 
therefore a net positive charge of one unit. An atom which is not 
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ionized will be called a neutral atom. In a once-ionized atom the missing 
electron is always the electron that is least firmly bound, 7.e., the optical 
electron. If, from a neutral atom, we remove an inner electron instead 
of the optical one, an outer electron will drop immediately into the 
vacated inner orbit; and the final result will be the same as if we had 
removed the optical electron. Thus, the same once-ionized atom is ob- 
tained regardless of the particular electron that is withdrawn from 
the atom. <A definite amount of work, depending on the kind of atom 
considered, must be expended to withdraw the optical electron from a 
neutral atom. This work can be measured and may be expressed by a 
difference in electric potential, called the ionization potential. The once- 
ionized atom, like the neutral atom, becomes excited when its outermost 
electron is displaced to a higher orbit; the drops of this electron then 
generate radiation. This electron is thus the optical electron of the 
once-ionized atom. 

Having obtained a once-ionized atom, we may ionize it afresh by 
removing its optical electron. We thus obtain a twice-ionized atom, the 
net electric charge of which is +2. The second ionization will be more 
difficult to perform because the new optical electron which must be 
removed, though attracted by the same nucleus as the optical electron 
in the neutral atom, is repelled by a smaller number of planetary elec- 
trons (on account of the first ionization). Still higher ionizations may 
be considered; and for the reasons just stated, each successive ionization 
will require the expenditure of a greater amount of work. 

The spectrum of a neutral atom differs entirely from that of the 
corresponding once-ionized atom. An illustration of this diversity in 
the spectra was mentioned in connection with the neutral and the once- 
ionized helium atoms. The spectra of the variously ionized atoms of 
the same element also differ entirely from one another. Since the higher 
the degree of ionization of a given atom, the more firmly bound is its 
optical electron, the line of highest frequency (which is emitted when 
the optical electron falls to the lowest available orbit from infinity) will 
increase in frequency with the degree of the ionization. Consequently, 
the spectral lines of the successively ionized atoms of the same element 
will extend more and more towards the X-ray frequencies. High tem- 
perature, entailing as it does violent collisions between molecules and 
atoms, facilitates ionization; and this explains why the spectrum of 
an atom excited in the electric spark (spark-spectrum) differs from the 
spectrum of the same atom excited in the electric are (are-spectrum). 
In the former case we observe the spectrum of the ionized atom, whereas 
in the latter case the spectrum of the neutral atom is obtained. Low 
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pressure also favors ionization (or at least prolongs the duration of the 
ionized state); and the cumulative influence of high temperature and 
low pressure in certain stars is responsible for the highly ionized states 
of some of their atoms. 

An important clue to the distributions of the electrons in the atoms 
is afforded by a comparison of the spectrum of an ionized atom and of 
the neutral atom which immediately precedes it in Moseley’s classification 
by atomic numbers. The once-ionized atom of atomic number N has a 
spectrum similar to that of the neutral atom of atomic number N — 1. 
Also, the twice-ionized atom of atomic number N and the neutral atom 
of atomic number NV — 2 have analogous spectra. For example, we may 
verify that the once- and the twice-ionized sodium atoms (atomic num- 
ber 11) have spectra that are analogous, respectively, to those of neutral 
neon (atomic number 10) and neutral fluorine (atomic number 9). The 
rule appears to be general. It thus seems permissible to suppose that 
when an atom is once-ionized, the arrangement of its remaining plane- 
tary electrons is the same as that of the neutral atom immediately pre- 
ceding it. We may also suppose that when the electron is restored to 
the ionized atom, the underlying electronic orbits will not be affected 
by its return. This view leads to the assumption that the electronic 
arrangements in two successive atoms differ merely by the fact that the 
atom of higher atomic number has one additional electron situated in 
the orbit of lowest energy available. 

A second important clue to the arrangements of the planetary elec- 
trons is found in the chemical properties. Among the elements are 
certain gases called the rare gases. These are helium (atomic number 2), 
neon (atomic number 10), argon (18), krypton (36), xenon (54), radon 
(86). With the exception of the last, the rare gases are present in the 
atmosphere. Argon is fairly plentiful, but the other rare gases are 
present only in minute concentrations. In this sense they are rare, and 
from this peculiarity their name was derived. The rare gases are chemi- 
cally inert, and only with extreme difficulty can they be made to enter 
into combination with atoms of the same family as themselves or with 
totally different ones. For this reason the rare gases are often called 
inert gases. Indeed, whereas two atoms of hydrogen combine to form 
a molecule (the same is also true for oxygen and nitrogen), the atoms 
of a rare gas do not combine, and hence the rare gases are monatomic. 
Exceedingly powerful agents are required to ionize (tear an electron 
away from) an atom of an inert gas. This fact leads to the suspicion 
that the planetary electrons of an inert-gas atom must form a dynamical 
structure of great stability, which cannot easily be disturbed. It is 
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plausible to associate stability with symmetry, and we are thus led to 
suppose that, in the atom of an inert gas, the outermost electrons are 
describing orbits of the same type and therefore orbits of the same 
energy. The assumption that different orbits may have the same energy 
illustrates a situation which we did not have to countenance in the 
hydrogen atom, because in this atom only one electron was present. 
Orbits of the same energy are sometimes said to form a group of orbits. 
Accordingly we may say that the outermost electrons of an inert-gas 
atom fill the orbits of a group; this group of orbits thus contains its full 
quota of electrons—a kind of saturation is realized. The situation is 
often expressed by the statement that an inert gas exhibits a closed elec- 
tronic configuration. 

These assumptions appear to be supported by a large number of 
additional facts. For instance, argon is an inert gas. The atom im- 
mediately following it is potassium. If, as we have supposed, the addi- 
tional electron of potassium revolves in an orbit situated outside the 
underlying closed configuration of argon, we may expect it to be more 
loosely bound than the remaining electrons, for it is further removed 
from the nucleus and does not form a part of a closed underlying group 
of electrons. It should therefore be relatively easy to effect a first ioniza- 
tion of the potassium atom by removing this loosely bound outer electron. 
Our expectation is verified. Furthermore, if Bohr’s ideas are correct 
the onee-ionized potassium atom will be limited by a stable group of 
electrons, and it should be as difficult to ionize it once again as it is 
to ionize the inert gas argon. This expectation is also verified. 

The investigation of atomic volumes seems to corroborate these ideas 
further. Thus, since we are assuming that neutral potassium has an 
electronic configuration which differs from that of argon by the presence 
of an extra electron circling outside the closed structure of argon, we 
may reasonably suppose that the volume of the neutral potassium atom 
should be larger than that of the argon atom. On the other hand, 
a once-ionized potassium atom should have approximately the same 
volume as the atom of argon. Indirect experiment seems to verify this 
conclusion. 

Chemical properties also show that we are on the right track. Ac- 
cording to our assumptions, the atom of chlorine, which immediately 
precedes argon, should exhibit an outer group of orbits that lacks one 
electron to be filled completely. But then a chlorine atom should com- 
bine readily with an atom like potassium, which has one dangling electron 
that it parts with easily. This expectation is verified, for chlorine and 
potassium combine violently. Similar considerations apply to atoms 
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such as calcium and sulphur. The atomic numbers of calcium and sul- 
phur are 20 and 16 respectively, and the atomic number of the inert 
gas argon is 18. Bohr’s scheme requires that calcium should have two 
outer electrons circling around a closed configuration similar to that of 
the atom of argon, and that sulphur should lack two electrons for this 
closed configuration to be realized. Caleium and argon should therefore 
combine readily for the same reasons as before, namely, calcium has two 
electrons which it is willing to lose whereas sulphur is eager to acquire 
two electrons. For the same reasons also, calcium should combine with 
two atoms of chlorine, each chlorine atom taking up one of the two 
loosely bound electrons of calcium. Inasmuch as these chemical re- 
actions are known to occur, they afford added confirmation of Bohr’s 
electronic arrangements. 

The phenomenon of electrolysis also justifies Bohr’s views. When 
an electric current is transmitted through a solution of potassium chlor- 
ide, the potassium atoms move in the direction of the positive current, 
proving themselves thereby to be positively electrified; the chlorine 
atoms move in the opposite direction. Quantitative measurements show 
that the potassium atoms must have one unit of positive charge, and the 
chlorine atoms one unit of negative charge. Bohr’s conception of the 
atoms accounts readily for these facts. We have but to assume that 
when chlorine and potassium combine to form potassium chloride, the 
chlorine atom takes so firm a hold on the loosely bound electron of potas- 
sium that, even when the two atoms are separated again by the electric 
current, the electron remains attached to the chlorine atom and thereby 
gives it a unit negative charge. 

A name that arises frequenly in the discussion of the structure of 
atoms is the word core. In the case of a non-ionized atom the core refers 
to that part of the atom which remains when the optical electron is 
removed; it is thus the once-ionized atom. Lacking as it does a single 
electron to secure electric neutrality, the core has a net charge which is 
always one positive unit charge, just as occurs for the proton-nucleus of 
hydrogen. We may therefore say that the optical electron describes 
its orbit under the attraction of the core. In the atom of an alkali metal, 
such as sodium, the optical electron is revolving around the closed stable 
electronic configuration which is characteristic of the inert gas immedi- 
ately preceding the alkali metal. In the case of sodium this inert gas is 
neon. Consequently, the core of the sodium atom is represented by the 
closed electronic configuration of neon; but of course the nucleus at the 
centre of the core is not the same as the nucleus of neon, for its electric 
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charge (atomic number) is greater by one unit. Since the cores of the 
alkali-metal atoms have closed electronic configurations, they are compact 
units and are not fringed with loosely bound exterior electrons. In this 
respect they have a greater resemblance with the proton-nucleus of 
hydrogen than have the cores of the other atoms. For this reason the 
atom of an alkali metal, represented as it is by an optical electron circling 
under the attraction of the core, has a certain resemblance with the atom 
of hydrogen, in which an electron is revolving under the attraction of 
the proton-nucleus. We should therefore expect the spectra of the alkali 
metals to resemble that of hydrogen. Now, this expectation is verified ; 
at least to the extent that, of all the higher atoms, those of the alkali 
metals yield spectra which differ least from the hydrogen spectrum. We 
may regard these spectral similarities as affording additional support 
to Bohr’s views. 

Bohr’s method of distributing the electrons in the atoms is further 
corroborated by the spectra of the rare gases. If Bohr’s ideas are 
correct, we should expect that an atom containing two or more outer 
electrons would have a more complicated spectrum than an alkali-metal 
atom. The possibility of simultaneous drops occurring for the several 
outer electrons in an excited atom would in itself justify this expectation. 
The atom of a rare gas, in particular, owing to its large number of outer 
electrons, should give rise to a most complicated spectrum. This surmise 
is verified. Indeed, even the simplest of all the rare-gas atoms, namely, 
neutral helium, exhibits a spectrum which Bohr’s theory was unable to 
interpret until the hypothesis of the spinning eléctron was introduced. 

Let us consider the orbits in the higher atoms. In the relativistic 
treatment of the hydrogen atom we noted that the orbits of the optical 
electron were no longer ellipses (as in the classical treatment), but 
rosette orbits. Precisely the same general type of rosette orbit occurs 
for all the electrons of the higher atoms, and to some extent the relativistic 
refinements are responsible for the more complicated motions. But in 
the higher atoms other factors, the importance of which far exceeds 
the relativistic influences, also concur towards yielding the rosette-like 
motions, and for this reason we may forego the application of the theory 
of relativity. 

We shall first examine the possible orbits of the optical electron. Some 
of these may pass through the core, whereas others may circle around the 
core without entering it. We shall suppose that the optical electron 
is describing the former type of orbit. Now so long as the optical 
electron is well outside the core, it will be attracted by the core as a 
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whole and hence will move as it would if the core were replaced by a 
proton. The orbit outside the core will thus be elliptical. But when 
the optical electron penetrates inside the core, it passes between the 
nucleus and some of the core-electrons; the nucleus, being no longer 
screened by the core-electrons. exerts a powerful attraction on the optical 
electron, an attraction which will considerably exceed the attraction a 
proton would exert. Inside the core, the optical electron will thus swing 
round the nucleus with greater rapidity than it would if the nucleus 
were a proton; and so the electron will be deviated from the elliptical 
orbit which it was originally following and will describe a shghtly 
displaced ellipse. Each time the optical electron penetrates the core 
afresh, the same displacement will be repeated. The electron’s motion 
is therefore represented by a motion along an ellipse which is precessing 
around the nucleus. <A rosette-like orbit will thus arise, and the departure 
from the elliptical orbit will be more pronounced for those orbits which 
penetrate more deeply into the core. If the eccentricity of the ellipse is 
small, so that the orbit is more or less circular, or if the ellipse is large, 
the optical electron will not penetrate into the core and the orbit will then 
remaini elliptical, no rosette motion occurring. In the majority of cases, 
the departure of the orbit from the elliptical form will be much more 
accentuated than it was in Sommerfeld’s relativistic hydrogen atom. 

In this discussion we have restricted our attention to the optical 
electron, but the conclusions we have obtained may be extended to each 
one of the core-electrons. Each ecore-electron will therefore be describing 
a rosette-like orbit. 

We must now consider the quantum restrictions which Bohr im- 
poses on the motions. The rules of quantization for the present rosette 
motions are the same as those described in connection with Sommer- 
feld’s hydrogen atom. Let us concentrate on any one of the electrons 
in our higher atom. Its motion exhibits two periodicities, which arise, 
respectively, from the motion in the ellipse and from the precession of 
the ellipse as a whole. Two quantum numbers, n and k, are therefore 
introduced as before. We recall that n may be any positive integer 
1, 2, 3,... and that the possible values of k associated with a given 
value of n are the values 1, 2, 3,.... The value of n defines the main 
energy level, whereas that of k defines the sublevel of the main energy 
level; and both numbers together determine the energy of the electron 
on the orbit. When k = 7, the orbit is a circle, and the rosette orbit no 
longer arises. The smaller the value of &, the more eccentric the rotating 
ellipse and the more the orbit penetrates into the core; the more pro- 
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nounced therefore is the rosette appearance of the orbit. The value 
k = 0 is excluded as impossible for physical reasons, because it would 
indicate that the optical electron is oscillating back and forth through 
the nucleus. Of course in addition to the orbits that the various elec- 
trons are describing in the unexcited atom, there are higher orbits which 
are usually empty but which may receive the optical electron when the 
atom is excited. These higher orbits (called virtual orbits) are also 
defined by means of the quantum numbers n and k. 

Before proceeding, we must mention a difficulty. According to Bohr 
the quantum numbers, n and k, of each electron must be integers; and, 
except in the case of the optical electron when the atom radiates, these 
numbers must not change as the electrons describe their orbits. Bohr 
calls this postulate ‘‘the postulate of the invariance and of the perma- 
nence of the quantum numbers n and k.’’ From the physical standpoint 
this postulate implies that the energy of each electron remains constant 
during the motion. That Bohr’s postulate is a necessary adjunct to his 
theory is obvious when we apply it to the optical electron in an excited 
orbit. If, contrary to Bohr’s postulate, the energy of the electron were 
to vary during the motion, the loss in energy that the electron would 
sustain when it dropped to the basic orbit would vary from one instant 
to another, and the radiation emitted would have a variable frequency. 
Since this conclusion is incompatible with the sharply defined frequencies 
of the spectral lines, we see that Bohr’s postulate must be accepted in the 
ease of the optical electron. A similar reasoning applies to the core- 
electrons when we consider the generation of the X-ray spectra. But 
Bohr’s postulate is in conflict with the laws of mechanics. Thus, when 
the atom is not radiating and is therefore a conservative isolated system, 
the mechanical laws state that the total energy of the atom remains 
constant, but that owing to the mutual electronic actions the energy 
of each individual electron varies, energy exchanges taking place with 
the other electrons. (For example, in the solar system, energy is con- 
tinuously exchanged among the various planets.) Since Bohr’s postulate 
is incompatible with the ordinary laws of mechanics, we must recognize 
that some new quantum manifestation is involved. 

We mention this point to show that, in Bohr’s atom, not only are the 
principles of mechanics violated in the initial postulates of the theory, 
but they are also violated practically at each step. Many other viola- 
tions of the principles of mechanics will be recorded as we proceed. 


The Spectral Series of Sodium—Whatever may be the defects of 
the present quasi-mechanical model of the atom, this model is the one 
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which was accepted in the earlier stages of Bohr’s theory. Let us in- 
vestigate it more fully in connection with the atom of sodium, which, 
in view of its similarity to the hydrogen atom, is one of the simplest of 
the higher atoms. 

The systematization of spectra on the part of the spectroscopists has 
shown that the spectral lines of sodium may be grouped into four main 
series. They are called the Principal, the Sharp, the Diffuse and the 
Fundamental series. Other less conspicuous series have also been de- 
tected, but we shall confine our attention to the more important ones 
just listed. The Fundamental series bears in the spacing of its lines a 
close resemblance to the Paschen series of hydrogen; whereas the Diffuse, 
the Sharp, and the Principal series differ progressively from the hydro- 
gen series. In common with the general characteristies of all spectral 
series, the spacings between the lines of a given series decrease as we 
proceed towards the ultra-violet ; and the extreme line of a series is called 
the “‘limit’’? of the series. In the case of sodium, the limit of the 
Principal series is in the ultra-violet, and the limits of the other series 
are displaced towards the lower (infra-red) end of the spectrum. It 
remains to be seen whether these spectral series can be interpreted on 
the basis of Bohr’s model. 

The atom of sodium has the atomic number 11 and therefore con- 
tains eleven planetary electrons circling around the nucleus. We shall 
assume for the present, without further explanation, that ten of the 
electrons fill completely all the orbits (n=1; k=1) and (n=2:h=1 
and 2). Consequently, the lowest orbit available for the last electron 
(the optical electron) is one of the more loosely bound orbits associated 
with the quantum number n= 3. We shall show in due course that the 
lowest available orbit is one of the orbits (n= 3; k=1). The ten elec- 
trons present in the two lower levels are the core-electrons, and in the 
phenomenon of radiation they play no direct part; the drops of the 
optical electron alone generate radiation. When the atom is excited, the 
optical electron is removed to some higher orbit, and it then falls back 
to a lower orbit emitting radiation. The fall to a lower orbit may occur 
either in a single drop or by progressive stages. In the present dis- 
cussion, however, we shall be concerned only with the direct drops to 
the lowest sublevels (n = 3; k = 1, 2, 3). If we remember that, according 
to the correspondence principle, the quantum number k must always 
change by +1 or —1 during a drop, we may easily predict the drops that 
ean arise. 
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The following table gives a list of the possible drops from the higher 
sublevels on the left to the lower ones on the right. 


(n2>3;k=2) to (n=38;k =1)—Principal series 
(n>3; k=2) to (n=38;h =3)—? (unknown) 

(28) (n>8;k=1) to (n=3;k=2)—Sharp series 
(12=3;k=8) to (n=3;k =2)—Diffuse series 
(n24;k=4) to (n=3;k = 3)—Fundamental series. 


In the table, we have connected the various families of drops with the 
different spectral series; the justification for these connections will be 
explained presently. If, for the time being, we assume the correctness 
of the table, we see that the succession of lines of the principal series 
arises when the optical electron drops to an orbit (n= 3; k =1) from the 
succesively higher orbits determined by the fixed value k= 2 and by 
increasing values for n (n= 3). The highest possible drop pertaining to 
this series occurs when the electron falls from infinity to the basie orbit 
(n=38; k =1); and this drop will therefore yield the line of highest 
frequency of the principal series (i.e., the limit of the series). The 
smallest drop pertaining to this series is realized when the electron falls 
from an orbit (n= 3; k =2) to an orbit (1=3; k =1); we then get the 
line of lowest frequency of the principal series. This line is the well- 
known yellow line emitted by incandescent sodium vapor. In point of 
fact the yellow line is a doublet, so that two slightly different drops 
should be possible; but this complication need not detain us for the 
present ; we shall revert to it when we discuss the theory of the multiplet 
lines. For future reference let us note that, according to the table (28), 
it is the change in the value of & that characterizes the spectral series; 
changes in the upper quantum number n merely give the different lines 
of the same series. 

We now examine some of the clues which guided Bohr in associating 
the various drops with the respective spectral series of sodium (as indi- 
eated in the table (28)). In the hydrogen atom, the mechanical model 
is so simple that there is no difficulty in calculating the energies of the 
various quantized orbits, or sublevels. Knowing the energy values of 
the orbits, we have but to apply Bohr’s frequency condition, and the 
numerical values of the corresponding radiations are obtained. It is 
then an easy matter to establish the correspondence between the drops 
and the spectral lines. But in the sodium atom, the mechanical model 
is far more complicated, especially so since the electron may pass through 
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the core during its motion and be subjected to perturbations which we 
cannot calculate with precision. Various clues, however, allow us to be 
reasonably certain of the correctness of the table (28). 

In the first place we mentioned that, of all the spectral series of 
sodium, the fundamental series is the one which bears the closest resem- 
blance to a hydrogen series. We may therefore expect the funda- 
mental lines to be generated by the drops between those orbits which 
differ least from the hydrogen ones. In the sodium atom we shall ob- 
viously approximate the conditions existing in the hydrogen atom if 
we consider the orbits which do not pass through the core. For such 
orbits, the core as a whole will exert very nearly the same electrical at- 
traction as does the single proton of hydrogen. Now, the orbits that 
stretch around the core without entering it (7.e., the non-penetrating 
orbits) are orbits of small eccentricity. Such orbits are circular or very 
nearly so, and hence are characterized by large values of the quantum 
number k. If we revert to the table (28), we perceive the justification 
for identifying the drops at the bottom of the table with those respon- 
sible for the lines of the fundamental series. Furthermore, since the 
principal series is the one that differs most from a hydrogen series, we 
are led to connect the drops between the most penetrating orbits with 
the spectral lines of the principal series. The most penetrating orbits 
are characterized by the smallest values of the quantum number k, and 
so the general scheme of the table (28) appears to be justified. 

Let us determine the basic orbit of the optical electron, 1.e., the orbit 
which the electron will be describing in the unexcited atom. The basic 
orbit will necessarily be the orbit of lowest energy which is not already 
occupied by a core-electron. Calculation, based on Bohr’s mechanical 
model, indicates that the basic orbit will be the orbit (n=3; k=1), a 
fact we might have anticipated since the orbit (n = 3;k = 1) is associated 
with the smallest possible value for and is highly eccentric (small value 
of k) and hence firmly bound. Other methods of investigation which 
utilize certain empirical formulae or the phenomenon of resonance radia- 
tion would lead to the same conclusion. 

A matter of interest is to establish the energy of the basic orbit, 2.e., 
the energy of the optical electron when it is describing that orbit. Cal- 
eulation involves too many approximations to furnish accurate informa- 
tion, and so we must rely on other methods. One way of determining 
the energy of the basic orbit would be to measure the limiting frequency 
of the series which is generated by the drops of the electron to the orbit 
(W=Sle= 1) ptreqethe limiting frequency of the principal series. Thus 
if » were the limiting frequency, —hy would be the energy of the basic 


542 BOHR’S ATOM 


orbit. Limiting frequencies cannot, however, be measured directly be- 
cause the drops from infinity, which would generate them, occur too sel- 
dom. But we may compute the energy of the basic orbit indirectly by 
determining the ionization potential of the atom. We recall that the 
ionization potential measures the work we should have to expend in order 
to remove the optical electron from the basic orbit and displace it to a 
point at infinity (in practice to a point at a small distance from the 
centre of the atom). This ionization potential measures the energy of 
the basic orbit (with its sign reversed), and since the ionization potential 
can be determined, the energy of the basic orbit is obtained. 

Having obtained the energy value of the basic orbit (n=3; k=1), 
we may derive the energy values of higher orbits from spectroscopic 
measurements. The lines of the principal series, for instance, are given 
by the drops 


(n23;k=2) > (n=3;k=1); 


and by ascribing to m in the upper level the successive integral values 
3, 4, 5 - - , we obtain the drops corresponding to the successive lines of 
increasing frequency. For example, the line of second lowest frequency 
results from the drop 


(n=4;k=2) —> (n=38;k=1). 


According to Bohr’s frequency condition, the product hy (where » is 
the frequency of the radiation emitted) gives the energy radiated by the 
drop. Since the frequency of the radiation may be measured and since 
the energy of the lower of the two orbits is already known, the energy 
of the higher orbit (n =4; k =2) can be determined. By applying in 
this way Bohr’s frequency condition to the direct spectroscopic measure- 
ments of the radiated frequencies, we may determine one after another 
the energies of all the orbits of the sodium atom. 

The illustrations we have given indicate the type of evidence that has 
been utilized in connecting the various quantum jumps with the observed 
spectral lines. Many other clues might be mentioned, but for lack of 
space we shall not discuss them here. Suffice it to say that they all 
appear to corroborate the general arrangement of the table (28). 


Atom Building—We are already familiar with the hydrogen atom. 
When the relativistic requirements are applied, the orbits are determined 
by the two quantum numbers, 7 and k. Since in the lowest orbit, has the 
value 1, and since & can assume only the values 1, 2, 3... 7, we conclude 
that only one type of orbit is associated with the value n =1; namely, 
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the circular orbit (n= 1:;k=1). When the atom is unexcited, it is in 
this orbit that the electron is revolving. In the hydrogen atom, owing 
to the presence of a single electron, we have no means of deciding 
whether the orbit (n = 1; 4 =1) is unique or whether other orbits asso- 
ciated with the same quantum numbers may not also exist. The study 
of the higher atoms shows that there must be two such orbits, although 
only one of them comes into consideration in the hydrogen atom. 

The next atom is helium of atomic number 2. It is formed of an alpha 
particle as nucleus and of two planetary electrons. We wish to deter- 
mine in what orbits these electrons will be moving. According to Bohr’s 
ideas the addition of a second electron in no wise disturbs the quantum 
numbers allocated to the first electron, so that one of the two electrons 
of helium will necessarily be in the orbit (n= 1; k =1), just as in the 
case of the hydrogen atom. To determine the orbit of the second electron 
we note that since helium is one of the rare gases, its electronic configura- 
tion must exhibit a closed structure. This fact implies that both elec- 
trons must be moving in orbits which have the same energy and therefore 
the same quantum numbers. Consequently, the two planetary electrons 
of neutral helium must both be moving in orbits (n=1;%=1). In addi- 
tion, since the structure of helium is closed, we must assume that there 
are no further orbits (n =1; k =1), which subsequent electrons in the 
higher atoms might occupy. Hence the two orbits just mentioned must 
form what we have called a group of orbits. 

A further vindication of these conclusions is obtained when we con- 
sider the atom of atomic number 3, #.¢., the lithium atom. Inasmuch as 
its nucleus has a three-fold net positive charge, there must be three 
planetary electrons. Since, with helium, the orbits of the innermost group 
are assumed to have received their full quota of electrons, we may expect 
the third electron of lithium to be situated in an orbit of the next group, 
while the two first electrons fill the two innermost orbits (n=1; k= 1). 
Other considerations lead to the same view. Thus lithium is easily ionized ; 
hence its third electron must be moving in an outer orbit ; this electron 
cannot therefore be situated in the same group of orbits (n =1; a) 
as the other two electrons. Furthermore, lithium is an alkali metal, and, 
as such, exhibits a spectrum similar to that of hydrogen. This circum- 
stance suggests the presence of the third, or optical, electron in an outer 
orbit encircling a closed configuration. The foregoing clues and many 
others indicate that, in the unexcited atom, the third electron of lithium 
must be moving in an orbit connected with the value 2 for the main 
quantum number n. 
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But there are two kinds of orbits associated with n = 2; these are the 
elliptical orbit (n = 2; k =1) and the circular one (n=2;k=2). The 
problem is to decide in which of these two kinds of orbits the third elec- 
tron will be moving. We know of course that the third electron will set 
itself in the lowest, or the most closely bound, of the two orbits, and 
calculation indicates that this orbit will be the elliptical one. But be- 
cause of our ignorance of so many factors, we must not place too much 
reliance on-calculations, especially so, since they are but approximations 
at best. Fortunately we have other means of clarifying the situation. 
The general spectroscopic evidence and the precise measurement of the 
spectral frequencies, utilized in the same way as was explained in con- 
nection with the atom of sodium, show that the elliptical orbit (n = 2; 
k = 1) is indeed the one of lower energy, and that the third electron of 
lithium must be situated in this orbit when the atom is unexcited. The 
electronic configuration of neutral lithium is thus represented by the two 
core-electrons in the orbits (n= 1; k=1) and by the optical electron in 
an orbit (n=2; k=1). 

Following lithium, come the atoms of beryllium, boron, carbon, nitro- 
gen, oxygen, fluorine, and neon. The latter of atomic number 10 is a 
rare gas and must exhibit a closed electronic structure. Inasmuch as 
neon is the first of the rare gases after helium, and since with helium 
the closed structure involves the orbits (n=1; k= 1), we must assume 
that, in the closed structure of neon, one or both of the groups of orbits 
associated with the quantum number 7 = 2 will be filled. Various clues 
show that both groups of orbits (1=2; k= 1 and 2) have their full 
quota of electrons; in other words, each orbit belonging to either one 
of these two groups contains one electron. Since neon contains ten 
planetary electrons and helium two, the two groups of orbits (n= 2; 
k =1, 2) will comprise eight orbits in all. A decision on the correct 
number of orbits in each one of these two groups would be speculative 
at this stage. But several considerations, involving subsequent discoveries 
(notably the X-ray spectra and Pauli’s exclusion principle), lead to the 
conclusion that a group of orbits (”, k) contains 2(2k —1) orbits, so 
that there must be two orbits (n = 2; k = 1) and six orbits (vn =2;k =2). 
We may therefore suppose that, for beryllium, the fourth electron joins 
the third in an elliptical orbit (n = 2; k =1), and that the six following 
electrons which are introduced in succession as we pass from boron to 
neon are situated in circular orbits (n= 2;k =2). The closed structure 
of neon is thus represented by two electrons in the first group of orbits, 
which contains the two circular orbits (n=1; k = 1); by two more in 
the second group, which contains two elliptical orbits (n= 2; k=1); 
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and by six in the third, or outermost, group, which comprises six circular 
orbits (1 =2;h=2). All three of these groups of orbits are filled with 
their quotas of electrons. 

After neon comes the alkali metal sodium of atomic number 11. Its 
optical electron must start the formation of a new group exterior to the 
closed structure of neon. The electron must therefore be in the level 
= 3. This level contains three groups of orbits (n = 3; k =1, 2, 3); and 
the added electron will be situated in an orbit belonging to the lowest 
of these three groups. We have already seen that for several reasons, 
notably on account of the spectroscopic evidence, the orbits (n = 3, k = 1) 
are the lowest. The orbit and the energy level of the newly added optical 
electron is thus known. 

Following sodium come the seven elements, magnesium, aluminum, 
silicon, phosphorus, sulphur, chlorine, and argon. . The last is a rare gas, 
and with it a closed stable formation must be attained. The allocation 
of the electrons is here more difficult. We might naturally expect that 
the three groups of orbits of the level, n = 3, would be filled when argon 
is reached. But this is not the case. Only the two lower groups (n = 3; 
k =1 and 2) are filled (with two and six electrons respectively). The 
orbits of the third group (n=3; k=8) are unoccupied. We might 
suppose that these unoccupied orbits were the lowest of the unoccupied 
ones, and we should therefore conclude that im the next atom, which is 
potassium, the added electron would be moving in one of these orbits. Yet 
this is not so, for various clues show that the highly eccentric orbits 
(n =4;k =1) are of lower energy than the circular ones (n=3; k= 3). 
This result is not altogether surprising when we consider that a highly 
eccentric orbit, passing as it does very near the nucleus, may quite well 
be more firmly bound than a circular orbit of lower main quantum num- 
ber n. At all events, the spectroscopic evidence shows that, as also occurs 
for lithium and sodium, the optical electron of potassium must be in an 
orbit associated with the quantum number k=1. And this leaves no 
other choice than to place the electron in one of the orbits (n =4;k=1). 
We have here an illustration of a new group of orbits being filled even 
though the orbits of the underlying group (n= 3, k=3) are unoccu- 
pied. Following potassium comes calcium (atomic number 20). In the 
ease of calcium the new electron is situated in the same group (n= 4, 
k = 1) as the optical electron of potassium ; the srbits (n = 3, e=3)sstill 
remain unoccupied. 


The Interpolated Elements—The next nine elements following cal- 
cium are scandium, titanium, vanadium, chromium, manganese, iron, 
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cobalt, nickel, and copper. With scandium the added electron is situated 
in one of the skipped orbits (n =3; k = 3), and so this group of orbits 
begins to be filled. We conclude that, when two electrons are already pres- 
ent in orbits (n= 4, k = 1), the orbits of lowest energy available are those 
of type (n=3;k=8). The filling of these orbits continues as we pass 
from scandium (atomic number 21) to copper (atomic number 29). In 
the last atom one of the two electrons formerly in the orbits (n = 4, k = 1) 
has passed into an orbit (7 = 3, k = 3), and, owing to this occurrence and 
to the adjunction of eight electrons as we pass from scandium to copper, 
there are ten electrons in the group of orbits (n= 3,k =3). This group 
is then filled. 

The peculiarity in the construction of the atoms from scandium to 
copper is that, with them, a level n = 3 is being filled while electrons are 
already present in a level »=4. We seem to be filling the orbits back- 
wards, reversing what would appear to be the normal order. For this 
reason, these elements are called ‘‘interpolated elements.’’ The filling 
of an inner group (when an outer one has already been started) is 
peculiar to Bohr’s theory of the atom and is not encountered in the static 
atom of the chemists. At first sight this situation appears strange and 
needs justification before it can be accepted. But as a matter of fact 
there is strong evidence to show that Bohr was on the right track. In 
the first place, the elements from scandium to copper exhibit ambiguous 
chemical valencies. Secondly, they yield colored salts (with the excep- 
tion of scandium). Thirdly, they are paramagnetic instead of being 
diamagnetic like the majority of the other elements. Finally, their 
X-ray spectra exhibit a departure from the regularities disclosed in 
Moseley’s law. All these facts suggest that some new structural feature 
is involved. 

Let us first examine the bearing of the ambiguous chemical valencies 
on the problem of the interpolated elements. An atom is said to have a 
positive valency N if it combines with N atoms of chlorine. It is said 
to have a negative valency N if it combines with N atoms of hydrogen. 
Chemical valencies are intimately related with the arrangements of the 
electrons in the atoms, and indeed valency considerations were among the 
numerous clues utilized by Bohr in his atom building. For our present 
purpose we may restrict ourselves to an example bearing on positive 
valencies. Chlorine, as we know, has seven electrons in its uncompleted 
group, and so one additional electron is required to fill all the orbits of 
the outlying group and thereby to complete a closed configuration. An 
atom which combines with one atom of chlorine (7.¢., an atom having a 
unit positive valency) must therefore have one exterior electron which 
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it can cede easily. Sodium, Na, is of this type, and as a result an atom 
of sodium combines readily with an atom of chlorine, Cl, to form NaCl. 

The close connection which appears between the electronic arrange- 
ment and the valency of an atom suggests that, when the valency of an 
atem is ambiguous (owing to its ability to combine in different propor- 
tions with the same element), the ambiguity may be ascribed to a break- 
down in the simple arrangement of the electrons in the atom. Now, the 
elements from scandium to copper have ambiguous valencies, and so it 
is plausible to suppose that in these elements the arrangements of the 
electrons are more confused. Bohr’s conception of interpolated elements 
is thus rendered plausible by a certain measure of qualitative evidence. 

We have also mentioned that the salts of the interpolated elements 
exhibit color and that this coloration supports Bohr’s electronic structure 
for these elements. Ilere a short digression is necessary. A translucent 
body which manifests color is a body which absorbs some of the visible 
radiations that fall upon it while allowing others to pass. lron sulphate, 
for instance, since it appears green, must absorb the complementary 
radiations to green, namely, the red ones. According to Bohr’s theory, 
a radiation is absorbed by an atom’ when the energy of the radiation is 
communicated to the atom and excites it by displacing its optical 
electron to a higher level. In the case of a solid, however, the removal 
of the electron to an outer unoccupied orbit cannot occur, for a removal 
of this sort would swell the volume of the atom and would be resisted by 
the proximity of the other atoms of the solid. This crude mechanical 
interpretation must, of course, be viewed only as schematic, but it suffices 
to account for the phenomenon we are about to discuss. Guided by it, 
we must assume that, when the atom of an element responsible for color 
is excited by the absorption of radiation, the removal of the optical elec- 
tron to a higher level must be such as to produce no increase in the 
volume of the atom. Consequently, the electron must be jerked up to 
some sublevel which already contains one or more electrons but which 
is susceptible of receiving yet another. 

Bohr’s interpretation of the interpolated elements appears to be com- 
patible with this situation. Thus in the case of iron, there are two elec- 
trons in the orbits (n = 4; k = 1) and six in the orbits (n=3;k=3). The 
orbits of the latter group are of higher energy. Since all of them are 
not filled with electrons, we may presume that when the atom of iron 
present in the salt is excited, an electron is jerked up from an orbit 
(=4 R=] 1) to ewe of the unoccupied orbits (n=3; k=3). This 
transition is not accompanied by an increase in the atom’s volume, so 
that the previous requirement is satisfied. Furthermore, the difference 
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in the energy between orbits (v= 4; k=1) and (n=3; k=3) cannot 
be very great, and hence the light that will be absorbed may very well 
be among the visible frequencies rather than in the ultra-violet. The 
coloration of the salt is thus accounted for, at least qualitatively. 

The third argument, adduced from the paramagnetic properties of 
the interpolated elements, need not detain us. The fact is that the mag- 
netic properties of solids are ascribed not solely to the peculiarities of 
the individual atoms, but also to the groupings of the atoms into clusters. 
Nevertheless we may presume that the destruction of the symmetry in 
the electronic arrangements, which characterizes the atoms of the inter- 
polated elements, should exert some effect on solid bars made of these 
elements, ¢€.g., on iron bars. 

The evidence afforded by the X-ray spectra in favor of Bohr’s con- 
ception of the interpolated elements is, however, more convincing. The 
X-ray spectra are intimately connected with the distribution of the inner 
electrons. Hence the sudden irregularity in this distribution which, 
according to Bohr, occurs when we pass from calcium to the first of 
the interpolated elements (scandium) would account for the experi- 
mentally verified irregularity in the disposition of the X-ray lines. 

Let us now proceed with the building up of the following atoms. Our 
scheme of atom building indicates that copper (atomic number 29) is 
formed of one outer electron cireling around completed inner shells. The 
atom of copper is thus built on the same plan as that of an alkali metal, 
t.e., a Single electron circling round a core which has a closed configura- 
tion. Consequently, we should expect some similarity between the 
spectrum of copper and those of the alkali metals. These anticipations 
are verified by observation. 

With zine, the element following copper, a further electron is added 
to the outer shell (n = 4; k =1), yielding an atom analogous in its strue- 
ture to magnesium and calcium. The spectral similarities anticipated 
are again observed. When we reach the atomic number 36, we have the 
inert gas krypton, with its closed configuration represented by two elec- 
trons in the group of orbits (n=4; k=1) and by six electrons in the 
group (n=4; k=2). The higher orbits (n=4; k=83 and 4) are 
unoccupied. With the next element, rubidium (atomic number 37), we 
encounter the same situation as in the case of potassium. The new 
electron, instead of being placed in an orbit (n =4; k = 8), goes into an 
orbit (n =5; k =1); the two groups of orbits (n= 4; k =3 and 4) are 
skipped. Next to rubidium comes strontium for which a second electron 
is added to the outer group of orbits (n=5;k=1). But after strontium 
a new series of interpolated elements occurs. The electrons are placed 
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in one of the skipped groups of orbits, namely, in the group (n= 4; 
k = 3), and when palladium (atomic number 46) is reached, the group 
(vn =4; k=3) is filled with ten electrons. The group (n=4; k= 4) 
still remains unoccupied. These interpolated elements manifest the same 
ambiguity of valencies, coloration of salts, and paramagnetic properties 
mentioned previously. 

From palladium to lanthanum the electrons are placed in the outer 
levels n=5 and n=6; the orbits (n=4; k=4) still remain empty. 
But immediately following lanthanum, beginning with cerium and ex- 
tending tc lutecium, another series of interpolated elements arises. In 
this interpolated series, called the series of the ‘‘rare earths,’’ the orbits 
(n= +4; k =4) are progressively filled with fourteen electrons; the series 
is terminated by the element lutecium (atomic number 71). 

At the time Bohr was developing his theory, the element following 
lutecium was undiscovered. But Bohr, on the strength of his electronic 
arrangements, asserted that in this unknown element the added electron 
would have to be placed in the level n= 5. This would imply that the 
unknown element would have an electronic configuration analogous to 
that of zirconium. Inasmuch as elements that are chemically analogous 
are usually found in the same minerals, Bohr claimed that the missing 
element should be sought in minerals containing zirconium. It was 
indeed in such ores that the missing element, called hafnium, was de- 
tected by Hevesy. 

We need not pursue further this process of atom building. All we 
need mention is that the procedure continues till we reach uranium of 
atomic number 92. In that atom the electrons are distributed among 
the seven levels n = 1, 2, 3, 4, 5, 6, 7. But all the orbits in the levels n = 5 
and n= 6 are not filled, so that if the process of atom building could 
be continued, more interpolated elements should arise. Uranium is the last 
of the atoms known at the present time, but no obvious theoretical reason 
opposes the existence of still higher atoms* We must remember, how- 
ever that our present method of atom building concerns only the arrange- 
ments of the planetary electrons around the various nuclei and affords 
no information on the constitution of the nuclei themselves. For this 
reason the assurance that atoms higher than uranium are possible under 
ordinary conditions must await a better understanding of nuclear physics 
or else the direct discovery of such atoms by experiment. 


*Since the first edition of this book appeared, atoms higher than uranium have been 
produced artificially, viz. the atoms of neptunium, plutonium, and stil] others. 


CHAPTER XXVII 
BOHR’S ATOM (Continued) 


The Multiplet Lines—On closer examination we find that by far 
the larger number of spectral lines are not single but are formed of 
two or more lines. Such groups of lines are called ‘‘multiplets’’ and 
are qualified by the names doublets, triplets, quartets, . . . according 
to the number of lines in the group. The single lines, which also oceur 
in certain spectra, are called ‘‘singlets’’; they must not be confused 
with the individual lines of a multiplet group. 

If we start with the atom of an alkali metal, such as potassium, and 
then consider the consecutive atoms of increasing atomic number, we find 
that the parity of the multiplet lines changes for each successive atom. 
The following list illustrates these remarks. 


Potassium yields doublets 


calecium—singlets and triplets 
scandium—doublets and quartets 
titanium—singlets, triplets, and quintets 
vanadium—doublets, quartets, and sextets 
chromium—triplets, quintets, and septets 
manganese—quartets, sextets, and octets 
iron—triplets, quintets, and septets 
cobalt—doublets, quartets, and sextets 
nickel—singlets, triplets, and quintets 
copper—doublets and quartets 


zine—singlets and triplets. 


Quite generally, all the atoms of the alkali metals, ¢.g., lithium, sodium, 
potassium, are associated with doublets, whereas those of the alkaline 
earths, e.g., beryllium, magnesium, calcium, emit singlets and triplets. 
The foregoing illustrations indicate that an atom is associated either with 
even or with odd multiplets and cannot be associated with both. To 
avoid misconceptions on the subject of the multiplets, we must mention 
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that when, for instance, we speak of sodium as associated with a spectrum 
of doublets, the stress is placed not on the spectral lines, but on the 
energy sublevels (n, *) of the atom. The lines themselves may exhibit 
higher multiplicities, but the sublevels (n, &) are never split into more 
than two sub-sublevels; hence their multiplicity can never exceed two. 
These points will be elucidated as we proceed. 

In the last chapter we stated that the once-ionized and the twice- 
ionized atoms of atomic number N have spectra similar to those of the 
neutral atoms of atomie numbers N — land N — 2, respectively. This rule, 
which results from the sameness in the electronic configurations of the 
atoms considered, extends also to the details of the multiplet structure. 
For example, once-ionized calcium has a spectrum of doublets like neutral 
potassium. Thus, the origin of the multiplet lines must be sought in 
the peculiarities of the electronic distributions. 

To interpret. the multiplet structures, we must revert to the general 
considerations developed in the last chapter. We saw that, in the hydro- 
gen atom (when the relativistic refinements were taken into account) 
and quite generally in the higher atoms, the energy values of the orbits 
were determined by two quantum numbers, n and k. We also found 
that orbits (n, ) of the same energy appeared in groups. For example, 
there were two orbits (n= 3; k =1) and six orbits (n=3; k= 2); and 
in the sodium atom, the yellow line of the principal series was generated 
when the optical electron dropped from any one of the six orbits of 
the latter group to either one of the two orbits of the first group. But 
we know that this yellow line, formerly treated as single, is in reality 
a doublet formed of two yellow lines very close together. Consequently, 
two different energy drops must exist in place of the single drop hereto- 
fore assumed. Our original interpretation must therefore be refined, 
and we must recognize that the two orbits (n=3; k=1) or else the 
six orbits (n = 3; k = 2) do not have the same energy. Further research 
showed that the second solution was the correct one. 

The group of six orbits (n = 3; k = 2) will thus be divided into two 
kinds of orbits differing in energy, and the one or the other of the two 
yellow lines of the sodium doublet will be generated according to whether 
the electron in its drop to an orbit (n= 3; k= 1) falls from the one or 
the other of the two kinds of orbits (=3; k=2). Tn practice, both 
yellow lines are observed simultaneously, because the spectrum is gen- 
erated by a large number of excited atoms undergoing energy drops 
independently of one another. 

In order to differentiate the two kinds of orbits comprised in the 
original group (n=3; k=2), Sommerfeld introduced a qualifying 


552 BOHR’S ATOM 


number j. In his original scheme he represented the orbits of the lower 
and of the higher kind, respectively, by (1 =3; k=2; 7=1) and by 
(n=3;k=2; 7=2). Since the two orbits of the basic group (n= 3; 
k= 1) were credited with the same energy, there was no immediate 
necessity to introduce the number j in connection with them. But for 
the sake of consistency Sommerfeld retained the number j; and both 
orbits of the lower group (n = 3; k =1) were represented by the notation 
(n=3;kh=1;j=1). 

From this account we see that the multiplet structure of the spectral 
lines indicates that, in many cases, the energy levels of the higher atoms 
must be formed of distinct sub-sublevels (n, 1, j), and not of the simpler 
sublevels (n, k), as was formerly supposed. 

We must now examine the significance of Sommerfeld’s new number j. 
Our former quantum numbers n and k were derived when we applied 
Bohr’s postulates to a mechanical model. But in our present study of 
the multiplets we have no mechanical model (as yet) at our disposal, 
and no definite significance can be attributed to the number j; nor is 
there any means of deciding what numerical values should be assigned 
to j in various situations. The introduction of this number is sug- 
gested solely by the direct observation of the multiplet structure. Yet, 
although the physical significance of 7 is still obscure, we have every 
reason to suppose that it is some new quantum number; and in view of 
our past experience with quantum numbers we may presume that its 
possible values should always be integers. The exact numerical values 
of j are of no importance for the present, and,so there is no objection to 
the values we ascribed to j in the foregoing illustrations. 

Our present aim is then to split the various sublevels (n, k) of the 
sodium atom into sub-sublevels (n, k, 7) in such a way that the numbers 
of lines observed in the various spectral series of sodium will be accounted 
for. After considerable labor it was thought that the following scheme 
would secure correct results: With the exception of the sublevels of type 
(n 23;k =1), each one of the unoccupied orbits, or sublevels, of sodium 
is split into two sub-sublevels. The notational scheme originally sug- 
gested by Sommerfeld consisted in representing the sub-sublevels which 
were single by (n 23; k=1; j7=1), and the other sub-sublevels which 
oceurred in pairs by (n23;k>1;j=k—lork). 

It is instructive to determine the allotments of quantum numbers 
which, according to this scheme, define the drops responsible for the 
lines of the various spectral series. The table (28) of the last chapter 
' shows that the lines of the principal series of sodium are associated with 
drops in which k changes from the value 2 to the value 1. Consequently, 
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when the new quantum number j is taken into account, the lines of the 
principal series result from the drops 


ate oo) eee 
(34) (n=3;k=1;j=1). 
[SOO Oe 


When some fixed value is attributed to n in the two sub-sublevels on the 
left-hand side, we obtain the two drops which give the two lines of the 
same doublet. In particular, if we set n = 3, we have the two lines of 
the doublet of lowest energy, i.¢., the well-known yellow doublet. Simi- 
larly, bearing in mind that the lines of the sharp series of sodium are 
associated with a change in the value of k from 1 to 2 (see (28)), we 
obtain for the drops corresponding to the lines of this series the pairs 


(n=3;k=2; j=1) 
@> 300k = 1; 7 =1) 
“(n= 8; = 2; 7 =2). 


The lines of the sharp series should thus also be doublets—a fact verified 
by observation. 

A further point is brought out when we consider the lines of the 
diffuse series. The table (28) shows that these lines are generated by 
drops in which k changes from 3 to 2. Sommerfeld’s scheme indicates 
that these drops are of type 


(35) (n23;k=3;7=3o0r2) — (n=3;h=2;j9=2o0r1). 


When we give some fixed value to the integer n on the left-hand side, 
four drops to the two lower sub-sublevels are seen to be possible, and 
consequently the diffuse series of sodium should be formed of quar- 
tets. Observation, however, reveals only three lines in each multiplet 
(such a triplet of lines is often called a doublet with a satellite). The 
discrepancy is overcome by placing restrictions on the permissible changes 
in the value of j during a drop. In this connection the following rule 
was adopted by Sommerfeld : The integer j need not change in value dur- 
ing a drop; but, if it does change, it can change only by +1. Thanks to 
this restriction, or selection rule, one of the four drops expressed in (35) 
is impossible (i.¢., the drop in which j would change from 3 to 1) and so 
a triplet structure is in order for the lines of the diffuse series. 
Incidentally the presence of more than two lines in some of the 
multiplets of sodium illustrates the warning we mentioned earlier in 
this chapter. We said that the association of sodium with doublets arises 
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not so much from the structure of the spectral lines as from the manner 
in which the sublevels (n, &) are split into sub-sublevels. In the sodium 
atom some of the sublevels (n,k), remain simple (7.¢., those associated 
with the quantum number, k = 1), but all the other sublevels are double. 
The number 2 thus measures the greatest number of sub-sublevels (n, k, j) 
into which any sublevel (n,k) is split; and it is this feature that is 
responsible for the association of sodium with doublets. This maximum 
number 2, which arises in the case of sodium, measures what is called 
the maximum order of multiplicity for the sodium atom. Quite generally, 
the kind of multiplets associated with any atom is determined by the 
maximum order of multiplicity for that atom. 

Next we consider atoms, like magnesium, which can emit singlets and 
also triplets. When singlets are emitted, the energy sublevels (n,k) re- 
main single, as has hitherto been supposed ; but when triplets are emitted, 
we shall have to assume that a different situation arises and that the 
energy sublevels (n,k) are split into triplets of sub-sublevels (1, k, 7). In 
view of this alteration, we are justified in assuming that some important 
difference must distinguish the magnesium atom when it is in a position 
to emit singlets or to emit triplets. For the present this assumption is 
little better than a guess, but we shall find that it is corroborated in the 
sequel. 

Let us, then, consider an atom of magnesium in the state conducive 
to the emission of triplet lines. The basic sublevel for the principal series 
is found to be the energy sublevel (n=4; k=1).* The lines of the 
principal series are generated when drops to.this lowest sublevel occur 
from the higher sublevels (n 2 4;k = 2). But since the lines are triplets, 
we must assume that one or the other of these types of sublevels is split 
into triple sub-sublevels. As was the case for sodium, the higher sublevels 
have this peculiarity. We are thus led to introduce the quantum num- 
ber j and to subdivide the sublevels (n 24; k = 2) into triplets of type 
(n24;k=2;3=0,1,2). All the other sublevels (n, k), in which k > 2, 
will likewise be split into triplets; and appropriate integral values for j 
will be chosen for the purpose. As before, multiplets of order higher than 
three may appear among the spectral lines, but the maximum multiplicity 
of the energy levels will be 3. We have said that the atom of magnesium 
may also emit singlets, and that when it is in a state conducive to the 
emission of singlets, none of the energy sublevels (n, k) is split. For the 
sake of consistency, however, the quantum number j is still introduced, 


* The sublevel (1 = 3, k = 1) is also available, but when the atom is in a position 
to emit triplet lines, the basic sublevel is the one mentioned in the text. Pauli’s 
Exclusion Principle furnishes the reason for this unexpected situation. We shall 
examine it on page 581 when we consider the similar case of the helium atom. 
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but now only one value of j is associated with each value of k in the sub- 
levels (n, k). 

To obtain the correct number of spectral lines in all cases, empirical 
selection rules must be imposed. We mentioned some of these in con- 
nection with the doublets. But here an additional rule must be pos- 
tulated. It is to the effect that, if 7 = 0 in the higher sub-sublevel, it must 
always change to the value +1 during a drop. We may summarize all 
the selection rules by saying: 


1. k must always change by +1 during a drop. 

2. If ; > O before the drop occurs, it must charge by +1 or else 
must remain fixed during a drop. 

3. If j = 0 before the drop occurs, it must change to +1 as a result 
of the drop. 


The first of these selection rules was established on the basis of our former 
atomic model by appealing to the correspondence principle. But the two 
other rules affecting j have as yet no theoretical basis and must be viewed 
as empirical. Only when we have devised an appropriate mechanical 
model for the atom, shall we be in a position to give mechanical significance 
to the third quantum number j; and only then, by an application of the 
correspondence principle to the mechanical model, shall we justify the 
selection rules for j. In the following pages the first tentative model 
which was suggested for this purpose will be examined. 


Landé’s Core + Electron Model of the Atom—To obtain a theo- 
retical interpretation of the multiplet structure of the spectral lines, we 
shall follow Bohr and represent the atom by means of a mechanical model. 
By pursuing this course we are not necessarily endorsing the thesis that 
the internal atomic processes can be represented in terms of the mechan- 
ical categories. Indeed, we already have every reason to believe that a 
mechanical representation is impossible, for even in the simpler cases 
discussed in the last chapter, we saw that the laws of mechanics were 
constantly violated. The advantage of imagining a mechanical model, 
if only as a working hypothesis, lies in a different direction: the model 
enables us to connect different facts and features which might otherwise 
exhibit no connection. Even at a later date when the model is discarded, 
we realize that it has played a useful part, precisely because it has drawn 
attention to hidden relations. At all events, Landé sought to devise a 
model of the atom which would account for the multiplet structure. He 
was guided by the following considerations : 

Quantum numbers in Bohr’s theory are associated with periodic mo- 
tions. In the mechanical model discussed in the last chapter two inde- 
pendent periodicities were found for the motion of the optical electron. 
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These were the periodic motion of the electron in an ellipse and the 
precession of the elliptical orbit as a whole in its plane around the 
nucleus. From these two periodicities the two quantum numbers 7 and k 
were derived. But the introduction of a third quantum number j (which 
seems to be required by the multiplet structure) necessitates a third in- 
dependent periodicity. This periodicity would be generated if, for ex- 
ample, the entire orbital plane of the optical electron were to precess 
under a fixed inclination around some direction. The motion of the 
optical electron would then be non-degenerate. A precession of this sort 
occurred when we submitted our former model of the atom to the action 
of a magnetic field: the Larmor precession then took place around the 
direction of the magnetic field; a third quantum number m was intro- 
dueed thereby; and the splitting of the spectral lines in the normal 
Zeeman effect was accounted for. 

The multiplet lines, however, contrary to the Zeeman lines, occur in 
the absence of an impressed field, and we must seek elsewhere the origin 
of the third periodicity. Landé traced it to the magnetic field developed 
internally in the atom by the circling of the core-electrons; it is this 
magnetic field which, according to Landé, secures the precession of the 
optical electron’s orbital plane. From Landé’s standpoint the multiplet 
lines thus result from a kind of internal Zeeman effect. 

The model suggested by Landé to account for the third periodicity 
involves some rather delicate points. We shall therefore preface our 
description of his model with a few mechanical considerations. Suppose 
we have an axially symmetrical top spinning around its axis. The spin 
is represented by a vector placed along the axis; and, according to 


Fie. 43 Fic. 44 


the usual conventions, it is set in such a way that if we look along the 
vector from its tip to its tail, we shall see the top spinning in a counter- 
clockwise direction (Figure 43). Our spinning top has an angular momen- 
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tum which is also represented by a vector situated along the axis. This 
vector points in the same direction as the first one, and its length is equal 
to the numerical value of the angular momentum of the top. If we call 
I the moment of inertia of the top about its axis, and w the angular velocity 
of the spin, then the angular momentum is Iw. 

Let us now suppose that we have two axially symmetrical spinning 
tops, which need not be of the same size and need not be spinning at the 
same rate. We assume that the axis of either top is fixed to the same 
point O, but that the axes are not rigidly connected, so that they are free 
to pivot independently of each other about this fixed point. The first top, 
because of its spin, has an angular momentum which we represent in 


direction and in length by the vector ON set along the axis of spin (Fig- 
ure 44). We proceed in the same way with the second top of angular 


momentum OK. We shall suppose that no force of gravity is acting on 
the tops; hence the system may be viewed as floating in space. The two 
tops will then continue to spin with their axes remaining fixed in space, 
and aside from the spins no motion will occur. 

Next we assume that the extremities of the two tops attract each 
other; for instance, we may suppose that an elastic band is placed over 
the tips of the two axes, drawing them together. The general principles 
of mechanics show that, under the action of the rubber band, the axes of 
the two tops cannot merely be drawn closer the one to the other without 
any further change occurring. This point is readily understood when 
we note that if, under the action of the rubber band, the relative inclina- 
tion of the two axes of spin decreased and no other change took place, the 
total angular momentum of the system (which is defined by the diagonal 


Od of the parallelogram of sides O8 and OK) would necessarily increase. 
But then the total angular momentum of the isolated system would not 
remain constant; and this would violate the laws of mechanics. We must 
suppose therefore that when the axes of the two tops are drawn closer 
by the rubber band, some counterbalancing angular momentum will 
arise offsetting the former increase. Conceivably, the spins of the two 
tops might slow down, or the axes of the two tops might precess in such a 
way as to ensure a decrease in the total angular momentum. 

At all events it is unnecessary to resort to guesses, for the correct 
motion can be predicted through the medium of mathematical analysis. 
Accordingly, we shall merely state results: The two tops are first drawn 
slightly closer by the rubber band, the spins of the tops remaining prac- 


tically unaffected. Then the two axes OS and OK will start precessing 
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— 
(as though rigidly connected) around OJ (7.e., around the total-angular- 
momentum vector) which remains fixed in space; the precession will 
appear clockwise to an observer viewing the situation from the tip of the 


vector OF . This precessional motion offsets the increase in the angular 
momentum due to the approach of the two axes, and in this way the total 
angular momentum remains constant. We may also show that if the pull 
of the elastic band were increased, the precessional motion would be more 
rapid. If, instead of a rubber band, we placed a compressed spring be- 
tween the two extremities of the tops, so that a repulsion would ensue, 
the precession would take place in the opposite direction. 

At first sight it seems difficult to understand why the axes of the tops 
are not brought into coincidence under the action of the rubber band. 
The situation is no more mysterious, however, than that illustrated in a 
top spinning on the ground. Here also, so long as the top is spinning, 
the gravitational pull does not cause the top’s axis to assume a horizontal 
position, it merely causes the axis to execute a precessional motion about 
the vertical. The peculiar gyroscopic motion of the two tops connected 
by a rubber band would also occur if each top were replaced by a bar 
magnet spinning along its length; the attraction of the opposite poles 
of the two magnets would here take the place of the action of the elastic 
band. We now propose to show that similar gyroscopic motions should 
arise in Landé’s model of the atom. 

In Landé’s model the atom is represented, as before, by a large num- 
ber of electrons circling around the nucleus, the most loosely bound 
of these electrons being the optical electron. According to the laws 
of mechanics the various electrons should exchange energy and angular 
momentum with one another during the motion, so that the energies of the 
core and of the optical electron should vary. In our treatment of the 
atomic model in the previous chapter we mentioned, however, that, owing 
to certain obscure quantum manifestations, no energy exchanges arise. 
Consequently, the energy and the angular momentum of the core will 
remain fixed, and so will the energy and the angular momentum of the 
optical electron (provided the atom is not radiating). 

Now, the optical electron will have an angular momentum due to its 
circling, and as a result a magnetic field will arise. We may therefore 
liken the circling electron to a bar magnet which is spinning about the 
line of its length set perpendicularly to the orbital plane. Also the core 
may have angular momentum. This will be the case if there is a pre- 
dominance of core-electrons circling in the same direction ; the circling of 
the core-electrons as a whole will then develop a magnetic moment, and 
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the core will behave like a bar magnet spinning about the axis of its 
angular momentum. The net result is that the atom may be likened to a 
system of two spinning bar magnets the axes of which are fixed to a 
common point at the centre of the atom. Since the opposite poles of the 
two spinning magnets exert attractive forces on each other, our model 
will be similar mechanically to our former system of two spinning tops 
connected by an elastic band; and the same gyroscopic motion will occur. 

The motion of the optical electron in the atom is now readily under- 
stood. Thus let us revert to the figure of the two spinning tops (Figure 


44), and let OA, OX, and OJ represent the angular momenta of the optical 
electron, of the core, and of the total atom. For short we shall refer 


to these vectors as K, 8, J. The vector K is perpendicular to the orbital 
plane of the optical electron. During the motion the vectors Sand K will 
precess uniformly about the vector Th of the resultant angular momentum, 
and it will be as though the three vectors s, K, and J formed a rigid 


framework pivoting about the diagonal a Thus the motion of the 
optical electron may be depicted as follows: the electron describes an 
ellipse in a plane; this ellipse is precessing in the plane with a constant 
angular motion about the fixed nucleus, and hence a rosette orbit results 
for the electron in the plane; finally this orbital] plane, rigidly connected 
1o the axis of the core, is precessing with uniform motion about the 


atom’s resultant angular momentum ii fixed in space. The three 
periodicities we have sought to detect in the motion of the optical electron 
are thus accounted for. 

In what follows we shall represent the bare magnitudes (regardless 


of direction) of the three angular-momentum vectors K, s, di by K, 8, J 
(i.e., without arrows). Since K, S, and J represent angular momenta, 
they must be positive numbers or else must vanish. The possibility of A 
vanishing may, however, be disregarded, for as we explained in the last 
chapter, the vanishing of A would imply that the electron was oscillating 
through the nucleus—a physical impossibility. On the other hand there 
is no reason why S and J should not vanish. Collecting these results, we 
see that K will always be positive, and S and J may be positive or else 
vanish. Further restrictions are placed on the angular momenta Kis) 
and J as a result of the following considerations. 


Since the vector "4 is the diagonal of the parallelogram constructed 


on the two vectors 8 and re its magnitude J will depend not only on the 
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magnitudes S and K of the two vectors 8 and K, but also on the angle 
between them. The greatest possible value of J is attained when 8 and 
i point in the same direction. In this case the parallelogram collapses, 
and J (1.¢., the magnitude of 7) is equal to the sum of the magnitudes S 


and K of Sand K. Physically, this situation will occur when the angular 
momenta of the core and of the optical electron point in the same direction. 


The smallest value of J is attained when S and K point in opposite diree- 
tions. Its magnitude is then K — S or S — K (whichever of the two has a 
positive value). All possible situations are thus represented by the in- 
equalities 


(36) K+S2J>|K-S|”* 


Up to this point we have introduced no quantum restrictions; we 
must now remedy this deficiency. The principles of mechanics show that 
the angular momenta S, K, J, when multiplied by 27 are adiabatic in- 
variants which define certain Maupertuisian actions. Consequently the 
quantum restrictions consist in specifying that 27S, 21K, and 22J must 
be integral multiples of h. We therefore set 


(37) 2nS=sh; 2nK=kh; 2nJ = jh; 


where the quantum numbers s, k, and 7 are integers. The remarks we 
made on the permissible classical values of S, AK, and J show that the 
quantum numbers s and j may have all positive integral values and 
may also vanish, whereas k must always be a positive integer. 

The restrictions (37) may be written in the following equivalent 
form: 


h h it 


and in this form, each of the three angular momenta is seen to be some 


; , ‘ h 
integral multiple of the unit of angular momentum > The quantum 


condition affecting K is already known to us; it expresses the quantizing 
of the angular momentum of the optical electron. The first and last 
quantum conditions, referring to the core and to the total angular 
momentum, arenew. We must also remember that the quantum condition 
which introduces the quantum number n is still in force; it fixes the 
major axis of the elliptical orbit. We do not write it here because it 


* The symbol |_| means the absolute value, i.¢., the positive value. 
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introduces no new element into the situation. Landé expressed the hope 
that the quantum number j, associated with the total angular momentum 
of the atom (and indirectly with the third periodicity in the electron’s 
motion), would be none other than the additional quantum number that 
had been introduced by Sommerfeld to account for the spectra of mul- 
tiplets. As for the quantum number s, we shall find that it serves to 
represent a particular kind of state of the atom. 

The relations (36) which held in the classical treatment are still valid 
when the quantum restrictions are imposed. If, then, in (36) we intro- 
duce the expressions (38) for S, K, and J, we get a relation connecting 
quantum numbers, namely, 


(39) k+s2j2|k—s|. 


Let us consider the inequalities (39). Since s, k, and j are re- 
stricted to integral values, we see that when s and k are specified, j cannot 


Fie. 45 


have all values compatible with (39) but only those which are integers. 
Suppose s=landk=2. Then, according to (39), 7 ean have only the 
values 1, 2, or 3. The possible configurations of the parallelogram are 
thus considerably restricted; the three possible configurations are ex- 
hibited in Figure 45. 

Our analysis shows that, as a result of the quantizing conditions, not 


only are the magnitudes of the angular-momenta 8, K and a restricted 
to certain discrete values, but also that the relative inclinations of these 
vectors cannot be arbitrary. <A kind of space-quantization, similar to 
that discussed in the previous chapter, is thus revealed. The principal 
difference between the two kinds of space-quantization is that, in the 
present case, the quantization is automatic and does not arise from the 
action of a magnetic field applied externally; it now occurs as a result 
of the internal magnetic field developed by the rotating core. 

Landé’s mechanical model involves four periodicities, i.e. the three 
periodicities of the optical electron and the periodicity exhibited by the 
rotation of the core on its axis. To the first three periodicities correspond 
the three quantum numbers 1, k, j, and to the periodicity connected with 
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the core corresponds the new quantum number s. Since the empirical 
evidence derived from the observation of multiplets seems to require 
only the three quantum numbers 1, k, j, and hence only three periodicities, 
it would appear that the quantum number s and the fourth periodicity are 
redundant. But this is not so for a number of reasons. 

In the first place, we have seen that the same atom may emit different 
kinds of spectra. (Calcium, for example, has a spectrum of singlets, but 
it also has a spectrum of triplets.) Since the distribution of the sub- 
sublevels must be different in the various cases, we must qualify an atom 
further and must specify whether the atom is in a state conducive to the 
emission of one kind of multiplet or of another. As we shall see, the 
office of the quantum number s will be to define the state of the atom in 
the sense just explained. 

Other ways of clarifying the significance of the quantum number s 
may be considered. Let us suppose, for instance, that s is zero; the core 
then has no angular momentum, and as a result the angular momentum 


J, or — , of the entire atom coincides with the angular momentum K, 


or ioe, of the optical electron on its orbit. In this case the quantum 


numbers j and k are the same. Since a separation in the values of k and 
j oceurs when s is non-vanishing (7.e., when the core has angular mo- 
mentum), we conclude that the angular momentum of the core serves 
to create a difference between k and j and thereby gives significance to 
the quantum number j. In short, were it not for the angular momentum 
of the core, the third quantum number j, required for the interpretation 
of the multiplet structures, would not be available. 

Landé’s mechanical model supplemented by the correspondence prin- 
ciple is able to account for Sommerfeld’s empirical selection rules. The 
proof is obtained by calculating the frequencies of the radiations that 
should be emitted by the optical electron in Landé’s model when the 
classical laws of radiation are accepted. Thus we know that the frequen- 
cies radiated under the classical treatment are the mechanical frequencies 
of the motion. Suppose, then, we have-caleulated the classical frequencies. 
If now we apply the correspondence principle and thereby rule out the 
quantum drops which cannot occur, Sommerfeld’s selection rules for the 
quantum number j, and also the older selection rules for the quantum 
number k, are obtained. 

We have seen that Landé’s mechanical model justifies the introduction 
of Sommerfeld’s quantum number j and that it leads to the correct selec- 
tion rules. But we cannot expect to calculate from this model (or indeed 
from any other mechanical model) the exact energy values of the 
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various sub-sublevels and hence the exact frequencies that should be 
radiated. This would be to expect too much, for, as we have already seen 
in connection with the simpler model discussed in the last chapter, many 
of the principles of mechanies are violated in the quantum theory. And 
besides, the difficulty of the mathematical calculations would compel 
us to resort to approximations in any case. All that we may demand of 
Landé’s model is that, when the quantum restrictions are taken into con- 
sideration, it should account for the various multiplicities of the sub- 
sublevels which the spectroscopic observation requires. In order to 
deduce these multiplicities from Landé’s mechanical model we must as- 
sign definite angular momenta to the core and to the optical electron in 
every case. Now the angular momentum of the optical electron, whether 
in the basic or in an excited orbit, is known. Thus, if the optical electron 


nae , ; a: h : 
is in an orbit (n, k), its angular momentum 1s ko . But to determine 


the angular momentum of the core is not so easy. The core contains a 
large number of electrons, and up to the present we know nothing of the 
orientations of the planes in which the core-electrons are circling; nor 
do we know in what directions the circulations are proceeding. 

Some insight into the matter is obtained when we consider the atom 
of an inert gas, e.g., neon. This atom contains an even number of elec- 
trons, and in view of its great stability we may suppose that its electronic 
motions are highly symmetric. Jn particular, we may assume that the 
orientations of the planes of the various electrons exhibit a symmetric 
pattern and that the electrons are circling two by two in opposite direc- 
tions. If this be so, the atom of neon should have no net angular momen- 
tum and hence no magnetic moment (magnetic moment and angular 
momentum being necessarily associated when circling electrons are con- 
sidered). These plausible expectations appear to be verified by experi- 
ment; for neon gas is diamagnetic, and Langevin’s theory of magnetism 
shows that diamagnetism and the absence of a magnetic moment are 
closely connected. Inasmuch as the atom of an inert gas has the same 
electronic structure as the core of an alkali-metal atom, we infer that the 
core of an alkali-metal atom has no angular momentum. The angular 
momentum of an alkali-metal atom, ¢.g., sodium, may therefore be deter- 
mined, and since this atom has the electronic configuration of the core of 
the magnesium atom, the angular momentum of this latter core is also 
known. Inferences of the foregoing type often lead to incorrect results, 
but at the present stage of the discussion they constitute our only means 
of guessing at the angular momenta of the various cores. 

Before we examine whether Landé’s model can account for the various 
multiplets, let us consider the numerical schemes which will express the 
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partitioning of sub-sublevels required by the multiplet structure. We 
shall accept, at least provisionally, the inequalities (39), suggested by 
Landé’s model, and we shall also take into consideration the restrictions 
placed on the values of the integers J, j, and s. 

‘We first consider triplets. To obtain triplets, we must set s=1 in 
the inequalities (39) ; for since k is always a positive integer and 7 is a 
positive integer or zero, we thereby obtain three possible values for j, 
namely, 


k=l Ree 


This result implies that each sublevel (n, k) must be formed of three 
distinct sublevels (n, k, 7). 

We have seen, however, that the triplet structure, though requiring 
that most of the sublevels be triple, necessitates that those sublevels in 
which & has the value unity should remain single. We conclude that the 
inequalities (39) are unable to express all the peculiarities of the triplet 
structure. This result should not surprise us, for the inequalities (39) 
were derived from a mechanical model, and we know that the macro- 
scopic mechanical laws are no longer applicable inside the atom. 


The Quantum Number /—We may overcome the discrepancy noted 
in the previous paragraph by resorting to an artifice. We agree that, 
whenever in the numbering of our levels a numerical value is assigned to 
k, we must change this numerical value, reducing it by one unit. Thus a 
sublevel (n; k= 1) will be written (n;k=0). To avoid confusion, we 
introduce a new quantum notation. We replace k by the quantum number 
1=k-—1. Our sublevels (n, k) will henceforth be represented by (n, 1). 
Also, the inequalities (39) will be replaced by 


(40) ese 7 tee 


Finally, since our former k could have integral values only between 1 and 
n, the values that 1 may assume are 0,1, 2,... (n—1). 

Let us verify that, thanks to this artifice, the sublevels of magnesium 
associated with k = 1, z.e., 1= 0, will be single, whereas those connected 
with k > 1, w.e., 1 > 0, will be triple. This point is immediately proved 
from (40), in which s is given the value 1 as before, and 1 is first given 
the value zero and then any positive integral value. If we set s=1 and 
[=0 we get 


(41) 124321; whence j=1. 


There is thus only one value for j and hence the sublevels (n; 1=0) are 
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single as required. If now we set s=1 but give some positive integral 
value to l, e.g., = 1, we get from (40) 


(42) 22> j20; whence j=0 or 1 or 2. 


Three values are obtained for j, so that each sublevel (n; 1 > 0) furnishes 
three sub-sublevels (n,1, j). Everything thus appears to be in order. 

Next, we examine how singlets will be accounted for. We may verify 
that, when we set s = 0 in the inequalities (40), all the sublevels (n, k), 
or (n, 1) with our new notation, will remain single. Thus when we set 
s = 0, the inequalities (40) become 

(43) I2521; 
and we conclude that j has always the same value as 1, and hence has only 
one value. 

More generally, we find that when s is given the values 0, 1,258; ae 
we may account for singlets, triplets, quintets, and septets . . . , respec- 
tively. 

All the multiplets considered so far are of odd parity, and it would 
thus appear that multiplets of even parity cannot arise. How then are 
we to explain the doublets, quartets, .. . , which are revealed in some of 
the spectra? To account for doublets, we Rt introduce a further change 
in our numerical scheme. For instance, if we suppose that, contrary 
to our former beliefs, the quantum numbers s and j may assume half- 
integral values, multiplets of even parity can be accounted for. 

Thus let us set s = 14 in the inequalities (40), and let us suppose that j 
can take only half-integral values, though J assumes integral values as 
before. We get 

1 


( ) L 5) Jj | L 9 | 


The implications of these inequalities are rendered more explicit in the 
following scheme. 


Ifl=0, then j= = 
(45) 
: 1 1 
andifl>0, then j=I1— gorlts. 


Thus, all the sublevels (n; 1 =0) are single and are of type (n; i= 0. 


i=5) - and all the other sublevels are double, 2.c., (»; L;j=l—- + 


or 1+ 5) . In short, the correct divisions of the levels of sodium, as 


required by the spectroscopic evidence are accounted for. 
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We may verify that in every case the maximum order of multiplicity 
(1.e., the maximum number of sub-sublevels (”, 1, 7) into which a sub- 
level (n, 1) is divided) is given by 2s +1. According to whether s has the 


value 0 or or 1 ors cs , the value of the maximum order 
of multiplicity is 1, 2,3,4..... The dependence of the order of mul- 


tiplicity of the spectrum on the numerical value of s is thus manifest. 


Difficulties Encountered in the Mechanical Model —The half-in- 
tegral values credited to s and j and the change from the quantum number 
k to the quantum number / have no other justification than to permit the 
devising of a numerical scheme for the various multiplets. We must 
therefore inquire whether these modifications are consistent with the 
requirements of our mechanical model. We first consider the half-integral 
values of s and of j. 

The quantum numbers s, j, and also 1, when multiplied by h, define 
the permissible values of the adiabatic invariants connected with the 
core, the total atom, and the circling optical electron. Now a funda- 
mental tenet of Bohr’s theory has been that adiabatic invariants may be 
only whole multiples of the quantum of action A. The half-integral values 
we have just ascribed under certain conditions to the two first adiabatic 
invariants violate this basic tenet. However, since the original tenets of 
the quantum theory were adopted so as to account for particular oc- 
currences, we cannot object to their being modified when more com- 
plicated phenomena are considered. 

But the change from the quantum number k o the quantum number | 
confronts us with a new difficulty. The angular momentum of the optical 
electron in Landé’s model was K = he The change from the quantum 


¥ 


number & to the quantum number / thus implies that, henceforth, this 
angular momentum must be replaced by 


ee eee 
(46) L=l,—=(k-1),-=K- =. 


The new definition requires that the angular momentum of the optical 

electron should fall below its former value by one unit =. On the other 

hand, the angular momentum S of the core is still expressed by 

S= so ; It is subjected to no revision, except that s may now assume 
= 

half-integral values. The total angular momentum J, however, since it 


F > —> = > 
is now che resultant of L and S, not of K and 8, has neither the same 
magnitude nor the same direction as before. 
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Now, this change in the value of the optical electron’s angular momen- 
tum cannot be understood from the standpoint of mechanics. Thus far, 
it appears as a mere artifice devised to account for the multiplet struc- 
ture, and its deeper significance escapes us entirely. The strange conse- 
quences to which it leads in the field of mechanics may be illustrated in 
the ease of the hydrogen atom. Let us consider a hydrogen atom in 
the basic state. The basic orbit is the circle (1 =1; k=1), so that, 


, ‘ jae 
aecording to mechanies, the electron has one unit on of angular momen- 
eA 


tum. But our revised ideas compel us to say that this basic orbit must 
be written (x = 1;1= 0), so that, as a result of J = 0, the circling electron 
has no angular momentum at all. From the standpoint of mechanics this 
is incomprehensible, for an electron moving in a circle must have angular 
momentum; if it had no angular momentum, it could not describe a circle 
or an ellipse but would merely oscillate through the nucleus. We have 
here another illustration of the difficulties which attend any attempt 
to devise a mechanical model for the atom. Inasmuch as the change from 
k to l is required in many other cases, we must recognize that in the 
subatomic world the ordinary concepts of mechanics lose their validity. 

We now inquire whether Landé’s mechanical model can account for 
the various multiplets when all the modifications previously noted are 
introduced. As an example we consider the case of the magnesium atom. 
This atom differs primarily from the atom of neon in that its nucleus 
is not the same. In particular, the magnesium nucleus has a positive 
charge exceeding that of the nucleus of neon by two units. For the 
present, however, we are concerned solely with the electronic configura- 
tions, and from this standpoint the atom of magnesium may be repre- 
sented by the closed structure of neon around which two electrons are 
circling. One of these two outer electrons is the optical electron of the 
magnesium atom, and so the core of this atom is represented by the 
closed electronic structure of neon and by one outer electron. We have 
already observed that the closed electronic configurations of the inert 
gases have no net angular momentum. Hence the core of the magnesium 
atom must have the angular momentum of the single outer electron. Now, 
the spectroscopic evidence shows that this outer electron is in an orbit 
(n= 3;k=1), or (n=3;0= 0) with our revised notation. The quan- 
tum value, 1 =0, indicates that the outer electron has no angular mo- 
mentum and hence that the core of the magnesium atom likewise has 
none. Accordingly the value, s = 0, must be assigned to the core. We 
conelude that the magnesium atom should emit a spectrum of singlets. 

But the difficulty is that magnesium may also be in the triplet state 
and emit triplets. To account for triplets we must assume that s now 
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has the value unity, and therefore that the core of magnesium has one 
unit of angular momentum, The core’s outer electron must therefore 
also have one unit of angular momentum, in spite of the fact that the 
spectroscopic evidence shows that it is circling in the same orbit (n = 3; 
1=0) as befere, and hence in an orbit for which there should be no 
angular momentum. This difficulty which appears insuperable from the 
standpoint of Landé’s mechanical model will receive a satisfactory ex- 
planation when the hypothesis of the spinning electron is considered. 

A similar difficulty confronts us when we wish to account for the 
spectra of doublets. Thus, the sodium atom emits doublets. Its core 
has the same electronic configuration as the atom of neon and hence 
should have no angular momentum. We should therefore expect s = 0. 
But, to account for doublets, we must set s = 4% and ascribe a half-unit 
of angular momentum to the core. This difficulty will likewise be re- 
moved when the hypothesis of the spinning electron is considered. 

The inequalities (40) have proved fundamental in the interpretation 
of atomic spectra, and their importance is in no wise dependent on our 
ability to justify them by means of a model. For future reference we 
have summarized their implications in the following table. 


singlets; s=0; 2=j=0,1,2,3...(n-—1). 
doublets; ¢=—--1=0,1,2,3... @—1) 


2 
1 ; 
j=lt> (if 1 > 0) 
eave ; 
ae Oe (ii) 
triplets; s=1; J= 0,1,2,3... (n—1) 
j=l Gft=0) 
quartets; s= 5 ;1=0,1,2 «+» (n—]) 
3 i : 
es ee : 
|e > 0a Gfii=1) 
ues : 
Mey (af /=0). 


THE ANOMALOUS ZEEMAN EFFECT 569 


We have omitted to consider quintets and higher multiplets, but there 
is no difficulty in continuing the table so as to cover all cases. 

When we consider the drops which generate the spectral lines, we 
must take into account the selection rules that restrict the permissible 
changes of the quantum numbers / and j. These rules were given on a 
previous page for k and for j, and since 1=k —1, the same rules will 
hold for l and for j. For future reference we shall restate these selec- 
tion rules in terms of the quantum numbers / and 7: 


1. 2 must always change by +1 during a drop. 
2. If j> 0 before a drop oceurs, j must change by +1, or else it 
must remain fixed. 


-3. If j =0 before a drop occurs, j must change to the value +1. 


The selection rules we have stated show that a drop in which J does 
not change, or changes by +2, is impossible. Similarly a drop in which j 
changes by 2 is excluded. But as will be explained in the next chapter, 
drops which violate the selection rules are sometimes observed. Accord- 
ingly, we shall be on safer ground if we say that the drops excluded by 
the selection rules are improbable though not impossible. 

There is also a third selection rule which we have applied implicitly. 
It concerns the quantum number s. Heretofore we have assumed that 
when an atom can emit different kinds of multiplets, its state (determined 
by the value of s) does not change during a drop: the quantum number s 
remains fixed. But further investigation shows that in certain zases the 
value of s does change. The lines which result from such drops are 
called ‘‘intercombination lines’’; one of them is conspicuous in the 
spectrum of mercury. Of course, such lines do not belong to the spectra 
we have been discussing. 

Landé’s mechanical model gives no information on the manner in 
which s may change. Some insight into the matter was obtained when 
the spinning electron was introduced, but it was only after the discovery 
of the newer methods of quantum mechanics (¢.g., wave mechanics) that 
a satisfactory solution was given. 


The Anomalous Zeeman Effect—In the last chapter we men- 
tioned that if an atom emitting radiation is submitted to the action of 
a magnetic field, each spectral line is split into three or more lines, the 
separations of which increase with the intensity of the field. This general 
phenomenon is called the Zeeman effect. But there are two kinds of 
Zeeman effects: the normal effect and the anomalous one. In the normal 
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effect. each spectral line is decomposed into three lines (called compon- 
ents), whereas in the anomalous effect more than three components usually 
appear. Even when the anomalous effect yields only three components, 
the separations are not the same as in the normal effect, so that the two 
Zeeman effects appear to be entirely different. The anomalous effect is 
generated whenever the decomposed line belongs to a group of multiplets ; 
the normal effect occurs only when the line is a singlet. 

We saw that Bohr’s model of the hydrogen atom accounted for the 
normal Zeeman effect, which hydrogen was believed to exhibit.* The 
next step was therefore to interpret the anomalous effect disclosed in the 
case of the multiplet lines of the higher atoms. But here several difficul- 
ties and complications beset Bohr’s semi-mechanical theory. So: as to 
simplify the presentation we shall dwell only on the more essential points. 

The first attempt to explain the anomalous Zeeman effect was under- 
taken by Landé, who utilized in this connection the core + electron model 
of the higher atoms. In this model, the core, having the angular mo- 
mentum S = a should have a magnetic moment of s magnetons—at 
least this is what we should expect if we were to be guided by the classical 
relation between magnetic moment and angular momentum, v12z., 


(48) magnetic moment (in magnetons) =e 


angular momentum (in units 5 ) 


Similarly the optical electron and the total atom, having angular mo- 


h me ; 
menta L = oe and RS ere, respectively, should have magnetic mo- 


a 


ments of J and of 7 magnetons. 
If the core + electron model is placed in a magnetic field, the angular 


as = 
momenta S and L of the core and of the optical electron will precess as 


before around the atomic axis. At the same time the atomic axis a which 
remained fixed in the absence of a magnetic field, will now precess at 
some constant inclination around the direction of. the field. Owing to 


* Subsequent observations of the hydrogen spectrum have shown that hydrogen 
exhibits the anomalous effect, not the normal one. This feature will be discussed at 
the end of the chapter. 


t This relation is derived immediately from (13), page 517. 
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space-quantization, only a certain diserete set of inclinations will be 
possible for the atomic axis. These quantized inclinations are determined 
by the permissible values of the quantum number » (the same number 
we encountered in the normal Zeeman effect). In the present case we 
must suppose that there are 2) +1 quantized inclinations and hence 
2j + 1 possible values for m, viz., 


MW), fl, —j +2, ot os fae, 5 le. 


Since 7 may be an integer or a half integer, we see that m may itself be 
an integer or a half integer. Thus, half-integral values appear once more 
in Bohr’s theory. The quantum number m also measures, in magnetons, 
the projection of the total magnetic moment of the atom on the direction 
of the magnetic field. 

During the process of emission, abrupt changes in the inclination of 
the atomie axis may occur, with the result that different Zeeman com- 
ponents will replace the single line which would be emitted in the absence 
of a magnetic field. However, since the selection rules require that m 
should be restricted to changes +1 or else remain unchanged, our present 
model predicts only three Zeeman components, and hence the normal 
Zeeman effect. The increased complication of the core + electron model 
over the simple hydrogen model is thus of no avail in accounting for 
the anomalous Zeeman effect. 

In view of this setback, Landé modified the core + electron model. He 
still retained the characteristic structure of a core around which the 
optical electron is revolving, but he assumed that the projection of the 
total magnetic moment of the atom onto the direction of the field (when 
the atom was in a state determined by the numbers s, /, 7) was not m 
magnetons but was gm magnetons, where 


j+1) +s(s+1) —1(0+1) 


ean 
ee 2G 1) 


As a result of this change, Landé showed that the correct number of 
Zeeman components, and also their separations, could be predicted in 
every case. The normal effect for singlet lines and the various forms of 
the anomalous effect for multiplet lines were thus accounted for simul- 
taneously. The modification introduced by Landé does not affect many 
of our former results: as before, the atomic axis precesses around the field 
and can assume only 2j + 1 quantized inclinations. 
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Landé’s unexpected value for the magnetic moment may in turn be 
explained if the following assumptions are made: 


1. We must suppose that the angular momenta of the optical elec- 
tron, core, and total atom, respectively, are 


(0) VDL, Veer, ViGFIG 


instead of 


h h Lh 
(51) lon? Oe! Jon 

2. The ratio of magnetic moment to angular momentum retains the 
classical value (48) in the case of the optical electron, but it must have 
twice the classical value in the case of the core. It then follows that the 
value of this ratio in the case of the total atom will be g times the classical 
value. 

It must be emphasized that Landé’s revisions are as mysterious as 
the anomalous Zeeman effect he was seeking to explain. Especially is 
this true of the values (50) for the angular momenta. One of the funda- 
mental tenets of Bohr’s theory has been that the successive quantized 


values of an angular momentum should differ by = and this rule was 


observed even after half-quantum numbers had been introduced. But 
Landé’s expressions (50) for the angular momenta show that Bohr’s 
tenet is disregarded, and that an unexpected progression of values is 
required. There thus appeared to be no comprehensive scheme under- 
lying Bohr’s theory. As Andrade expressed the situation: ‘‘The 
immediate problem is to find cookery receipts, rather than physical 
principles.’’ * 


The Paschen-Back Effect—The Zeeman effect occurs only when the 
magnetic field is not too intense—at least this is so in the case of the 
anomalous effect. When the field is very strong, a new effect called the 
Paschen-Back effect comes into existence. We may readily understand 
its nature. Let us suppose that our atom emits multiplets, and that a 
relatively weak magnetic field is applied. Each line of a multiplet will 
undergo the anomalous Zeeman decomposition, and when the field is 
progressively increased the separations of the Zeeman components in- 


* Andrade, The Structure of the Atom, Third Edition. Harcourt, Brace and Co., 
New York, 1926; p. 553. 
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erease in proportion. But when the intensity of the field reaches a certain 
point, we find that all the Zeeman components pertaining to the same 
multiplet suddenly coalesce into three lines. The separations and polari- 
zations of these three lines are precisely those of the normal Zeeman 
triplet which would be generated by the normal Zeeman decomposition 
of asinglet line. This transformation of a multiplet into a Zeeman triplet 
under the action of a strong magnetic field constitutes the Paschen-Back 
effect. 

The Paschen-Back effect may be accounted for by means of the 
core + electron model—at least with the same measure of success as the 
Zeeman effect. We recall that, in the Zeeman effect, the angular-momen- 


tum vectors S and L of the core and of the optical electron were com- 


pounded into the resultant vector ep and that this vector was then acted 
upon by the magnetic field and submitted to space-quantization. To in- 
terpret the Paschen-Back effect, we must suppose that when the intensity 
of the field reaches the point where this effect is about to take place, the 


coupling of the vectors Sand L suddenly snaps, being no longer strong 
= 
enough to resist the disruptive action of the field. Thus the vector J 


ceases to be formed, and the vectors SandL are now acted upon directly 
by the magnetic field, precessing independently of each other around the 
field’s direction, under quantized inclinations. When suitable selection 
rules are imposed on the new quantum numbers that appear in this treat- 
ment, the Paschen-Back effect can be accounted for. It remains to be 


> — 
said that the sudden snap in the coupling of the veetors S and L illustrates 
the sudden breakage of some non-mechanical constraint, obviously of a 
quantum nature. 


Pauli’s Objections to the Core + Electron Model—Pauli investi- 
gated the core + electron model by means of the mechanies of relativity. 
He observed that the relativistic variations in the masses of the core- 
electrons, caused by their motions, would increase in importance as the 
heavier atoms were considered. He showed that under these conditions 
the ratio of the core’s magnetic moment to its angular momentum would 
necessarily vary with a change in the atomic number, so that Landé’s 
g-formula would be subjected to a progressive change when we passed 
from one atom to the next in Moseley’s table. This would imply that 
the separations of the Zeeman lines should be dependent on the atomic 
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number of the atom of interest. Inasmuch as this expectation is not 
borne out by experiment, Pauli concluded that the core + electron model 
was incompatible with the theory of relativity and should be rejected in 
consequence. His suggestion was that a division of the atom into a 
core and an optical electron should be abandoned in favor of some scheme 
which would place all the electrons on the same footing. Such a revision 
would, of course, compel us to devise some new interpretation for the 
quantum number s, formerly attributed to the angular momentum of 
the core. We shall see that the study of the X-ray spectra appeared to 
confirm Pauli’s views. 


The X-ray Spectra—Thus far we have been concerned with the 
spectral lines generated by the drops of the optical electron (optical 
spectra). But spectral lines are also generated when one of the core- 
electrons is removed. Some other electron then drops into the vacated 
orbit, and radiation is emitted. We thus obtain a new kind of spectrum, 
called an X-ray spectrum on account of the X-ray frequencies of its 
lines. 

The examination of X-ray spectra has shown that they are analogous 
to the optical spectra of doublets, such as are emitted by sodium and 
potassium. According to table (47), doublets in the optical spectra are 
associated with the quantum number s = 14 and with corresponding sets 
of values for / and j7. We must expect therefore that all X-ray spectra 
will be connected in some way with these quantum numbers. However, 
it is certain that the X-ray quantum numbers cannot have the same 
physical significance as those which intrude in the optical spectra. This 
point is made clear when we consider the number s. In the optical 
spectra the value of s varies from one atom to another and may also have 
different values for the same atom. But in the X-ray spectra, s must al- 
ways retain the value 14. Obviously the number s cannot refer to the 
same situation in both cases. Similar arguments apply to l and j. In 
short, the study of the X-ray spectra indicates the existence of energy 
levels involving quantum numbers /, 7, s which are not the same as 
the numbers encountered in the optical spectra. In addition the fourth 
quantum number n must be considered in the X-ray spectra just as it 
was in the optical ones. The problem is thus to give physical significance 
to the X-ray quantum numbers, n, l,j ands=%, 

Now we recall that in Bohr’s process of atom building, two quantum 
numbers were attributed to each electron. We called these numbers n 
and k (or n and l with the revised notation). It would have been prefer- 
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able, however, to call these numbers n; and J;, the index 7 meaning that the 
numbers are associated with the ith electron. We shall follow this prac- 
tice here, and shall assume that these two numbers n; and 1; are the two 
X-ray quantum numbers » and l. In view of this association of the 
quantum numbers and 1]; with the individual electrons, physicists 
suspected that the other Y-ray quantum numbers, j and s= 4, should 
also be allocated to the electrons. This would imply that the ith electron 
was connected with the four numbers n,, l;, 7;, and s;= W%. 

We propose to show that the numbers /;, j;, s; are not truly independent 
numbers. In order to establish this result, we first recall that l;, j;, and 
s; must satisfy the relations of doublets exhibited by 1, j, and s=% 
in the table (47). We conclude that the relationships of l;, 3;, and s; are 
the same as those of 1, j, and s. Now only two of the numbers l, j, and s 


5 a eae, = a 
(i.e., the magnitudes of our former vectors l, j, and s) are independent, 


because j was obtained by compounding I and s, so that when two of the 
vectors were specified, the third was determined. We may infer therefore 
that only two of the electronic numbers l,, j;, and s; are independent. As 
a result each electron is associated in effect with only three independent 
quantum numbers, e.g., mi, li, and Ji. 

Now we know that an atom which is not submitted to a perturbation 
is degenerate, its state being then determined by the three independent 
quantum numbers 7, 1, and j. The degeneracy may be removed by the 
application of a magnetic field, and when this is done, a fourth quantum 
number, m, is introduced. In view of the fact that we have already 
allotted the analogues of 7, J, and j to each electron, it appears plausible 
to suppose that when the degeneracy of an atom is removed by a magnetic 
field, each electron should receive a fourth independent quantum number 
m;, analogues to m. Each electron would thus be associated with a 
quadruplet of independent quantum numbers (nm, li, ji, m). Pauli 
defended this view. The principal objection to it was that independent 
quantum numbers were associated with independent periodicities in the 
motion, and that an electron, treated as a point-mass, could have only 
three independent periodicities, since it had only three degrees of free- 
dom. This difficulty was removed by the hypothesis of the spinning 
electron. 


The Spinning Electron—So as to overcome the objection just noted, 
Uhlenbeck and Goudsmit supposed that an electron does not merely 
undergo displacements but can also spin about an axis. The required 
fourth degree of freedom is thus accounted for, 
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Uhlenbeck and Goudsmit’s hypothesis is then as follows: 
1. Each electron in an atom is spinning with a half unit of angular 


momentum, 1.¢., . The quantum number s; = 4, which we wished 


2 on 
to attach to the electron, merely represents the magnitude of the angular 


2n 
2. Each‘electron has, as a result of its spin, a magnetic moment of 


one magneton. It will be observed that the ratio of magnetic moment 
to angular momentum has here twice the classical value (48), just as 
was postulated by Landé for the core in the core + electron model. The 
reason for this assumption will be understood presently. 

We now examine the changes that the spinning-electron hypothesis 
will entail in our earlier outlook. The quantum numbers si, li, ji are 


momentum of spin {in units =—}. 


the magnitudes of the angular-momentum vectors eile A of the ith elec- 
tron. The vector § is the spin vector adh is the angular-momentum vector 
due to the circling of the electron on its orbit; and a obtained by com- 
pounding 5, and ip is the total angular-momentum vector of the ith elec- 


tron, due to its spin and to its circling (an these angular momenta are 


2n 
the orbit the electron is describing.* The fourth independent quantum 


number m; will be examined when we consider Pauli’s exclusion principle. 
We next consider the connections between these quantum numbers 
and those of the table (47), which refer to the atom as a whole. The 


expressed in units a . The number 7; is the main quantum number of 


— 
spin vectors s; of the various electrons will set themselves parallel and 
antiparallel, owing to the mutual magnetic actions of the spinning elec- 


—> 
trons. The resultant vector s will thus have one of the values 0, o IR 


m3 * 
qr eee 


number s of (47), which Landé attributed to the angular momentum of 


We have here the interpretation of our former quantum 


the core. Similarly, the resultant of the vectors i is the vector is which 
was formerly thought to represent the angular momentum of the optical 


= a 
electron. The resultant of s and / will be 3 and will therefore define, as 
before, the total angular momentum of the atom and hence the direction 


* The permissible values of the quantum numbers J, and j; are the same as those 
of J and j in the table (47) when s= 4. 
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of the atomic axis. As for the number n, it is the number 7; of the optical 
electron. 

The name kernel is given to the closed electronic configuration which 
underlies the exterior (or valeney) electrons. We must assume that the 
electrons of the kernel are spinning and also revolving two by two in 


opposite directions. Consequently the resultants ‘and T for the kernel 
both vanish, so that the kernel has no angular momentum and therefore 
no magnetic moment. These assumptions account for the absence of mag- 
netic moment manifested by the inert gases, whose atoms necessarily 
reduce to a kernel. A further consequence is that in an atom which is not 


_ _ 
an inert gas, the s and the / of the total atom will be the resultants of spin 
and of circulation of the valency electrons alone. 

Our understanding of the multiplet structures is considerably sim- 
plified by the hypothesis of the spinning electron. For example, in the 
sodium atom, there is but one electron (the optical electron) circling 
around the kernel. The s of the atom is thus merely the s; = % of the 
optical electron. When the atom is excited, the electron is raised to a 
higher orbit and may be spinning and circling in the same or in opposite 
senses. The energy of the atom is not quite the same in the two cases, 
and so when the electron drops back to the lowest orbit, one or the other 
of the two lines of the doublet is generated. The doublet structure is thus 
due to the electron spin. Let us also consider the case of the magnesium 
atom. Here there are two valency electrons, which may be spinning in 
the same or in opposite directions. In the former case, the resultant of 
the spins yields s = 1, and the atom is in the triplet state; in the latter 
ease the spins cancel, so that s = 0, and the atom is in the singlet state. 
Thus the difficulty we encountered formerly, when we wished to under- 
stand how the same core should sometimes have one unit of angular 
momentum and at other times none, is obviated entirely. 

The spinning-electron hypothesis supplies us with a new model of the 
atom. The earlier division of the atom into two parts, the core and the 
optical electron, no longer holds. All the electrons now contribute jointly 
to the numerical values of the quantum numbers s and I. 

The new model does not change appreciably our understanding of the 


Zeeman effects. As before, the atomic axis} (now the resultant of the spin 
and circulation vectors of all the electrons) precesses around the field 
and can assume only 2j + 1 quantized inclinations determined by the 
permissible values of the quantum number m. Landé’s unexpected 
value for the ratio of the core’s magnetic moment to its angular momentum 
is merely transferred from the core to each individual electron. His 
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g-formula (49) and the expressions (50) are retained, but their signifi- 
cance remains as mysterious as before. One of the triumphs of the new 
quantum mechanics has been to account for these expressions. 

To account for the Paschen-Back effect, we must assume that the 
strong magnetic field overcomes the coupling between the total spin 


> => 
vector s and the total circulation vector J. These two vectors are no 


longer compounded into a vector rf and the magnetic field now acts on 
them directly and individually, causing them to precess independently 
of each other under quantized inclinations around the direction of the 
field. Incidentally we see that the way in which the electronic vectors 
are coupled may vary from one situation to another. 


Pauli’s Exclusion Principle —Let us consider the fourth inde- 
pendent quantum number m; which we have said to be associated with 
each electron when the degeneracy of the atom is removed by a magnetic 
field. This fourth number did not appear in the treatment of the Zeeman 
effect or of the Paschen-Back effect, because the methods of coupling 
the electronic vectors, utilized to interpret these effects, were not of the 
kind that reveals the number m;._ We observed, however, that the coupling 
of vectors may be performed in various ways according to conditions. We 


=> > 
shall suppose therefore that the electronic vectors J; and s; are coupled 


+, eee nasil 
as we assumed originally, 7.¢., 1; and s; are compounded and furnish j,, 
h 


20 


electron. If now a magnetic field is applied the vector om will undergo 
space-quantization and will precess around the magnetic field. The 


which represents the total angular momentum (in units=— ) of the ith 


op 
quantized inclinations of j; are determined by its projections m; on the 
direction of the field. We thus obtain the 2); + 1 quantized values 


(2) = —9),— fee ae ti— 1K. 


In short, when the degeneracy is removed by the magnetic field, each 
electron will be associated with a quadruplet of quantum numbers 
(mi, li, Ji, mi), these numbers serving to define the corresponding sub- 
sub-sublevels of the electrons. 

Let us recapitulate the various values which the quantum numbers 
ni, li, ji, m; may assume. The number 7; may assume all positive integral 
values. The numbers /; and j; may take all the values which were allowed 
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to / and j in the table (47) when s was supposed to have the value 14. 
Consequently J; may have only the values 0, 1, 2,... (m—1); j; may 
have either one of the two values 1; + 14, except when 1,;,= 0. In this last 
case the value of 3; is 4%. As for m; its permissible values are defined 
by (52). 

The possible quadruplets of numbers in the ease of n,=1, 2, 3, are 
listed in the table (53). 


: 1 1 
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Each one of these quadruplets of values (ni, i, ji, m:) defines a sub-sub- 
sublevel available to the electrons of an atom. There is no difficulty in con- 
tinuing the table for higher values of 7. 

It should be noted that our table affords no indication of the number 
of electrons which may occupy any given sub-sub-sublevel. But Pauli, 
guided by several clues on the atomic structures, surmised that each sub- 
sub-sublevel would contain one electron or else none. In other words 
no two electrons could occupy the same sub-sub-sublevel. It would be 
as though the presence of one electron in a sub-sub-sublevel excluded the 
presence of another ; whence the name ‘‘Exelusion Principle’ often given 
to Pauli’s principle. 
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Pauli’s principle is most simply expressed in terms of the quantum 
numbers. It then assumes the following form: 


No two electrons in the same atom can have the same quadruplet 
of quantum numbers.* 


Our statement of Pauli’s principle involves four independent elec- 
tronic quantum numbers, and hence assumes that the atom is in a non- 
degenerate condition. In the foregoing treatment we removed the 
degeneracy from the atom by the application of a magnetic field, and in 
this way the fourth quantum number m; was added to the three existing 
ones, 7, li, j; But suppose we withdraw the magnetic field. In this 
case m; loses all physical significance, and so we might believe that Pauli’s 
principle could no longer be applied. 

This difficulty may be obviated, however, if we follow the general 
procedure of retaining irrelevant quantum numbers that was outlined 
on page 528 in connection with Bohr’s original model of the atom. Thus 
we shall suppose that, even in the absence of a magnetic field, the fourth 
quantum number m; is retained and credited with the values indicated 
in the table (53). The electrons will then be associated with exactly 
the same values of m; as before, the only difference being that all sub-sub- 
sublevels (;, li, #:;, mi), im which m, alone differs in value, will coalesce. 
The seemingly meaningless number m; may be viewed in this case as 
having a potential significance, in the sense that it indicates how the 
various electronic axes will orientate themselves if a magnetic field is 
applied. In view of the permissibility of retaining the number m; even 
when the atom is degenerate, we conclude that Pauli’s principle may be 
applied without change to the degenerate atom. 

It is of interest to determine how many electrons in the same atom 
can occupy the same sub-sublevels (i, li, ji), or sublevels (nj, 1;), or 
levels (n;). Pauli’s principle, taken in conjunction with the table (53) 
supplies the answer. Thus we may verify that not more than 2j;+ 1 
electrons in an atom can have the same ni, J;, and j;; not more than 


* The four quantum numbers may be selected in a different way. Thus let us view 
mi, i, and si = % as the independent quantum numbers, and let us suppose that an 
exceedingly strong magnetic field, far stronger than in the case of the Paschen-Back 
effect, is applied. We may suppose that this field will disrupt all couplings between 


the electronic vectors. In this case the vectors iii and % will be acted on directly by 
the field and will undergo space-quantization. Their projections mi, and m, (on 
the direction of the field) will thus assume only quantized values. A table similar 
to (53) may be constructed for the four quantum numbers m, li, mi,, Ms, and Pauli’s 
principle may be expressed in terms of the new numbers. 
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2(21;+ 1) can have the same n; and J,; and not more than 2n,? can have 
the same 7. 

The exclusion principle has many applications. For instance, when 
Bohr first attempted to build up the higher atoms by adding successive 
electrons, there was considerable doubt as to the number of electrons 
that could be placed in any particular group of orbits (m, 1,). Pauli’s 
principle yields this number, 7.e., 2(27; + 1),* and it thus enabled Bohr to 
rectify earlier mistakes. 

A second application of the exclusion principle concerns the un- 
excited helium atom. This atom can emit singlets or triplets. In the 
triplet state we have, s = 1, so that both electrons must be spinning in the 
same sense. But then, according to Pauli’s principle, both electrons can- 
not be situated on the lowest orbit n; = 1; for if they were, they would be 
associated with the same quadruplet of quantum numbers. We must sup- 
pose therefore that one of the two electrons is on a higher orbit, n, = 2. 
This situation does not occur when the atom is in the singlet state because 
in that case we have s = 0, and the two electrons, spinning as they are in 
opposite senses, may both revolve on the lowest orbit. 


The Revised Model of the Hydrogen Atom—The hypothesis of 
the spinning electron compels us to revise Bohr’s original model of the 
hydrogen atom. We must now suppose that this atom is formed of a 
proton around which an electron is not only revolving but is also spinning 
on its axis. This change in the model removes several difficulties which 
beset the earlier theory. 

In the original model, after we had replaced the quantum number k 
by 1 =k — 1, we had to suppose that the electron, revolving on the lowest 
orbit, had no angular momentum and hence that the atom had no magnetic 
moment. But this conclusion was impossible in view of the known mag- 
netic properties of atomic hydrogen. With the revised model the con- 
tradiction disappears: the spin of the electron generates the required 
magnetic moment (one magneton). 

We next consider the bearing of the new model on the hydrogen spec- 
trum. Bohr’s original model indicated that the hydrogen lines should be 
singlets accompanied by fine lines (caused by the relativistic refine- 
ments). On the other hand, the electronic configurations of hydrogen 
and of an alkali metal (e.g. sodium) were known to be similar. In either 
atom one outer electron revolved around a positively charged centre (the 
proton for hydrogen, and the closed configuration of neon for sodium). 


* With our earlier system of notation where the quantum number k = 1, + 1 was 
taken in place of 4, the formula in the text would become 2(2% — 1). We mentioned 
this formula in the last chapter, page 544. 
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Now sodium exhibits a spectrum of doublets, and so in view of the simi- 
larity just mentioned, many physicists suspected that hydrogen likewise 
should emit a spectrum of this kind. But this suspicion did not appear to 
be verified, for no doublet structure was detected by the spectroscopists 
in the hydrogen spectrum; and besides, hydrogen seemed to exhibit the 
normal and not the anomalous Zeeman effect, a fact which implied that 
the spectrum was one of singlets. 

The revised model, however, furnished positive assurance that the 
hydrogen spectrum must have a doublet structure; for in the new model, 
the quantum number s of the atom is merely the s; of the electron and thus 
has the value 4, characteristic of doublets. 

To settle the matter, experimenters renewed their investigations on 
the Zeeman effect for hydrogen. Finally the anomalous effect was dis- 
closed and the reason why the normal effect had seemed to occur in former 
experiments was explained: the former magnetic fields were too intense, 
with the result that the Paschen-Back effect, closely resembling the normal 
effect, had been generated unwittingly. 

There still remained the necessity of detecting the doublet structure 
in the absence of a magnetic field. Here a short digression is necessary. 
In the last chapter we saw that Sommerfeld’s relativistic treatment of 
Bohr’s original hydrogen atom led him to predict that each supposedly 
single Balmer line should in reality be formed of several fine lines closely 
packed. Sommerfeld’s theory required five fine lines, but since two of 
these were ruled out by the correspondence principle, only three lines 
should be observed. We mentioned that the, first careful spectroscopic 
observations revealed the three fine lines predicted by Sommerfeld, but 
that subsequent observations disclosed also the two lines which he had 
excluded. Doubt was therefore cast on the correspondence principle. 

At the time no one suggested that the five fine lines merely betrayed 
the doublet structure of the hydrogen spectrum. Indeed, had this sug- 
gestion been made, it would in all probability have been rejected for the 
following reason: If the hydrogen spectrum were to have a doublet strue- 
ture, the separations of the three doublets connected with the same 
Balmer line would certainly be very small; consequently each Balmer line 
would appear to be formed of seven fine lines * instead of five, as observed 


* Consider the Balmer line generated by the drop from the level n = 3 to the level 
n= 2. If the hydrogen spectrum is one of doublets, as we are now supposing, this 
line will in reality represent an agglomeration of seven lines generated by the follow- 
ing drops: There will be two drops in which J passes from 1 to 0; two in which 
1 passes from 0 to 1; and three in which | changes from 2 to 1. These three groups 
of drops will yield respectively a principal doublet, a sharp doublet, and a diffuse 
doublet with a satellite, so that there will be seven lines in all. 
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in practice. Even the revised model of the hydrogen atom does not 
enable us to answer this objection with any assurance. Today, however, 
the objection has lost its force because Dirac’s investigations, based on 
the new wave mechanics, have shown that although the hydrogen spectrum 
is one of doublets, four among the seven lines happen to coalesce in pairs, 
so that only five lines are distinct. We conclude therefore that the 
doublet structure of hydrogen, required by the revised model, has actually 
been observed. 

A coalescence of spectral lines implies a coalescence of energy levels 
and hence represents a condition of degeneracy. The levels that coalesce 
in the hydrogen atom (and also in the hydrogen-like atoms) are the 
so-called ‘‘sereening-doublet’’ levels. This coalescence must be regarded 
as accidental, for it does not take place in any of the other optical spectra 
of doublets or in the Y-ray spectra. The manner in which the coalescence 
is brought about in the hydrogen atom is readily understood. Consider 
two orbits of unequal energy; and suppose that on the lower orbit the 
electron is spinning and circling in the same sense, whereas on the higher 
orbit the spin and the sense of circulation are opposite. In the former 
ease the energy of the atom is increased by the electron’s spin; in the 
latter it is decreased. Thus, the spins decrease the difference in the 
energies of the two orbits. In the hydrogen atom this decrease is Just suffi- 
cient to ensure the coalescence of some of the levels. 

One of the defects of Bohr’s theory, even when the spinning electron 
is introduced, is that it does not furnish any assurance that the foregoing 
screening-doublet levels will actually coalesce. The reason for this fail- 
ure is that Bohr’s theory is based on mechanical models, which as we 
know, cannot be relied upon in the representation of sub-atomic phe- 
nomena ; consequently the results of Bohr’s theory usually have a qualita- 
tive rather than a quantitative value. 

In our analysis we appear to have rejected Sommerfeld’s relativistic 
treatment. But this impression would be too hasty. The relativistic 
refinements are indispensable in any case and Sommerfeld’s error was 
merely that he applied his treatment to the wrong model of the hydrogen 
atom. We may also add that the appelation “‘fine structure of the hydro- 
gen lines’’ is now inappropriate, for this name suggests some peculiar 
kind of structure, whereas the hydrogen spectrum differs from other 
spectra of doublets only in that the various lines are very much closer, 
and in some eases coincide. 


CHAPTER XXVIII 
APPLICATIONS OF BOHR’S THEORY 


TuE original aim of Bohr’s theory of the atom was to account for the 
atomic spectra. The reason why spectroscopic phenomena played so 
large a part in the elaboration of the theory is that spectral analysis pro- 
vides one of the most conspicuous means of exploring the subatomic world ; 
it permits, moreover, highly exact measurements, and exact quantita- 
tive information alone is of value in theoretical physics. The success 
of Bohr’s theory in the interpretation of the atomic spectra has been 
recorded in the two preceding chapters. But the success of a theory in 
one particular field of investigation does not ensure its acceptance; and 
had Bohr’s theory been in conflict with the discoveries made in the 
other departments of physics, it would have been rejected from the start 
or else profoundly modified. Attempts were made therefore to verify the 
implications of Bohr’s theory in fields foreign to spectroscopy. In the 
present chapter we shall review some of the experiments devised. 

One of the most significant of the new conceptions introduced by Bohr 
is that of the discrete energy levels of the atom. The evidence in favor 
of these levels is afforded, as we know, by the distribution of the lines 
in the spectral series. But we may establish the existence of the energy 
levels in a totally different way. We recall that, in Einstein’s interpreta- 
tion of the photo-electric effect, when radiation of frequency y falls on a 
metallic plate which is electrified, a quantum of energy hy of the incident 
light is transferred to an electron in the plate, and this electron is then 
expelled with a kinetie energy equal to that of the quantum hy absorbed. 
In point of fact the kinetic energy of the photo-electron ejected always 
falls below the theoretical amount hy, but this circumstance is readily 
explained when we note that some of the energy must have been used up 
in tearing the electron away from the plate. Now a phenomenon very 
similar to the photo-electric effect occurs when atoms are submitted to the 
action of ultra-violet hight. The more loosely bound optical electron is 
torn from the atom, and the atom becomes ionized. A certain amount of 
work is expended in the removal of the optical electron from its orbit 
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to a point outside the atom. Consequently, if we represent this work by 
W, we have the equation 


hy = kinetic energy of electron + W, 


where hy is the quantum of energy absorbed from the radiation. Since h 
is known, and the frequency y of the incident radiation can be measured, 
and since the velocity (and hence the kinetic energy) of the electron as 
it leaves the atom can be determined, the foregoing equation enables us 
to obtain the value of W. Thus, the work which must be expended to 
ionize the atom can be measured with a high degree of accuracy, and 
as a result the total energy, —W, of the optical electron when it was 
describing its orbit inside the atom is known. 

Suppose that, instead of submitting the atom to the action of ultra- 
violet light, we submit it to the more powerful action of X-rays. In place 
of the loosely bound optical electron one of the deeply embedded core- 
electrons may now be ejected, and by proceeding as before, we may 
determine the energy of the orbit on which this core-electron was moving. 
M. de Broglie undertook a large number of experiments of this sort and 
devised a means of measuring the kinetic energies of the ejected elec- 
trons. He found, in full agreement with Bohr’s theory, that the various 
core-electrons were bound with energies forming a discrete set of values. 
In particular the sub-sublevels (7, 1;, j:) enumerated in the table (52) of 
the last chapter were disclosed by this method. 

Other experiments which demonstrate the existence of Bohr’s energy 
levels have been devised. One of the first was conducted by Franck and 
by Hertz. The essence of this experiment may be understood from the 
following considerations. Suppose an electron moving at high speed 
collides with an atom assumed at rest. We shall further suppose that the 
atom is in its unexcited state. According to Bohr’s theory the atom is in 
the lowest energy level, and the immediately higher level will differ in en- 
ergy by a finite amount. The colliding electron has itself a certain energy, 
namely, its kinetic energy 14uv", and in the process of collision part of this 
energy will be transferred to the atom. But this transferred energy may 
betray itself in two ways. It may impart a translational motion to the atom 
as a whole, or it may pass into the interior of the atom and exeite it to a 
higher energy state. The second possibility cannot, of course, occur if the 
energy of the colliding electron is less than the energy required to excite 
the atom from its present level to the next higher one. Let us first as- 
sume that the energy of the colliding electron is too small to excite the 
atom. The collision will then be of the type which occurs when two 
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perfectly elastic bodies meet, the transfer of energy being external, as it 
were. Since the mass of the atom is considerably greater than that of 
the electron, the impact will scarcely move the atom, and the colliding 
electron will rebound with practically no loss in its kinetic energy and 
hence in its velocity. In this case the collision of the electron with the 
atom is said to be ‘‘elastic’’. But suppose that the kinetic energy of the 
electron is greater than the amount required to excite the atom. The 
electron during the impact may then lose this required amount of energy, 
ceding it to the interior of the atom; and so the electron will rebound 
from the atom with a correspondingly reduced velocity. As for the atom, 
it will now be in an excited state. The collision in this case is said to be 
of the ‘‘inelastic’’ type, because the decrease in the velocity of rebound 
of the electron is of the same kind as arises when two inelastic balls collide, 
or when a billiard ball rebounds from an inelastic cushion. 

Franck and Hertz sought to verify these anticipations of Bohr’s theory 
by causing an electron moving at high speed to collide with an atom. In 
a series of experiments the electron was given increasing velocities, and 
hence kinetic energies. According to Bohr’s theory we should expect 
that, for certain critical energies of the oncoming electron, a sudden de- 
crease in the velocity of its rebound should arise. These sudden decreases 
should oceur every time the kinetic energy of the electron was just suffi- 
cient to excite the atom from its lowest level to one of the higher levels. 
Franck and Hertz verified these expectations, and by measuring the en- 
ergies which the electron lost as a result of its collisions, they were able 
to determine the differences in the energy values of the various atomic 
levels. The values of the energy levels derived from these experiments 
were then checked against the values derived from spectroscopic observa- 
tions. For instance, let us suppose that the energy of the oncoming 
electron is just sufficient to excite the atom from its lowest level, of 
energy Ei, to the immediately higher level, of energy E. The colliding 
electron will lose its energy EH, — E;, and the atom will become excited. 
The atom is now in a position to radiate, and according to Bohr’s fre- 
quency condition it will radiate a frequency 


E,— FE, 
h =a 


y= 


We may measure this frequency and determine therefrom the difference, 
E, — E, = hy, between the energies of the two levels; and we may then 
verify that this difference is precisely equal to the energy lost by the 
colliding electron. This experimental test proves the existence of the 
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energy levels, and at the same time it proves the correctness of Bohr’s 
frequency condition. 


Application to the Kinetic Theory—In the Franck and Hertz ex- 
periments we have been concerned with collisions between atoms and 
electrons, but our former general conclusions apply also to collisions be- 
tween atoms. Thus, if two unexcited atoms collide and if the kinetic 
energies are insufficient to excite one of them, the collision will be elastic. 
If, on the other hand, the kinetic energies of the colliding atoms are 
sufficiently high, the collision will be inelastic and one or both of the 
atoms may become excited. As we shall now see, the elastic collisions pre- 
dicted from Bohr’s theory explain away one of the difficulties noted in 
Boltzmann’s kinetic theory of gases. 

Boltzmann assumed that the collisions between the molecules were per- 
fectly elastic, an assumption which implied that the sum of the kinetic 
energies of two colliding molecules was conserved in spite of the collision. 
In particular, no part of the energy was communicated to the internal 
degrees of freedom of the molecules or of the atom ; these structures, in- 
sofar as exchanges of energy were concerned, thus behaved as would closed 
systems. The study of the specific heats of gases corroborates Boltzmann's 
assumption (at least at ordinary temperatures) for if the internal degrees 
of freedom were to participate in the partition of the energy, the specific 
heats would be considerably greater than they are actually found to be. 

However necessary Boltzmann’s assumption may have been in the 
construction of his theory, it seemed to express an isolated fact having 
no connection with any other physical phenomenon then known. But 
when account is taken of Bohr’s theory, we realize that Boltzmann’s 
assumption exhibits a general feature of the atomic and subatomic worlds. 
The fact is that the atoms and molecules in a gas at ordinary temperatures 
have kinetic energies which are insufficient to bring about an excitation 
of the atoms and the loosening of their molecular bonds. For this reason 
the collisions are elastic. Boltzmann’s assumption thus exhibits a quan- 
tum manifestation. 

At the same time Bohr’s theory shows that if a gas is heated suffi- 
ciently, the energies of the collisions should become sufficiently high to 
excite the atoms, with the result that inelastic collisions should oecur. The 
internal degrees of freedom of the atom will then participate in the par- 
tition of energy, and the specific heat will be increased. Also, the excited 
atoms will radiate and the gas become luminous. We have here the 
interpretation of incandescence due to heating. A gas may also become 
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luminous at relatively low temperatures, even though the energies of the 
collisions are insufficient to excite the atoms. But in this case the ex- 
citation is due to other causes. For example, in a neon tube the excitation 
is due presumably to the impacts of electrons against the atoms; and in 
certain nebulae it is caused by the radiation emitted from neighboring 
stars. 

Some of the other difficulties which beset Boltzmann’s theory have 
already received an interpretation by means of the quantum theory 
(Chapter XXIV). In particular, quantum considerations have shown 
why spherical molecules cannot rotate at ordinary temperatures, and why 
polyatomic molecules cease to rotate at extremely low temperatures. There 
still remains the problem of gas degeneracy i.c., the tendency of the specific 
heat to vanish entirely at the absolute zero. This vanishing is suggested 
by the third law of thermodynamics. To account for it on the basis 
of our present conceptions, we should have to suppose that at extremely 
low temperatures the translational degrees of freedom of the molecules 
also become inoperative. The quantum theory in its present form throws 
no light on this phenomenon. It will be cleared up only when we 
consider the New Statistics (Chapter XL). 


Band Spectra—The existence of quantized rotations of molecules is 
demonstrated indirectly by the band spectra. Let us consider a hydrogen 
molecule. Its shape is presumably that of a dumbbell, and according to 
the quantum theory, at ordinary temperatures, it ean rotate only about 
an axis perpendicular to the line of the knobs, and its permissible rota- 
tional frequencies are quantized. Each quantized rotational motion de- 
termines a stable energy level. The levels that are generated in this 
way are of course no longer energy levels of the intra-atomic variety, 
which play so large a part in the interpretation of atomic spectra; but 
they are energy levels, notwithstanding, and we explained in Chapter 
XXIV how they intrude in the quantum interpretation of the specific 
heats of gases. Suppose, then, that white light is directed against hydro- 
gen molecules which are rotating with quantized energies. The atoms in 
the molecules will absorb some of the radiations and will become excited. 
But the molecules also will absorb certain radiations, their rotational 
energies increasing in consequence. Absorption lines corresponding to 
these two kinds of absorption will therefore be present when the trans- 
mitted light is analyzed. Since the successive energy levels of a rotating 
molecule usually differ only little in energy, the radiations absorbed by 
the molecules will be of low frequency, often in the infra-red. The small 
differences in energy between the successive levels will cause the absorp- 
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tion lines to lie very close together, and the lines will thus yield the 
appearance of continuous dark stretches. The name ‘‘molecular absorp- 
tion bands’’ is given to these agglomerations of lines. 

Measurements of the infra-red absorption lines have afforded means 
of computing the quantized rotational energies of the molecules and, in- 
cidentally, have thus served to vindicate Boltzmann’s idea that the 
molecules are in rotation. We may note that if the hydrogen gas hap- 
pened to be in the atomic state, the molecular absorption lines would 
not occur. A study of the absorption spectrum of a gas thus permits 
us to decide whether the gas is in the molecular or in the atomic state. 


Collisions of the Second Kind —The inelastic collisions so far con- 
sidered are called ‘‘collisions of the first kind.’’ Klein and Rosseland 
have shown that collisions in which the transfer of energy takes place in 
the opposite direction should also be possible. In particular, when an 
electron collides with an excited atom, the energy of excitation should 
occasionally be transferred from the atom to the electron; the electron 
would thus acquire a higher kinetic energy and would rebound from the 
erstwhile excited atom with increased velocity. To this kind of collision 
the name ‘‘collision of the second kind’’ was given. Of course in a col- 
lision of the second kind the atom, which surrenders its internal energy 
of excitation to the electron and falls to the unexcited state, cannot in 
addition lose this internal energy in the ordinary way by the emission of 
radiation. The principle of conservation of energy makes this state- 
ment obvious. The atom will therefore fall to a lower level without 
radiating. If we compare an excited atom to a watch that has been 
wound up, it would be as though the energy stored in the spring could 
be communicated directly to an object colliding with the watch. After 
the collision, the spring would be unwound and slack, with its energy 
delivered to the colliding object. A simple theoretical reasoning shows 
why collisions of the second kind must be expected. In an enclosure con- 
taining matter and maintained at constant temperature, the atoms will 
emit and reabsorb radiation until the state of statistical equilibrium 
characteristic of the radiation (according to Planck’s law) is attained. If 
the temperature is sufficiently high, some of the atoms in the enclosure 
will presumably be ionized, and free electrons will be present, rushing 
hither and thither and colliding with the atoms. These free electrons 
may be likened to the molecules of a gas, the ‘‘electron gas.’’ The 
state of statistical equilibrium will then be represented by a condition of 
equilibrium between the atoms, the radiation, and also the electron gas. 
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Starting from this state of statistical equilibrium, in which the entropy 
is necessarily a maximum, we shall suppose that only collisions of the 
first kind can arise. If we assume that the temperature is high, the col- 
lisions between atoms and electrons will be sufficiently energetic to excite 
the atoms. But each time a collision of the first kind occurs, the electron 
loses energy (or at least receives none) and after a sufficient number of 
collisions the average energy of the electrons will be too low to cause any 
further excitation of the atoms. Part of the original energy of the electron 
gas will therefore have been lost and imparted to the atoms, and thence 
also to the radiation. Since the distribution of energy among the atoms, 
radiation, and electrons will no longer be what it was initially, the state 
of statistical equilibrium will have been departed from. We conclude 
that if only collisions of the first kind are possible, a spontaneous and 
permanent departure from the state of statistical equilibrium will arise. 
But this contradicts the law of entropy. To overcome the difficulty, we 
must suppose that there is some means whereby the atoms excited by 
electronic impacts can subsequently surrender their energy of excitation 
to other electrons with which they collide. In other words, the transfer 
of energy must be reversible. This assumption is equivalent to postulating 
collisions of the second kind. 

Such collisions are of great importance in chemistry, for they throw 
a new light on those mysterious chemical reactions called catalytic. Some 
chemical reactions take place only when small traces of an apparently 
irrelevant substance, called a catalyscr, are present. What the function 
of this seemingly irrelevant substance may be has always been obscure; 
the substance appears to remain totally unaffected by the reaction, as 
though it had remained neutral and indifferent throughout. Yet some 
important function it must certainly perform, for, when the substance 
is absent, no reaction occurs. 

Many photo-chemical reactions and dissociations appear to require the 
presence of catalysers; these agents are called ‘‘photo-sensitisers.’’ Only 
when they are present does the energy of the incident radiation bring 
about the reactions or the dissociations. The sensitizing action of dyes 
on silver chloride is an illustration ; this action is utilized in the panchro- 
matic plates of photography. Another example is furnished by the 
sensitizing action of mercury vapor in photo-chemical dissociations. Thus, 
when ultra-violet light falls on hydrogen gas which contains traces of 
mercury vapor, the hydrogen molecules are dissociated into atoms, whereas 
no dissociation oceurs when all trace of mercury vapor is removed. Ob- 
viously the mercury vapor plays the part of a photo-sensitizer. Collisions 
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of the second kind afford a simple interpretation of this phenomenon. 
We may assume that the mercury atoms are excited by the ultra-violet 
radiations, and that when a mereury atom collides with a hydrogen 
molecule, it surrenders not only the normal amount of energy to be 
expected from the impact, but also its internal energy of excitation (in 
accordance with the theory of collisions of the second kind). The net 
result is that the energy delivered to the hydrogen molecule is now suffi- 
cient to disrupt the molecule into its constituent atoms. Inasmuch as 
hydrogen gas in the atomic state is far more active chemically than in the 
molecular state, the dissociation we have just considered may generate 
secondary reactions which would otherwise have been impossible. For 
instance, if copper oxide is present, the hydrogen in the atomic state will 
react with it, at ordinary temperatures. yielding water and copper. In 
this way, thanks to the original dissociation and thus to the collisions 
of the second kind, subsequent chemical reactions may occur. 

The catalytic action of mereury vapor, in the example discussed, is 
very special since it takes place only under the action of radiation, whereas 
the majority of catalytic actions proceed in the absence of radiation. 
Nevertheless the part played by collisions of the second kind in the fore- 
going illustration does entail some progress in our understanding of 
eatalytic phenomena. When we realize that many of the chemical pro- 
cesses occurring in living tissues are presumably of a catalytic nature, 
we may well appreciate the important role which the quantum theory 
may play some day in accounting for certain obscure biochemical 
reactions. 

As contrasted with sensitization, the opposite phenomenon of ‘‘in- 
hibition’’ is sometimes encountered: traces of an apparently irrelevant 
substance may arrest the progress of a chemical reaction, or may prevent 
excited atoms from radiating. In this latter case the phenomenon is ac- 
counted for if we suppose that the presence of the substance favors 
the production of collisions of the second kind, as a result of which the 
excited atoms, which would normally emit radiation, fall back to the 
unexcited state without radiating. 


The Duration of the Excited States —When an atom is excited by 
the removal of its optical electron to a higher orbit, it remains in this 
state of excitation for a certain interval of time before falling to a lower 
level. Experiment shows that, if at an initial instant a large number of 
atoms are in a given excited state, the drops to lower states appear to be 
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governed by a law sometimes called the law of chance.* This is the same 
law that holds for radioactive explosions, and so we may illustrate its 
peculiarities in connection with these explosions. According to the law 
of chance, the rate of decay of the radioactive substance (1.e., the rate 
at which the explosions are proceeding) is proportional to the number 
of unexploded atoms still present.t The ratio of the latter number to 
the rate of decay is called the mean life r of the atom. The higher the 
value of the mean life, the longer will it take a large number of radio- 
active atoms to disintegrate to any appreciable extent. The value of the 
mean life differs considerably from one type of radioactive atom to an- 
other ; it varies from a thousand million years to an ineredibly smal] frac- 
tion of a second. An equivalent definition of the mean life is to say 
that it represents the interval of time that must elapse for the number 


tere ae 
of unexploded atoms to be reduced to ie times the initial number. Note 


that 7 does not give the life of any individual atom, and that even when T 
is very small and even after a protracted period of time, there may be 


*The nature of the experiments whereby the results stated in the text were 
obtained is easily understood. Let us suppose that a large number of similar atoms 
in the same state of excitation are shot through a slit, with extremely high velocities 
in the same direction. A parallel beam of swiftly-moving atoms is thus formed. As 
the atoms proceed along the beam they lose their excitation, undergo energy drops, and 
emit radiation. If we assume that ihere is no restoring influence to re-excite those 
atoms which have lost their excitation, the atoms which have already radiated will be 
unable to do so a second time and will thus pursue their courses in the unexcited state. 

Observation shows that the beam is highly luminous in the immediate neighborhood 
of the slit and decreases progressively in brightness at points further removed from 
the slit. Since the relative intensities of the radiation emitted from the various 
portions of the beam are assumed proportional to the numbers of atoms which are 
radiating as they cross these portions, we may deduce, from the observation of the 
intensities, the relative numbers of atoms that are experiencing energy drops in the 
various parts of the beam. Furthermore, knowing as we do the common velocity of 
the atoms, we know the time taken by any atom to pass from the slit to any given part 
of the beam. Consequently, we may deduce the percentage of atoms which remain 
excited for any given period of time. 

Wien, who was the first to perform experiments of this type, utilized a beam of 
canal rays generated by means of a Crookes tube. 

t If we call m: the number of unexploded atoms present at time t, and mo their 
number at the initial instant, the law of radioactive explosions is expressed by 


t 
Ni = Noe Ty 


where e = 2, 87...., andr is a magnitude which varies in value from one atom to 
another. This magnitude 7 is called the ‘‘mean life’’ of the atom. 
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atoms that have not yet exploded. The actual explosions occur, so far 
as we know, by chance, and 7 represents a mere average life. The 
question of deciding whether the explosions truly occur by chance, or 
whether they are governed by some rigorously deterministic scheme which 
we ignore, is left unanswered. 

The experimental measures referred to in the note show that the 
mean life of many of the excited states must be exceedingly short, 1.e., 
about one hundred-millionth part of a second. This value differs, how- 
ever, from one excited state to another in the same atom, and it also 
varies with the atom considered. Furthermore, let us make clear that the 
mean lives we are here discussing refer to situations in which the excited 
atoms are allowed to drop to lower levels without interference. In the 
phenomenon of phosphorescence, for example, the mean lives of the 
excited states are increased. In a phosphorescent substance the atoms 
are first excited by being exposed to the action of light; the excited atoms 
subsequently drop to lower levels and radiation is emitted. But owing 
to the presence of an agent which exerts a kind of inhibitive effect on 
the drops, the mean lives of the excited atoms are considerably extended. 
The drops are spread over a protracted period of time, and the phos- 
phorescent body continues to glow even after it is placed in the dark 
and hence withdrawn from the exciting action of the white light. If the 
inhibitive agent is removed, the excited atoms fall back to the lower 
levels in the ordinary sudden way, and the prolonged luminescence is no 
longer observed. In the following paragraphs the mean lives of the excited 
states to which we shall refer will be those for excited atoms under or- 
dinary conditions. 

The shorter the mean life of a given excited state, the greater the 
probability that this atom will experience an energy drop within a given 
interval of time. Thus, the mean life and the probability of a drop are 
related magnitudes. Einstein, in his revised deduction of Planck’s radia- 
tion law,* qualified the various probabilities still further. 


Metastable States and Forbidden Drops—The basic state of any 
atom is perfectly stable, because no spontaneous departure from this 
state can arise. The excited states, on the other hand, are not stable in 
the sense just defined, for energy drops can occur spontaneously. We 
must remember, however, that as a result of the selection rules imposed 
by the correspondence principle on the quantum numbers / and j, some 
of the theoretically possible drops are forbidden. Consequently, if all 


* See page 598. 
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the drops from some excited level happen to be forbidden, this level, 
though excited, will yet be stable. Stable excited levels must therefore 
be expected according to Bohr’s theory ; they are called metastable levels, 
and the corresponding states of the atom are called metastable states. 

The foregoing metastable states result from the selection rules con- 
trolling the changes of 1 and j. But the observation of spectra shows 
that there is another selection rule affecting the transitions of the quan- 
tum number s; and this additional selection rule will likewise entail 
metastable states. The selection rule for s cannot, however, be derived 
from the correspondence principle. Our only reason for believing in 
its existence is that, in some situations, lines which would be generated 
by drops in which s changes in value are not detected, so that such drops 
appear to be forbidden. On other occasions, however, drops of this sort 
arise. Bohr’s theory sheds no light on the selection rule for s, but we 
shall see in Chapter XXXV that wave mechanies clarifies the problem. 

Illustrations of the different kinds of metastable states are furnished 
by the neutral helium atom. In the lowest energy state of this atom the 
two electrons are circling on the innermost orbit, n;= 1, and hence they 
are both situated in the sub-sublevel (n;=1; 1;=0; 9; =%). <Accord- 
ing to Pauli’s exclusion principle, the two electrons must therefore be 
spinning in opposite senses, so that s=0. The lowest state of the atom 
is thus a singlet state, and the quantum numbers associated with it are 
s=0,1=0, 3=0. The next lowest states of the helium atom are the 
basic triplet states connected with the quantum numbers s=1, /=1, 
4=0,1,2. The lowest of the three is the first. . In it, one of the electrons 
is circling in the orbit »; = 1, while the second electron (the optical one) 
is in the excited orbit n; = 2; * the spins of the electrons are now in the 
same direction. The study of the helium spectrum shows that inter- 
combination lines generated by drops from any one of the three triplet 
levels to the basic singlet level do not occur; consequently these three 
levels are metastable. The two drops in which j changes from 2 to 0, 
or retains the value 0, are forbidden by the selection rule for j, so that 
the two corresponding metastable states issue from this selection rule. 
But the third drop (in which j and 1 both change from 1 to 0) is per- 
mitted by the selection rules for j and for 1. The fact that this drop does 
not occur must be ascribed therefore to some selection rule which pre- 
vents s from changing in value. The corresponding metastable state is 
thus connected with this selection rule for s. 


* See page 581. 
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The mercury atom also affords examples of metastable states. In 
the mercury atom two outer electrons are circling around an electronic 
structure formed of 78 inner electrons. The spins and the circlings of 
all the inner electrons are opposite two by two and thus neutralize one 


another. Consequently, the vectors ms and 1 for the entire atom result 
from the spins and the circlings of the two outer electrons. If these two 
electrons are spinning in opposite senses, we have s = 0, and the corre- 
sponding level is one of singlets. If the spins have the same sense, we 
have s = 1, and the atom is in the triplet state. 

When the atom is not excited, its energy state, which of course is the 
lowest possible, is found to be a singlet state; both electrons are in the 


sub-sublevel (2; =6;%4=0; = ES with their spins in opposite senses. 


The resultant quantum numbers for the entire atom are thus s = 0, 1 =0, 
j=0. Immediately above this basic state we have the triplet states de- 
fined by s=1,1=1, 7 = 0, 1, 2; the spins of the electrons are now in the 
same direction. In short the general situation is the same as in the 
helium atom. 

Just as in the ease of the helium atom, two of the drops are excluded 
by the selection rules for J and j, and hence two metastable levels are at 
once apparent. The third drop (in which J and j both change from 1 
to 0) is permitted by these selection rules. In the helium atom this last 
drop did not occur, owing to some selection rule which prevented s from 
changing in value, but in the mercury atom the drop takes place fre- 
quently and furnishes one of the conspicuous uftra-violet lines of the 
mercury spectrum. Incidentally, we perceive that no uniform selection 
rule can be provided for the changes of s. 

Let us examine the metastable states more fully. Suppose an atom 
is in a metastable state connected with the selection rules for | and j. 
Such metastable states, as we know, can be predicted from the corre- 
spondence principle. If we regard the correspondence principle as abso- 
lutely valid, we must assume that a drop cannot occur spontaneously. 
Nevertheless, the atom may be removed from the metastable state in two 
ways: 

(a) It may be jerked up to a higher level either by the action of 
incident light or by a collision of the first kind. It will then be in a 
position to fall to lower levels and in particular to the basic unexcited 
level, provided it does not get sidetracked again into a metastable level. 
Inasmuch as the drops occur at random, we may assume that in many 
cases the drop to the basic orbit will take place. 
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(b) Another way in which the metastable state might be departed 
from would be under the action of a collision of the second kind. The 
atom would then surrender its energy to the impinging particle and fall 
to the basic level, without radiating. We might think that an occur- 
rence of this kind would contradict the correspondence principle, which 
prohibits the drop in question. But this is not so, for the principle exer- 
cises no restrictions on drops that take place under the action of collisions 
of the second kind, or on jumps to higher levels which are generated by 
collisions of the first kind. Only spontaneous drops or else transitions 
taking place under the influence of radiation are controlled by the cor- 
respondence principle.* 

Thus far we have argued as though the drops forbidden by the cor- 
respondence principle were truly impossible and hence the metastable 
states truly stable. But experiment has shown that many of the metastable 
states are not absolutely stable and that drops from them do occur. The 
absolute validity of the correspondence principle is thus disproved, and 
so it is plausible to suppose that no metastable state is truly stable. The 
various metastable states on which experiments have been performed 


appear to have a mean life of the order of th of a second. Though 


il 
1000 
this is an exceedingly short period of time when judged by ordinary 
standards, it is nevertheless one hundred thousand times longer than the 
average life of many of the ordinary excited states. 

Although the correspondence principle and the selection rules which 
it entails can no longer be viewed as absolutely valid, the conditions under 
which spectra are usually observed have conspired to make these rules 
yield accurate results in practice. First of all, since the average lives of 
the metastable states are so much longer than those of the ordinary ex- 
cited states, the probability of a drop from a metastable state will be 
correspondingly smaller. Consequently, the intensities of the forbidden 
lines will be so low that the lines may be imperceptible. Furthermore, 
what appear to be accidental circumstances accentuate the difficulty of 
detecting the forbidden lines. The fact is that in practice, when we ex- 
amine the spectra of incandescent gases and vapors, we are dealing with 
gases at normal pressures and at high or moderate temperatures. And 
in this ease the kinetic theory of gases shows that the collisions between 
atoms will occur with such frequency that the majority of the atoms in 
metastable states will be subjected to impacts before they have had 


* This may be understood when we note that in the deduction of the correspondence 
principle vibrationary motions play a prominent part. 
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time to radiate. Since the impacts may excite these atoms to higher 
levels or may diminish their energies (collisions of the second kind), the 
drops from the metastable states will be even more infrequent than they 
would normally be. Cwing to these various causes, the correspondence 
principle gives reliable results in practice, and the most delicate experi- 
ments are required to expose its inaccuracy. 

The foregoing discussion suggests that the most favorable conditions 
for observing the forbidden lines will be realized if we can observe the 
spectrum emitted by a gigantic cluster of excited atoms, because the 
intensities of the lines being cumulative, even faint lines may then become 
perceptible. Furthermore, so as to decrease the frequency and the 
violence of the collisions, which occur in gases at ordinary temperatures 
and pressures and which would disturb the metastable states, we must 
contrive to operate on a gas at extremely low temperature and pressure, 
and hence on a cold and highly rarefied gas. While all these conditions 
could scarcely be obtained in the laboratory, they happen to be realized 
in the gaseous nebulae. A nebula has an enormous mass, and its rarefac- 
tion is extremely high. In addition its temperature is exceedingly low; 
and the excitation of its atoms is due not to the effects of the collisions 
which accompany high temperatures, but to the radiations emitted by 
neighboring stars. Finally, the low pressure facilitates the excitation of 
the atoms. 

Considerations of this sort led Bowen to an important discovery. Some 
of the gaseous nebulae emit spectral lines which cannot be matched in 
the laboratory. These lines were attributed tentatively to an unknown 
element called ‘‘nebulium.’’ But Bowen, on calculating the forbidden 
lines for ionized oxygen and ionized nitrogen, found that some of them 
coincided with some of the lines ascribed to nebulium. Whence he con- 
cluded that the mysterious lines detected in the spectra of the nebulae 
were none other than the forbidden lines of ionized oxygen and ionized 
nitrogen; and that these elements, not nebulium, were present in the 
nebulae. As a result, the hypothesis of nebulium automatically became 
useless. 


Einstein’s Derivation of Planck’s Radiation Law—Planck, in his 
deduction of the law of equilibrium radiation, treated the atoms of matter 
in a heated enclosure as though they were oscillators, and assumed that 
each oscillator was susceptible of emitting and of absorbing only one 
definite radiation. But, in view of the more elaborate conception of the 
atom furnished by Bohr’s theory, it would be preferable to obtain Planck’s 
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law on the assumption that the emitting and absorbing systems are Bohr 
atoms, rather than Planck oscillators. These considerations prompted 
Einstein to revise Planck’s treatment. We shall merely indicate Ein- 
stein’s procedure. 

When the radiation in an enclosure has attained the state of statistical 
equilibrium, the densities of the various radiations do not change (except 
for inevitable fluctuations). We must therefore suppose that the atoms 
of the enclosure emit and absorb radiation at the same rate. In par- 
ticular the number of atoms in any specific energy state EF; must not vary. 

Let A;; denote the probability that any one of the atoms in the energy 
state E; will drop to the lower state HE; within one second. The co- 
efficients A,; pertaining to the various energy drops, are called the ‘‘ Ein- 
stein probability coefficients of spontaneous emission’’; they are closely 
related with the mean lives of the atoms in the different excited states. 
If we could determine the numerical values of these coefficients for some 
specific kind of atom, we could deduce therefrom the relative intensities 
of the various lines in the spectra of this atom. Bohr’s theory, however, 
furnishes no means of calculating these coefficients, and in Einstein’s 
treatment their values are left blank. 

We have also to consider the absorption process. In the more familiar 
process of absorption, the atom absorbs the energy of the radiation and 
is thereby excited to a higher level. We are then dealing with so-called 
‘‘nositive absorption.’’ But in other eases the atom drops to a lower 
level under the influence of the radiation and thereby radiates energy. 
This second kind of absorption (which is in reality an emission of energy) 
is called ‘‘negative absorption. ’’ 

Einstein therefore introduces probability coefficients B; and Bj; cor- 
responding to these two kinds of absorption. After utilizing Bohr’s fre- 
quency condition and also one of Boltzmann’s statistical-equilibrium 
formulae so as to determine the relative numbers of atoms in the various 
excited states, Einstein specifies that the emission and the absorption of 
each individual radiation must proceed at the same rate (as is required in 
the state of statistical equilibrium). He then shows that Planck’s radia- 
tion law will be obtained if the following relations hold between the 
probabilities : 

5 = So th Bi = By. 
It will be observed that ratios alone are obtained and that a third numer- 
ical relation would be necessary to assign definite numerical values to the 
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probabilities. At all events, provided the relative values just written be 
assumed, Einstein’s analysis yields Planck’s law of radiation. At the 
same time, Einstein’s treatment furnishes the above important relations 
between the probabilities—a result of considerable interest, since it is 
these probabilities which govern the intensities of spectral lines and the 
absorptive properties of gases. 

Einstein’s deduction of Planck’s radiation formula is of historic im- 
portance because it marks the first systematic introduction of probability 
factors in the mathematies of the quantum theory. At the time Einstein 
developed the theory just outlined (in 1917), there was no incentive to 
view these probabilities as expressing anything deeper than our current 
ignorance of the underlying precise laws regulating the quantum transi- 
tions. The probability coefficients were viewed as mere expedients which 
might in theory be deduced from the requisite rigorous laws; their status 
was thus much the same as that of the probabilities introduced in the 
kinetic theory of gases and in other departments of physics. In par- 
ticular, no suggestion was made that these probabilities betrayed any 
fundamental indeterminacy. In the following chapters we shall see that 
these original beliefs have had to be revised. 


The Experiment of Stern and Gerlach—Bohr’s theory was de- 
vised, in the main, for the purpose of interpreting the atomic spectra and 
the various changes which these spectra underwent when the atoms were 
submitted to the actions of magnetic fields (Zeeman effect). With a view 
of testing the correctness of Bohr’s theory, physicists performed many 
experiments which had no direct connection with the atomic spectra. In 
the experiments of Franck and Hertz, electrons were made to collide with 
atoms, and the velocities with which the electrons rebounded were found 
to justify Bohr’s conception of the discrete atomic energy levels. In 
the experiments of M. de Broglie, atoms were submitted to the action of 
X-rays, and the energies with which the core-electrons were ejected 
demonstrated the existence of sub-sublevels (1, Ui, 4,). But the en- 
ergy levels are not the only characteristic features of Bohr’s theory. 
To interpret the Zeeman effect, we have had to assume that the atoms may 
betray magnetic properties, and that the phenomenon of space-quantiza- 
tion occurs when a magnetic field is applied. Furthermore, Landé’s 
splitting factor g must be introduced. 

Let us recall the results obtained by Bohr and Landé. When an 
atom, in a state (J, j, s), is placed in a magnetic field, its axis can assume 
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only 2j +1 different orientations (space-quantization). Furthermore, its 
magnetic moment is gj * magnetons, where 


po oe) smiths 1) —Ub+1) 
Gee 1) 

The experiments of Stern and Gerlach were devised to test these pre- 
dictions of the Bohr-Landé theory. The essentials of these experiments 
are easily understood. 

Suppose that a parallel beam of similar atoms, moving at high speed, 
is directed at right angles through a magnetic field. We may assume that 
before the atoms enter the field, their axes have random directions. The 
atoms now penetrate the field and while they are advancing, their axes 
precess at fixed inclinations about the direction of the field. If space- 
quantization is a myth, the inclinations of the atomic axes during the 
precessions will be the random ones that existed originally. But if space- 
quantization is a fact, the atomic axes, on entering the field, will sud- 
denly assume the quantized inclinations and will then precess at these 
inclinations. Since we have no reason to suppose that one particular 
quantized inclination is more probable than any of the others, we may 
assume that each inclination is taken by approximately the same number 
of atoms. In order to ascertain whether space-quantization actually 
occurs, Stern and Gerlach utilized an inhomogeneous magnetic field. A 
field of this kind exerts different attractions and repulsions on the 
variously inclined atoms, so that the atoms will be deflected in different 
directions when they emerge from the field. If space-quantization is a 
fact, the field will split the beam into 27 + 1 variously deflected beamlets, 
each beamlet containing those atoms whose inclinations are the same. If 
space-quantization does not exist, the field will merely cause the beam 
to spread out more or less uniformly, like a fan. Thus the existence of 
space-quantization may be tested. 

When Stern and Gerlach performed this experiment with different 
atoms, they found that space-quantization was accurately verified; 27 + 1 
beamlets were observed in all cases. Furthermore, the experiment en- 
abled them to test Landé’s g-formula. The fact is that the deflection of 
any one of the beamlets by the magnetic field depends not only on the 


* In reality gj magnetons represents the maximum value of the projection of the 
atom’s magnetic moment onto the direction of the field. The magnetic moment itself 
is g/j(j +1) magnetons. Since, however, in the Stern-Gerlach experiments it is the 
projection gj of the magnetic moment that is measured, physicists often refer to gj 


rather than to »/j(j +1) magnetons as the magnetic moment in connection with 
these experiments. 
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inclination of the atoms of the beamlet, but also on the magnetic moments 
of these atoms. A simple formula connects the magnetic moment, the 
intensity of the field, and the time of transit through the field. Hence by 
measuring the deflections of the beamlets Stern and Gerlach deduced the 
magnetic moments of the atoms. They found, in full agreement with 
Landé’s formula, that for an atom in a state qualified by the numbers 
s, l, j, the magnetic moment was gj magnetons. In this way indirect 
confirmation of Landé’s theory of the Zeeman effects was obtained. 

For example, neutral silver atoms are characterized by the quantum 
initmberss(s =: LO; j—14),-and the value of g in this ease is 2. 
Hence we should expect that a beam of neutral silver atoms would be 
split into two beamlets (2/ + 1=2), and that the magnetic moment of 
these atoms would be one magneton (gj = 1). These expectations were 
confirmed in the Stern-Gerlach experiments. 


Conclusions on Bohr’s Theory—Bohr’s theory borrows from Ruth- 
erford’s model of the atom the idea of a central nucleus surrounded by 
planetary electrons. The constitution of the nucleus is disregarded ; the 
sole reference to it is its net positive charge (atomic number) and its 
mass. The arrangements of the planetary electrons are the chief concern 
of the theory, and hence only the most superficial part of the atomic 
structure is investigated. The planetary electrons are responsible for 
the main features of the spectra, for the chemical properties of the atoms, 
and also for some of the magnetic ones. But it is the nucleus which de- 
termines the nature of the atom and informs us whether we are dealing 
with one element or with another. We mention these points so as to 
emphasize that, when we speak of Bohr’s theory as a theory of the atom, 
we must be careful to note that the theory deals only with some of the 
features of atoms. 

The most important contributions of the theory are the discovery of 
the energy levels and the formulation of the frequency condition 


_ drop in energy 
a a 


Both of these contributions will be retained in the new quantum mechan- 
ies. We pointed out (see page 491) that the existence of peculiar quan- 
tized energy states violates the laws of classical and of relativistic me- 
chanics. The frequency condition is also in open violation with the laws 
of classical electromagnetism. Indeed, it 1s even more revolutionary than 
the existence of privileged energy levels, for something analogous to the 
Jatter is found in the adiabatic invariants of classical mechanics. How- 
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ever this may be, we may grant that the energy levels and the frequency 
condition are expressions of quantum laws formerly unknown. We have 
then no alternative but to accept them, and no criticism can be directed 
against Bohr’s theory on this score. 

Nevertheless, on other scores the theory is open to serious objections. 
The first condition we must demand of any theory is that it be con- 
sistent, and that rules once formulated be applied throughout. This 
norm is certainly not satisfied in Bohr’s atom. Thus we start with the 
quantum rule that all independent adiabatic invariants in our mechanical 
model must assume values which are multiples of the quantum of action h. 
And, yet, in the course of the theory we are compelled to modify this 
rule as and when needed, invoking sometimes half-quantum values and at 
other times still more complicated values, such as those of type \/j(j + 1)h, 
mentioned in connection with Landé’s g-formula for the Zeeman effect. 
All these alterations, though necessitated by experimental results, have 
no theoretical basis. The change from the quantum number k to the quan- 
tum number | = k — 1 is also incomprehensible. Furthermore, the quan- 
tum rules explicitly expressed are not the only ones that play a part in 
Bohr’s theory. One illustration among many is the assumption that the 
optical electron moves through the core without any change in its total 
energy. This assumption violates classical mechanics and to justify it 
we must invoke some new quantum form of stability only dimly under- 
stood. Pauli’s exclusion principle is also utterly mysterious from our 
present standpoint. The spinning electron is introduced for empirical 
reasons, and however useful this new hypothesis, it is not even suggested 
by the initial premises of the theory. 

Quite aside from these considerations, the spectra of hydrogen and 
of the hydrogen-like atoms are the only ones for which Bohr’s theory gives 
a satisfactory interpretation ; and, even here, the theory is unable to prove 
that the secreening-doublet levels should coalesce, as the experimental evi- 
dence demands. The simplest neutral atom after hydrogen, i.e., the 
helium atom, emits a spectrum certain features of which Bohr’s theory 
is unable to anticipate. In those higher atoms, such as sodium and potas- 
sium, where more satisfactory results are obtained, it is qualitative in- 
formation rather than quantitative numerical values that can be pre- 
dicted. 

The number and the disposition of the spectral lines are not, however, 
the only matters that must be considered ; the intensities and polarizations 
of these lines are also important. Bohr’s theory affords no means of 
predicting the intensities and the polarizations. The best it can do is to 
refer us to the correspondence principle, and thereby to classical me- 
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chanics and electromagnetism which it had disearded. Even so, the eal- 
culation of the intensities is far from precise. The forbidden energy 
drops, which must be assumed if the spectra are to be interpreted, are 
predicted to some extent by the correspondence principle, but the selec- 
tion rules obtained affect only the quantum numbers / and j. The per- 
missible changes in the value of the quantum number s are not deducible 
from the correspondence principle, and we cannot predict when s may or 
may not change during a drop. In the helium atom, for instance, s can- 
not change, whereas in the mercury atom it can. 

As will be gathered from this rapid enumeration, Bohr’s theory suffers 
from a large number of defects, and we may well wonder whether the 
root of the difficulties does not lie in our having attempted to secure 
a model of the atom based on too familiar concepts. The subsequent 
development of the quantum theory suggests that this is indeed the case, 
and we shall find, as we proceed, that familiar concepts will fade away 
gradually, giving place to mathematical symbolism. At the same time 
we shall find that the more highly developed theories, though differing 
conceptually from Bohr’s, are in many respects but refinements of his 
theory, and that many of the results acquired by Bohr will be retained. 
From this standpoint, Bohr’s theory of the atom may be viewed as a kind 
of half-way theory, linking the older concepts to the new ones and serving 
thereby as a scaffolding for the newer theories soon to appear. Physical 
science is once again following the same procedure of advancing by 
successive approximations. 

The important position occupied by Bohr’s theory in this gradual 
evolution justifies in our opinion the considerable amount of space we have 
devoted to it. In any case, it will always serve as a first approximation 
for those who wish to enter into a more detailed study of the atom. 


CHAPTER XXIX 
DE BROGLIE’S WAVE MECHANICS 


So Far as we are able to judge from L. de Broglie’s earlier papers, he 
was led to his important discovery by the following considerations: In 
many experiments radiation seems to manifest the properties of waves, 
whereas in others it behaves as though it were corpuscular ; in some mys- 
terious way the wave aspect and the corpuscular aspect appear to be 
closely associated. De Broglie therefore suggested that this dualism de- 
tected in radiation might be symptomatic of some general condition hold- 
ing also for matter. 

In the case of radiation, the aspect first discovered was the wave aspect, 
exhibited in the numerous interference phenomena studied in optics. Only 
later in the photo-electrie and in the Compton effects did the corpuscular 
aspect manifest itself. In the case of matter, the historical sequence was 
reversed, for it was the corpuscular aspect, revealed in the electrons 
and protons, which was discovered first; and when de Broglie initiated 
his theory the wave aspect of matter was unknown. The original- 
ity of de Broglie’s idea is thus to assume that a wave aspect should 
also be exhibited by matter. In making this assumption, de Broglie was 
obviously taking a leap in the dark, but, as we shall see, subsequent events 
have vindicated his intuition. Had de Broglie limited himself to the 
bare expression of his ideas without coordinating them into a consistent 
mathematical theory, they would have received little attention—rather 
would they have been classed with those so frequently expressed by people 
whose main desire is to satisfy their personal whims or to strike a note 
of originality. And when the wave effects of matter were finally dis- 
closed by experiment, de Broglie would not have been regarded as the 
originator of wave mechanics. But de Broglie, as we shall now explain, 
gave a mathematical formulation of the waves which he was postulating 
and showed how these waves should behave and what phenomena they 
should entail. 

Let us first recall certain results mentioned in connection with radia- 
tion. Prior to the discovery of the quantum theory, radiation was re- 
garded as a wave manifestation. In vacuo, the waves progressed with 
velocity c, and these waves were believed to transport energy and mo- 


mentum, the density of the momentum being = times that of the energy. 
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But when the quantum theory was advaneed by Planck, the wave 
theory of light was amended, and a semi-corpuscular theory was proposed 
in its stead. In the revised theory corpuseles of light (photons) were 
supposed to accompany the waves. Einstein, in his analysis of the photo- 
electric effect, assumed that the photons had energy hy, where » is the 
frequency of the light. He also attributed a certain momentum to each 
photon; and so as to retain the relationship between energy and momen- 
tum prescribed for the waves in the electromagnetic theory, Einstein 
supposed that photons, associated with radiation in vacuo, had a momen- 


Rites 
tum {7 directed along the rays of the waves. The expression of the 


, , h* 
momentum may equivalently be written, or ho, where 4 and o are the 


wave length and wave number of the wave. Einstein’s results showed 
that in experiments where the corpuscular aspect of radiation impressed 
itself, the mechanical concepts of energy and momentum formerly as- 
cribed to the waves should be transferred to the corpuscular photons. In 
such cases therefore the associated waves were characterized by their 
frequency and wave length and were in no wise the carriers of energy 
and momentum. At this juncture, de Broglie suggested that even when 
the corpuscular aspect of light was not apparent and the wave aspect 
alone was manifest, the energy and momentum of the radiation should 
still be attributed to the photons. In support of his contention de Broglie 
pointed out that the pressure of radiation could be ascribed to the im- 
pacts of the photons against an obstacle. These preliminaries enable us 
to understand de Broglie’s theory of matter. 

De Broglie, guided by the association of photons and radiation waves, 
postulated that a similar association should hold between material par- 
ticles and some new kind of wave (a de Broglie wave), the underlying 
nature of which remained mysterious. De Broglie assumed therefore that 
a particle in motion was associated with a plane sinusoidal wave, and 
that the energy and momentum of the particle were connected with the 
frequency and wave length of the wave by the same relations that held 
for photons and waves of light. Thus if we designate the energy of a par- 


* The relation connecting the frequency, wave length (or wave number) and wave 
velocity V of a wave is 


wot’. 
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Since in the present case V = c, we have ——= a o. 
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= . 
ticle by W, and its momentum (a vector) by p, the relations postulated 
by de Broglie were 


(1) W=h; p=—-=—=ho, 
V j 


where », V, J, and o are the frequency, wave velocity, wave length, and 
wave number of the associated wave. The last equality expresses the fact 
that the wave is advancing in the same direction as the particle. 

De Broglie first examined the case where the particle was moving in 
free space (1.e., in empty space in the absence of a field of force). The 
particle would then be following a straight path with constant speed v. 
If, then, in the general relations (1) we substitute the relativistic expres- 
sions of the particle’s energy and momentum, we get 


(2) W= 


a 
_ 
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These relations connect the frequency, wave velocity, wave length, and 
wave number of the mysterious wave with the energy and momentum of 
a particle of rest mass mp moving with constant velocity v.* 

Here a possible difficulty had to be considered. De Broglie viewed 
the relations (2) as the expressions of natural laws. But for de Broglie’s 
views to be possible, these relations should endure regardless of the 
particular velocity v of the particle, and hence regardless of the par- 
ticle’s energy and momentum. If this condition were not satisfied, the 
relations (2) would represent mere accidental relationships holding only 
for a certain specified velocity of the particle. 

Now the velocity of the particle will be changed automatically if we 
change the frame of reference in which this velocity is measured. On 
the other hand, according to the theory of relativity, a change in the 
frame of reference requires that we apply a Lorentz transformation. 
Consequently, in order to test de Broglie’s relations (2) and justify their 
aptness to express natural laws, we must submit them to a Lorentz 
transformation and ascertain whether the changes thereby incurred by 
the magnitudes v, V, y, A, or o are consistent with the maintenance of these 
relations. De Broglie applied this test and found that the relations 
endured, 7.e., he found that they were covariant under a Lorentz 
transformation. Of course, this circumstance in itself did not prove that 


m, 
* The expression —7j=——— of the energy comprises the rest energy moc” of the 
v 
V 1g 


particle. 
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de Broglie’s relations actually expressed laws of Nature; it merely 
proved that the laws suggested were not impossible. 

Before considering the different aspects of de Broglie waves, we must 
recall certain results and definitions mentioned in Chapter XIX. We 
said that in a steady propagation of sinusoidal waves, the phase remains 
uniform over appropriate fixed surfaces, called ‘‘equiphase surfaces.’’ 
More precisely, the phase at all points of any specified equiphase surface 
is the same at a given instant, though it varies rhythmically in the course 
of time. These equiphase surfaces form a simple infinity of surfaces 
placed one behind the other. The orthogonal trajectories of the family 
of equiphase surfaces constitute the mathematical rays, and when the 
conditions of ray-optics are satisfied, these mathematical rays are also 
the physical rays. 

We also defined a ‘‘wave front’’ as a mobile surface over which the 
phase not only remains uniform but also retains a fixed value throughout 
time. These wave fronts progress along the rays with the wave velocity 
V at each point, and as a result of their motion they coincide in succession 
with one equiphase surface after another. A wave crest has a clear 
meaning in the case of ocean waves and of waves propagated along a 
stretched string, but it has no intuitive significance when we are dealing 
with waves in space. Nevertheless it is sometimes advantageous to speak 
of wave crests in connection with waves in space. A wave crest then 
refers to a wave front over which the disturbance is a maximum. 

These preliminaries being recalled, we return to the de Broglie waves. 
The de Broglie wave associated with a particle moving in free space is 
assumed to be an infinitely extended plane wave of the sinusoidal kind. 
The equiphase surfaces of the wave will be fixed parallel planes, inter- 
secting the straight trajectory of the particle at right angles. The wave 
fronts are likewise plane, and they advance with the wave velocity V, 
moving in the same direction as the particle. The wave velocity is derived 
immediately from the relations (2). Thus for a particle moving in free 
space with velocity v, the wave velocity of the associated de Broglie 
wave is 

2 

(3) v=—, 
so that the wave crests move much faster than the particle—indeed their 
velocity is greater than that of light. 

We also see that if the particle is at rest (v=0), the wave velocity 
and the wave length both become infinite. In this case the sinusoidal 
wave degenerates into a standing wave represented by a simultaneous 
heaving and sinking of some existent in the space around the particle. 
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h 
than the frequency of the progressive wave associated with a moving 
particle. 

A point that may seem strange is that the wave velocity V of the 


The frequency % of the standing wave is now = ; it is smaller 


2 
waves, 7.€., = is greater than that of light. This feature would appear 


to place de Broglie’s theory in conflict with the theory of relativity, which 
prohibits the existence of such velocities. But our fears would be un- 
founded, because the theory of relativity prohibits velocities greater than 
c only insofar as these velocities refer to the transfer of energy. The 
de Broglie waves, however, transport no energy, for we have seen that 
the energy is restricted to the particle. Thus there is no conflict with 
the theory of relativity on this score. 

We now pass to de Broglie’s subsequent investigations. Up to this 
point we have considered the wave associated with a particle moving in 
free space. The next step will be to assume that the particle is moving 
in a conservative field of force. The complication caused by the field of 
force does not affect de Broglie’s fundamental relations (1), except that 
now the total energy W of the particle includes the potential energy Epo: 
due to the field of force. If we call Exim the relativistic kinetic energy of 
the particle, the total energy W may be written 


Moc? 


y2 
3-= 


—> 
The momentum p of the particle has, however, the same expression as 
before, viz., 


(4) We SP E pot = moc? + Brin + E pot. 


As before, the relations (2) connect the energy and momentum, W 
—_ 
and p, of the particle with the wave magnitudes: frequency », wave 


— 

length 4 and wave-number vector o of the associated wave. Let us write 
these relations so that the wave magnitudes are expressed in terms of 
the mechanical ones. We have: 


Ww h = 
: o 


(5) v= ve 
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oye . => 
Also, utilizing V = Ay, we get for the wave velocity V of the wave 


(8) vat. 
pv 


These relationships cover the cases where the particle is moving in a 
field of force or in free space. Ina field of force, however, the frequency 
and the wave velocity will not have the values they had in free space for 
a particle moving with the same velocity. This is because the value of W 
is not the same in the two situations. 


oS 
It must be borne in mind that the wave magnitudes, 4, ¢, V which 


depend on the variable momentum D of the particle, are defined only at 
the point where this momentum has a meaning at the instant considered, 
i.€., at the point which the particle happens to occupy. Elsewhere, these 
wave magnitudes, and hence the wave itself, are left undetermined. It 
would appear therefore that the wave can be defined only at the point 
which the particle occupies at the instant considered. 

This limitation may be overcome to a certain extent when we note 
that the position and momentum of the particle at any given instant 
determine its position and momentum at any subsequent (or prior) 
instant. Hence we may suppose that the wave magnitudes at a point P 
through which the particle has not yet passed are determined by the 
energy and momentum that the particle will have when it passes this 
point. Yet even when this assumption is made, the wave can be deter- 
mined only at points on the particle’s trajectory and not elsewhere. In 
free space we overcame this difficulty by supposing that the wave was 
plane and that the equiphase surfaces extended to spatial infinity. But 
in a field of force where the trajectory of the particle is usually a curve, 
we cannot proceed so simply. 

We also see from (7) that the direction of advance of the wave, at 
any point on the particle’s trajectory, coincides with the direction of 
the particle’s motion. Consequently the trajectory of the particle will 
intersect the equiphase surfaces of the wave at right angles. 

Next let us consider the frequency of the wave. Since in a conserva- 
tive field of force the energy W of the particle is constant, the relation (5) 
shows that the frequency of the associated wave will always be the same. 
In the language of optics, the wave is monochrematie. 

We are thus led to the following conclusions: A particle describing a 
trajectory in a conservative field of force is associated with a monochro- 
matic de Broglie wave, the wave fronts of which advance while re- 
maining orthogonal to the trajectory ; the frequency, wave length, and 
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wave velocity are determined by the formulae (5), (6), and (8); but 
nothing is known of these magnitudes, or of the shape of the equiphase 
surfaces, at points which are not in the immediate neighborhood of the 
trajectory. 

Now we have seen in Chapter XIX that in a wave propagation the 
name ‘‘rays’’ is given to the orthogonal trajectories of the equiphase 
surfaces. By the de Broglie rays we shall therefore mean the orthogonal 
trajectories of the equiphase de Broglie surfaces. Since the equiphase 
surfaces of the wave associated with a particle in motion are orthogonal 
to the trajectory described by the particle, we conclude that the de Broglie 
ray and the particle’s trajectory coincide. Furthermore, since the tra- 
jectory is usually a curve, the de Broglie ray will likewise be a curve. 

The fundamental relations (5) and (6) enable us to obtain the 
analytical expression of the de Broglie wave associated with a particle 
which is moving with total energy W. Thus let us first consider any kind 
of sinusoidal wave, of frequency » and of wave length A, moving along a 
trajectory. We shall assume that at the instant ¢=0 a wave crest is 
passing a given point O on the trajectory. In this event the wave is 
represented at any time ¢ and at any point P on the trajectory by 


te 


(9) C cos 2x | ot — a 
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Here C is an amplitude which may be a constant or may vary from point 
to point along the trajectory. As for dr, it represents an infinitesimal 
segment of the trajectory. To obtain the de Broglie wave associated with 
a particle describing the trajectory with the total energy W, we must 
apply the formulae (5) and (6) to (9). This gives 


ip 


(10) C cos wi— | oe 


(0) 
Now the integral defines the increase in the Maupertuisian action of the 
particle as it moves from the point O to the point P. If we assume that 
the action has the value zero at the point O, the integral will represent 
the action of the particle at the point P. Let us denote this action by S. 
The expression (10) of the de Broglie wave may then be written. 


(11) C cos (wt = si 


This formula will be of use presently. 
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Thus far, when considering the de Broglie wave associated with a 
particle, we have found that the wave and its equiphase surfaces can be 
determined only in the immediate vicinity of the trajectory. Elsewhere, 
the wave appears to be meaningless or at least indeterminate. But we 
may complete the wave and define it throughout a volume of space. To 
do this, however, we shall find it necessary to consider a swarm of similar 
particles. We now propose to show how the wave associated with the 
swarm can be constructed. 


The de Broglie Wave Associated with a Swarm of Particles—First 
let us recall certain explanations given previously. Any trajectory which 
a particle may describe with energy W in a given conservative field of 
force will be called a trajectory of energy W, or a trajectory W for short. 
Now in Chapter XIX we saw that if P is any point on a trajectory W, 
this point will also be situated on an infinite number of other trajector- 
ies W. We also saw that when the particle passes the point P, its momen- 
tum p will always have the same magnitude regardless of the particular 
trajectory W which the particle has followed in reaching P. Thus, when 
we confine our attention to particles moving with the same energy W, 
we may say that each point of space is connected with a definite value 
of the momentum p. 

Consider now the de Broglie wave associated with a particle which 
is describing a trajectory W. De Broglie’s relation (8) shows that the 
wave velocity V at any point on the trajectory will be inversely propor- 
tional to the momentum p of the particle at this point. On the other 
hand, in the case of wave motions generally, the wave velocity at a point 
is inversely proportional to the refractive index of the medium at this 
point. We conclude that, in any given conservative field of force, the 
refractive index of space for de Broglie waves associated with particles 
of energy W is proportional to the value of the momentum De 

Now we saw in Chapter XIX, when discussing Hamilton’s investiga- 
tions on the principles of Fermat and of Maupertuis, that the proportion- 


* Since in a field of force the value of p varies from point to point, we see that 
space will exhibit a variable refractive index for the de Broglie waves. This result 
becomes intuitive when we recall that in a field of force the de Broglie rays are usually 
curves, Nevertheless, at first sight it seems strange to find that empty space may have 
a variable refractive index, for this conclusion seems to be incompatible with the idea 
that space is homogeneous. We must remember, however, that if there were no field 
of force, the momentum p would have the same value at all points, and the refractive 
index would be constant. Hence it is the field of force in space, and its variable 
potential from place to place which supplies the heterogeneity necessary to account 
for the variability of the refractive index (see the note on page 614). 
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ality of the refractive index of a medium to the momenta of particles 
moving with energy W is precisely the relation that must hold if the 
rays of a wave propagated in the medium are to coincide with the trajec- 
tories W of the particles. Thus the curious situation commented upon 
by Hamilton, and formerly viewed as a mere mathematical curiosity, 1s 
now seen to be realized physically in the case of particles and their 
associated de Broglie waves. 

The upshot of this discussion is that if any de Broglie wave of fre- 


quency y= is propagated through the field of force, the rays of 


the wave will coincide with trajectories W, and the wave fronts of the 
wave will advance normally to these trajectories. 

The foregoing explanations enable us to construct an extended 
de Broglie wave which will be associated with a whole swarm of particles 
and will thus be defined over a wide region of space instead of along a 
single trajectory. Consider an arbitrary continuous surface 2 in the 
field of force, and let us suppose that at an initial instant this surface 
is one of the equiphase surfaces of a de Broglie wave of frequency 


= a The rays of this wave are the orthogonal trajectories of the 
family of equiphase surfaces, and hence start perpendicularly from the 


surface &. The wave fronts progress with the wave velocity V = Ww 


at each point. Now we know from our previous explanations that the 
rays of the wave are also trajectories W. Consequently, if similar 
particles are thrown with energy W from the surface X along the normals 
to the surface, these particles will follow the rays. (At least, this will 
be so if we assume that the particles exert no mutual actions, so that each 
particle will follow a trajectory W as though the other particles were 
inexistent. ) 

If we consider only that portion of the extended wave which moves 
in the immediate vicinity of a trajectory, we obtain a limited wave. This 
limited wave is none other than the wave that we should have associated 
with the particle describing the trajectory before the extended wave 
was investigated. Hence we conclude that the extended wave represents 
a linking up of the individual, limited de Broglie waves which are asso- 
ciated with the respective particles. We may therefore view the extended 
wave as associated with the whole swarm of non-interacting particles. 

To summarize: A swarm of similar non-interacting particles, pro- 
jected normally with the same total energy W from the various points of 
an arbitrarily given continuous surface in a conservative field of force, 
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may be associated with a monochromatic de Broglie wave of frequency 
Ww : 
ar ae the equiphase surfaces of the wave are orthogonal to the family 


of trajectories; the wave length and wave velocity from point to point are 
defined by the fundamental relations (6) and (8). In particular, if 
there is no field of force and the particles are describing parallel straight 


lines, the associated wave will be plane and its wave velocity will be 
C2 
on 

An alternative interpretation is possible. Having obtained the de 
Broglie wave and the equiphase surfaces associated with the swarm of 
particles, we may restrict our attention to one special particle of the 
swarm. It will still be permissible to associate the single particle with 
the same wave and hence with the same family of equiphase surfaces. 
However, many other de Broglie waves having differently situated equi- 
phase surfaces might with equal justification be associated with the single 
particle. The fact is that a single particle describing a definite tra- 
jectory does not yield sufficient information to permit the construction 
of the equiphase surfaces, except in the immediate vicinity of the 
trajectory. To extend the surfaces, we must always consider a swarm of 
particles and hence an initial surface 2 from which the particles are 
thrown normally. If, then, we view our particle, moving as before, as 
belonging to a different swarm connected with a different surface 2, we 
shall obtain a different wave and different equiphase surfaces. This 
shows that when we are dealing with a single particle, considerable 
arbitrariness is attached to the shapes of the equiphase surfaces. 

The last remark may be illustrated very simply in the particular case 
where there is no field of force. We imagine a particle to be moving with 
energy W from a point P in a given direction. This particle may be 
supposed to belong to a swarm of non-interacting particles which are 
moving with energy W, and which start normally from the surface of a 
sphere = passing through the point P. On the other hand, our particle 
may also be supposed to belong to another swarm, the particles of which 
are thrown normally with energy W from a plane surface >’ which is 
tangent to the sphere at the point P. The equiphase surfaces of the 
de Broglie wave are spheres in the former case and planes in the latter. 
If now we consider the original particle in isolation, we see that we may 
associate it at pleasure with one or the other of the two de Broglie waves. 
Thus, the particle moving in the same way in either case is associated 
with differently disposed waves. 
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The association of de Broglie waves with trajectories W allows us to 
translate a mechanical problem into an optical one, and vice versa. Sup- 
pose we wish to determine the trajectories W that start normally from 
a given surface = in a conservative field of force. We have here what 
appears to be a mechanical problem, and indeed we might solve the 
problem by the methods of mechanics, e.g., by integrating the Hamilton- 
Jacobi partial differential equation. But we may also utilize the wave 
theory. Thus if we can determine the equiphase surfaces of the de Broglie 
wave which is associated with these trajectories W, the trajectories them- 
selves will be obtained immediately, since they will be the rays, or orthog- 
onal trajectories, of the equiphase surfaces. Let us, then, examine how 
the wave problem can be solved. 

The first step will be to determine the refractive index of space for 
the waves of frequency » = ~. Now de Broglie assumes, by analogy 
with the expression of the refractive index in the case of waves of light, 
that the refractive index u of space for the de Broglie waves is defined by 


C 

(12) b= —- 
If in (12) we replace the wave velocity V by its value defined by (8), 
we obtain the expression of wu in terms of the field of force and of the 
energy W of the associated particles.* Our problem is now to determine 
the equiphase surfaces of the wave which is transmitted through this 
medium, and for which 2 is an equiphase surface. If we can solve this 
problem, we obtain the rays (e., the orthogonal trajectories of the 
equiphase surfaces), and hence the mechanical trajectories. In short, 


* On performing the calculations, we find 


(13) i V(W — Enot)? — morc! | 
W 


where W is the total energy with which the particles are thrown, and Epo: is the 
potential energy of a particle at the point where the refractive index is to be calcu- 
lated. The preceding formula is the rigorous relativistic one. A less precise formula is 


4) n= 4/TEEa, 
Moc® 


where £ is the classical total energy, in which the rest-energy moc? is disregarded, i.e., 


G15) E=W — mc?, 


a 
Pe 


= being assumed very small compared with unity. 
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the mechanical problem of determining the trajectories in a given field 
of force, and the optical problem of obtaining the rays in a medium of 
given refractive index are seen to be equivalent. 


De Broglie Wave Packets—Let us suppose that a de Broglie wave 
is associated with a family of trajectories, one of which is descrived by a 
particle. The wave fronts are normal to the trajectories and are ad- 

: : : WwW : Pao ‘ 

vancing with a velocity V = a at each point. Now, nothing in this wave 
picture permits us to single out the precise trajectory which the particle 
is describing, and still less does the picture afford any means of locating 
the particle at any particular instant of time. The only velocity sug- 
gested by the wave picture is the wave velocity V, and this velocity has 
nothing in common with the particle’s velocity v. In free space, for 


‘ ‘alte ; 
instance, the value of V is. Nevertheless we may modify the wave 


pieture in such a way that it gives an approximate description of a 
definite particle moving along a definite trajectory. 

To understand how this can be done, let us revert to the refractive 
properties of the space in which the de Broglie waves are moving. The 
refractive index for a wave of frequency v is given by the formula (13) in 
which the energy W is replaced by hy. The refractive index of space is 
thus seen to depend on the frequency » of the de Broglie waves. We 
conclude that space behaves not only as a refractive medium for de 
Broglie waves, but also as a dispersive medium. Formula (13) shows 
that the higher the frequency » of the waves, the higher the refractive 
index ; hence the dispersion is of the normal type. 

In Chapter XIX we saw that, when optical waves differing but 
little in frequency and proceeding very nearly in the same direction are 
superposed, a wave packet may be formed. We also mentioned that if 
the conditions of the propagation are consistent with ray-optics, the 
packet will hold together, at least for a certain time. Furthermore, if the 
medium exhibits the normal type of dispersion, the velocity of the packet 
will fall below the wave velocities of the superposed waves. The con- 
clusions here stated are not peculiar to optical waves and would hold for 
waves generally and in particular for de Broglie waves. As we shall now 
see, it is possible to construct a wave packet of de Broglie waves which 
moves along with the material particle and thereby serves to afford a 
representation of the mobile particle in the wave picture. 

The wave packet, associated with a particle of energy W and momen- 


ae! . . 
tum p, results from the superposition of a large number of monochro- 
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matie de Broglie waves whose frequencies and wave numbers differ only 
a 


W = : 
by small amounts from the values y =—~ and o =-—-. The last equality 


h h 
indicates that the waves of the packet will advance more or less in the 


same direction as the particle. Since we are supposing that the condi- 
tions of the propagation are those compatible with ray-optics, a wave 
packet surrounding the particle can be constructed. 

The next step is to verify that this wave packet will move along the 
particle’s trajectory with the velocity v of the particle. According to 
the explanations given on page 296, if Ay and Ao are the ranges in 
the frequencies and in the wave numbers of the individual waves which 


by their superposition form the packet, the velocity of the packet is 


a When account is taken of de Broglie’s fundamental relations (5) 


and (7), we obtain 


A AW 
a fam 


Thus, the packet moves with the velocity of the particle. Furthermore, 


since the motion of the packet is in the direction of 5, and therefore of p, 
we see that the packet will always be moving in the same direction as the 
particle. In short, the packet and the particle will move together along 
a trajectory. 

Summarizing these results, we are led to the following conclusions: 

A particle moving with energy W in a conservative field of foree may 
be represented by a wave-packet of de Broglie waves moving through a 
medium the dispersive properties of which are determined by the field 
of force. The optical problem of determining the motion of the packet, 
and the mechanical problem of obtaining the motion of the particle, are 
thus equivalent. It remains to be said that, when we wish to consider 
a swarm of particles moving with the same total energy under the condi- 
tions prescribed in the former pages, a single monochromatic wave is 
taken to represent the wave picture and no wave packets are counte- 
nanced. 

Although the representation of the particle by means of a wave packet 
furnishes some information on the particle’s position and motion at a 
given instant, this information is marred by a certain vagueness: first, 
because the packet occupies a small volume and does not define a point 
which would represent the particle’s exact position; and secondly, 
because the component waves have different frequencies and wave num- 
bers and hence do not assign a well-determined motion to the particle. 
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We have here a first inkling of the vagueness and uncertainty which is 
ubiquitous in the quantum theory and which finds its expression in 
Heisenberg’s Uncertainty Principle. 


Hamilton’s Wave Mechanics—The de Broglie waves appear at first 
sight to be something entirely new in science. In a sense this is true; 
however, if we omit the relativistic refinements introduced by de Broglie, 
we find that many of his results were anticipated by Hamilton in the 
earlier part of the last century. Hamilton was not acquainted with the 
theory of wave packets, developed only much later by Lord Rayleigh, but 
the general idea of a propagation accompanying mechanical processes was 
shown by Hamilton to be an immediate consequence of the laws of dy- 
namies.* Indeed, the wave front of a de Broglie wave moves in exactly 
the same way as a surface of constant Hamiltonian action. 

Let us examine this point more fully. We revert to our example of 
the swarm of non-interacting particles ejected normally with the same 
total energy W from the points on the same side of a given surface 2. 
The field of force in which the particles are moving is assumed to be 
conservative. The particles describe trajectories starting from the 
surface = at right angles. Let us consider one of the particles. It leaves 
a point O on the surface = at time zero and reaches a current point P on 
its trajectory at an instant ¢. The increase in the Maupertuisian action 
of the particle from O to P is obtained when we integrate the particle’s 
momentum over the trajectory between VO and P. If we assume that the 
action is zero at the point O, the action of the particle at the point P is 
equal to the foregoing integral. Thus, the particle at each point on its 
trajectory is associated with some value of the action, and the action 
increases as the particle describes the trajectory. In this presentation 
the action appears to be a magnitude attached to the particle, but we may 
also define it at any point of the trajectory regardless of whether or not 
the particle is present at that point. With this understanding, the 
value of the action at any point Q on the trajectory is defined by the action 
the particle will have (or had) on passing through this point. 

Suppose, then, we consider the swarm of particles. We assume that 
for each particle the Maupertuisian action has the value zero at the point 
where the corresponding trajectory leaves the surface x. Let P be any 
point on one of the trajectories. At this point the action has some value. 
We then mark out on all the trajectories the points where the action has 
this same value. The aggregate of these points defines a continuous 


* See page 324. 
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surface, which may be said to represent a surface of equal Maupertuisian 
action. The equations of dynamics show that the surface is intersected at 
right angles by all the trajectories. Since the point P, which we selected 
for the purpose of obtaining the surface, is any point on the trajectory 
considered, we conclude that the surfaces of equal action form a simply 
infinite family, and that the trajectories are orthogonal to all these 
surfaces. One of these surfaces of equal action is the initial surface 2 
whence the particles were thrown; it is associated with the value zero 
for the action. If we proceed along a trajectory in the direction of the 
motion, we pass through one surface after another, and the value of the 
action increases progressively. So as to avoid possible confusion, we must 
mention that if all the particles were to leave the original surface 2 
simultaneously, they would not in general pass through any given surface 
of equal action at the same instant; some would reach it earlier than 
others. 

There is also another kind of action utilized in dynamics; it is called 
the Hamiltonian action. In a conservative field of force, the increase in 
the Hamiltonian action of a particle, which moves from a point O to a 
point P along a trajectory, is obtained when we integrate the instantaneous 
difference between the kinetic and the potential energy of the particle 
over the interval of time taken by the particle to pass from O to P. If 
we assume that the Hamiltonian action of the particle has the value zero 
at the point O at the instant the particle leaves this point, the value of 
the Hamiltonian action at P is given by the integral just referred to. 

We shall assume that the particle leaves ‘the point O at time zero. 
Under these conditions, if S represents the Maupertuisian action of the 
particle at a point P on its trajectory, the Hamiltonian action 4 of the 
particle, when the particle reaches this point, can be shown to be 


(17) A= 8 — Wt. 


Here W is the total energy with which the particle is moving, and ¢ is the 
time taken by the particle to pass from O to P. Since the Maupertuisian 
action S of the particle has already been assumed to vanish at the point 
of departure O, the formula (17) shows that the Hamiltonian action will 
also vanish at this point at the initial instant ¢t = 0. 

Thus far we have argued as though the Hamiltonian action were a 
magnitude attached to the particle—i.e., a magnitude which would 
have no meaning except at the point through which the particle happened 
to be passing. But the concept of the Hamiltonian action is more general, 
and we may define it at each point of the trajectory and at each instan 
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of time. Thus let us suppose that at time ¢ the particle is passing through 
the point P; the formula (17) (in which S is the Maupertuisian action at 
the point P) defines the value of the Hamiltonian action of the particle 
at this point. But even after the particle has passed through the point P, 
or before it has reached this point, the formula (17) still defines a value 
for the Hamiltonian action at the point P at each instant t. We may 
therefore view the Hamiltonian action as dissociated from the particle 
and as existing on its own account at each point of the trajectory and 
at each instant. Formula (17) then shows that, as time passes, the value 
of the Hamiltonian action at the point P decreases in value. Also, at a 
given instant ¢ this action increases in value along the trajectory. 

Let us now consider, on the various trajectories, those points at which 


the Hamiltonian action has at time t the same value A as it has at the 
point P. The relation (17) shows that, at each one of these points, 


the Maupertuisian action has the same value A+ Wt. Consequently, the 
points at which the Hamiltonian action has the same value at a given 
instant are points covering a surface of equal Maupertuisian action. A 
similar situation holds at all instants and for all points on a trajectory. 


We conclude that the surfaces of equal Hamiltonian action A coincide at 
any instant with the surfaces of equal Maupertuisian action S. But an 
important difference distinguishes the two kinds of surfaces. A surface 
of equal Maupertuisian action, associated with a given value of this 
action, is a fixed surface which does not change its position in the course 
of time. On the other hand, a surface of equal Hamiltonian action, asso- 
ciated with a given value of this action, does not remain fixed, for we 
have seen that the value of the Hamiltonian action at a fixed point varies 
with time. 

We are thus prompted to examine how a surface of equal Hamiltonian 
action must move in order to remain associated with the same fixed value 
of the action. This information may be derived from the formula (17). 
We find that the surface must advance normally to the trajectories with 
a velocity defined at each point by 

(18) =, 
where W is the total energy, and p the magnitude of the particle’s momen- 
tum at the point in question. The velocity (18) is precisely the velocity 
(8), given by de Broglie for the wave velocity of his wave and hence 
for the velocity of the de Broglie wave fronts; and since a de Broglie 
wave front likewise remains perpendicular to the trajectories as it ad- 
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vances, we conclude that de Broglie’s wave fronts move along with the 
surfaces of equal Hamiltonian action.* 

De Broglie, whose investigations were undertaken in ignorance of 
Hamilton’s earlier ones, was able to pursue the matter further thanks to 
his knowledge of the quantum theory. To understand the nature of de 
Broglie’s contributions, we revert to the expression (11) of a de Broglie 


2 
wave. The argument of the cosine in (11) is (We — 8’); and accord- 


: : . 2n, 
ing to (17), this expression may equivalently be written — i A where 4 


is the Hlamiltonian action. A de Broglie wave may therefore be written 
an 2n 
(19) u=C cos>—(Wt — ae cos +4. 


This formula shows that, in a de Broglie wave associated with a doubly 
infinite family of trajectories, the equiphase surfaces are the surfaces 
of constant Maupertuisian action, S= constant. Hence the equiphase 
surfaces at any instant coincide with the surfaces of equal Maupertuisian 
action, and as a result the de Broglie rays coincide with the trajectories. 
This peculiarity is already known to us so that we need not discuss it 
further. Our immediate concern lies in another direction. 

In Hamilton’s treatment the propagation of the Hamiltonian surfaces 
does not exhibit any periodicity and has nothing in common with the 
propagation of a succession of wave crests. But de Broglie, in his formula 
(19), by taking the Hamiltonian action to be proportional to the argu- 
ment of a cosine, imposes the wave aspect. It is on this score that 
de Broglie’s treatment goes further than Hamilton’s. 

A point of interest is that de Broglie’s procedure would have been 
impracticable in Hamilton’s days. This statement is readily understood 
when we note that the argument of a cosine is an angle and hence, like 
an ordinary number, has no dimensions. The Hamiltonian action, on the 
other hand, has the dimensions of an action, and, to obtain a number, 
we must divide it by some other magnitude which also has the dimensions 
of an action. Now it would have been gratuitous in Hamilton’s days 
to manufacture some magnitude having the dimensions of action for 


* To be aceurate, the velocity (18) of the action wave in Hamilton’s theory is not 
exactly the same as the velocity (8) of a de Broglie wave. The reason is that W, 
in Hamilton’s formula, represents the classical total energy, whereas, in de Broglie’s 
formula (8), it represents the total relativistic energy—the latter differmg from the 
former chiefly because it includes the rest energy moc2, However, when Hamilton’s 
treatment is revised so as to incorporate the theory of relativity, the statement madc 
in the text is found to be correct; namely, the surfaces of equal Hamiltonian action 
move in exactly the same way as the wave fronts of de Broglie’s theory. 
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the sole purpose of obtaining sinusoidal waves of action, and since no 
universal unit of action was known to Hamilton, he could not contem- 
plate the possibility of utilizing the Hamiltonian action in the construc- 
tion of a sinusoidal wave. 

The situation changed with the advent of the quantum theory, for 
Planck’s constant hk plays the part of a universal unit of action. The 
Hamiltonian action may now be divided by the unit h so as to yield a 
dimensionless magnitude, or number, which can serve as the argument of 
a cosine. The number secured in this way defines the number of units of 
action h contained in the Ilamiltonian action. By this means de Broglie’s 
expression (19) for the wave is arrived at quite naturally. 

From the expression (19) of a de Broglie wave, we may easily deter- 
mine those particular equiphase surfaces over which the wave has the 
same phase at any given instant. We recall that the equiphase surfaces 
are the surfaces of equal Maupertuisian action (S=constant). Let 
S = So define one of these surfaces. Then we see from (19) that the 
equiphase surfaces over which the phase has the same value as it has over 
So, are the surfaces S= 8) + nh, where n is any integer. For instance 
the surfaces 


(20) S=0,h, 2h,....mh,.. 


define equiphase surfaces over which the phase of the wave is exactly the 
same at any instant. As a result, if one of these surfaces at a given 
instant defines a wave crest, all the other surfaces (20) will also deter- 
mine wave crests at the same instant. 


Waves and Photons—Since we have associated waves with material 
particles, it would appear legitimate to associate corpuscles with waves of 
light. Indeed, many experiments had shown, prior to de Broglie’s investi- 
gations, that light sometimes behaved like waves and at other times like 
particles. We shall therefore apply to corpuscles of light the same 
methods which we have previously applied to material particles. 

A first difficulty that confronts any corpuscular theory of light is the 
fact that in free space (i.e., in empty space when there is no field of 
force), the corpuscles of light, or ‘‘photons,’’ must be moving with the 
velocity c. But then the theory of relativity requires that their mass, 
momentum, and energy be infinite. Accordingly, a ray of light falling 
on our body should crush us. This difficulty was of course unknown 
to Newton, for it does not arise when classical mechanics is regarded 
as valid. Inasmuch, however, as relativistic mechanics must certainly 
be applied for high velocities, some means of removing the difficulty must 
be found. This difficulty is overcome most simply if we assume that 
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the mass mo of a photon at rest is zero. With this assumption, the 
energy of a photon moving with velocity ¢ is given by the expression 


ee in which mp = 0, and v=c. This expression then becomes 
ys 

) 
and may therefore have any finite value. We shall accept this solution 
of the difficulty. 

According to our assumptions, a photon moving with velocity ¢ in 
free space may have any energy and also any momentum. If, then, a 
de Broglie wave is associated with a photon, any frequency and wave 
length are possible for the wave. In particular, if we have two photons 
moving in free space, and hence moving with the same velocity c, the two 
photons may be associated with waves of different frequency. 

Let us now consider the wave velocities of the waves. We have seen 
that, in the case of material particles moving in free space, the wave 


2 
velocity is — where v is the velocity of the particle. Since the velocity 


2 

: hie : 

of a photon is v =c, the value of — is c, and so we conclude that ¢ is 
v 


also the wave velocity of the de Broglie wave associated with any photon 
in free space. In short, all these de Broglie waves (and also the wave 
packets which may be constructed so as to simulate the photons) move 
with the same velocity c. This velocity being precisely the velocity of 
Maxwell’s electromagnetic waves, we perceive at least a formal analogy 
between the de Broglie waves associated with photons and the waves 
of the electromagnetic theory. 

The formal analogy between the de Broglie waves associated with 
photons and the electromagnetic waves of Maxwell’s theory suggests a 
complete identification of the two kinds of waves. But several difficulties 
interfere with this view. Firstly, Maxwell’s electromagnetic waves are 
periodic disturbances in the electromagnetic field; and if we identify the 
de Broglie waves with Maxwell’s waves, how are we to account for the 
stationary electric and magnetic field? Secondly, we must remember that 
only in the ease of photons do the de Broglie waves happen to have 
the velocity ¢ of Maxwell’s waves; in the case of material particles their 
velocities are considerably greater. Hence the identification of the two 
kinds of waves in one particular case would not solve the general problem 
of the significance of the de Broglie waves. The problem of connecting 
de Broglie waves with those of the electromagnetic theory is as yet un- 
solved, but a fairly unanimous interpretation of the de Broglie waves is 
accepted today by the leading theoretical physicists: These waves are to 
be regarded as mere mathematical symbols measuring probabilities, We 
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must hasten to add, however, that this view becomes plausible only in 
the light of further investigation. The point to be kept in mind for the 
present is that the association of photons and electromagnetic waves 1s 
similar to that of material particles and de Broglie waves. 


The De Broglie Waves in a Magnetic Field—In our presenta- 
tion of de Broglie’s theory, the word ‘‘particle’’ was used loosely, and we 
did not specify what kind of particle was intended. To conform with 
the subsequent development of the theory, we shall suppose that a particle 
which is associated with a wave is a so-called elementary particle, such 
as an electron, a proton, or a photon. We refer to these particles as ele- 
mentary because, so far as we know, they are not composite structures 
built from simpler constituents. This reservation is not meant to exclude 
the possibility of waves accompanying composite structures like atoms or 
grains of sand; it is suggested solely because the complexity of a struc- 
ture may complicate the representation of the waves. At all events in 
this chapter our concern will be with elementary particles, chiefly with 
electrons. 

An electron in a mechanical field of force is necessarily acted upon by 
the field, e.g., by a gravitational field. But an electrostatic field also exerts 
a force on an electron; and so does a magnetic field provided the electron 
bein motion. De Broglie was thus led to investigate the propagation of his 
waves in electrostatic and in magnetostatic fields. 

The presence of an electrostatic field does not introduce any novel 
feature into the situation. As in the case of a conservative mechanical 
field, space behaves like an isotropic medium having refractive and dis- 
persive properties ; the wave associated with an electron is monochromatic, 
and its rays coincide with the possible trajectories of the electron or with 
the trajectories of a swarm of non-interacting electrons. 

But a novel situation arises when a magnetostatic field is considered. 
Space is now found to behave like a doubly refractive medium, so that 
a parallel beam of de Broglie waves on passing through the field will be 
split into two beams. In optics, we know that the phenomenon of double 
refraction is connected with the difference in the polarizations of the 
two refracted waves. But in the case of the de Broglie waves, we can find 
nothing, for the present at least, to suggest any property similar to 
polarization. In the subsequent development of the theory, however, 
the notion of polarization is introduced, and in the particle picture it is 
connected with the spin of the electron. We shall not elaborate on these 
points at this stage. 

In view of the behavior of de Broglie waves in a magnetic field, and 
in view of the connection postulated by de Broglie between waves and 
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electrons, we must suppose that a beam of electrons directed through 
a maguetie field should be split into two beams. This splitting of an 
electron-beam into two beams is a phenomenon of the same type as the 
splitting of a beam of silver atoms by a magnetic field in the Stern-Gerlach 
experiments (see page 601). It is interesting to note that the splitting of 
the electron-beam, which according to Bohr’s theory becomes compre- 
hensible only when we postulate the existence of the electron-spin, is 
predicted by de Broglie’s theory without any reference to this hypotheti- 
eal spin. This fact affords an indication of the importance which 
de Broglie’s theory may assume in the interpretation of other phenomena. 

The fields of force we have considered to this point were permanent 
and conservative. In them a particle retained the same total energy 
during its motion, and the shape of its trajectory did not vary with time. 
The associated de Broglie wave was thus monochromatic, and its rays were 
fixed lines. But in many cases the field varies with time—an electro- 
magnetic field is of this type. The energy of the particle is now no 
longer constant, and its trajectories are not fixed. Consequently, the 
wave is no longer monochromatic, and its rays are constantly changing in 
shape. 


De Broglie’s Quantizing Condition—The wave theory suggests an 
interesting interpretation of Bohr’s quantizing conditions. As an ex- 
ample, let us suppose we are dealing with the electron circling inside a 
hydrogen atom. If we disregard the relativis- 
tic refinements, the electron is describing an 
ellipse or a circle. For greater generality we 
shall assume that the orbit is elliptical. Ac- 
cording to de Broglie’s theory the electron is 
accompanied by a wave of definite frequency 
moving along the orbit. Inasmuch as the in- 
dividual wave crests advance much faster 

ss) than the electron, they will soon have moved 

Fig. 46 around the orbit and will have caught up with 

the electron. If the motion of the electron is 

to be stable, we may suppose that the wave motion must also be stable. By 
this we mean that a wave crest which has caught up with the electron must 
coincide with a wave crest which is just leaving the electron. In any 
other case the wave crests, on circling time and again around the orbit, 
would interfere in such a way that the regularity of the wave would be 
destroyed. The conditions of stability are easily understood from the 
figure. Thus at any given instant, the wave crests 2 must be so disposed 
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that the wave crest Ns. which follows Xy, coincides with the wave 
erest Xo. 

Now any two wave crests are wave fronts over which the phase of 
the wave is the same. Ilence. if one of the wave crests, ¢.g., Zo, IS passing 
a surface of Maupertuisian action zero at the instant of interest, we 
see from (20) that the other wave crests will be passing surfaces of 
action nh at the same instant (here n represents the consecutive posi- 
tive integers). We conclude that the conditions of stability will be satis- 
fied, whenever the increase in the Maupertuisian action around the orbit 
has any one of the values nh. This increase in the Maupertuisian action 
is more simply referred to as the Maupertuisian action along the orbit. 
Denoting it by S, we see that 


(21) S=nh (m any positive integer) 


is the condition that must be realized for the de Broglie wave, associated 
with an orbit, to be stable, and hence for the orbit itself to be stable. 

Now. (21) is precisely the quantizing condition originally assumed 
by Bohr for the purpose of determining the stable orbits, or energy levels, 
in the hydrogen atom. Hence we have accounted for Bohr’s mysterious 
quantum conditions in terms of a wave phenomenon. As for Bohr’s 
main quantum number 2, it is seen to measure the number of wa've crests 
situated along a stable orbit. 

De Broglie extended his investigations by showing how the fre- 
quencies radiated from the hydrogen atom might be interpreted by means 
of his waves. Ife assumed that, when according to Bohr’s theory the 
electron drops from one stable orbit to another emitting radiation in the 
process, a stable de Broglie wave is associated with each one of the two 
orbits of interest. These two waves have different frequencies, and their 
superposition gives rise to a phenomenon of beats, the frequency of which 
is equal to the difference in the frequencies of the waves. This fre- 
quency is precisely that of the radiation which should be emitted in Bohr’s 
theory, and so de Broglie coneluded that the radiation waves are closely 
allied with the beats of the de Broglie waves. We shall not insist on these 
points, for, as will be seen Jater, de Broglie’s treatment is lacking in 
rigor. The subject will be resumed in Chapters XXXII to XXXIV, 
where Schrédinger’s investigations will be considered. 

In arriving at the stability relation (21), our concern was with the 
hydrogen atom; but the general method followed in obtaining this relation 
shows that it expresses the general condition of stability for de Broglie 
waves following closed paths, and hence for particles describing closed 
orbits. Since the condition of stability (21) for the waves coincides with 
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Bohr’s quantum condition for the energy levels, we conclude that in all 
cases de Broglie’s theory leads to exactly the same energy levels as Bohr’s. 
This is so, in particular, for the oscillator and for the rotator. In the 
ease of an oscillator of mechanical frequency 7, de Broglie’s theory, like 
Bohr’s, yields the energy levels 


(22) hyo, 2hvo, Bh... hy, .. 


The two theories also agree in requiring that only periodic motions 
be quantized. Thus de Broglie’s treatment shows that we cannot expect 
quantizing conditions to appear unless the waves catch up, so to speak, 
with already existing ones. Hence discrete energy levels cannot occur for 
a particle describing a trajectory that does not close or at least that does 
not manifest some periodic feature. As an example, the hyperbolic orbits 
in the hydrogen atom cannot be quantized according to de Broglie; and 
this conclusion is in full accord with the tenets of Bohr’s theory. 

The foregoing illustrations seem to indicate that the theories of Bohr 
and of de Broglie, though conceptually different, are nevertheless 
equivalent. If this were so, de Broglie’s theory in spite of its interest 
could not anticipate any phenomenon which was not already predictable 
on the basis of Bohr’s theory. We may hasten to say that this opinion 
would be unjustified. Indeed, the ability of de Broglie’s theory to pre- 
dict the splitting of a beam of electrons into two beams by a magnetic 
field suffices to show that the theory may quite well lead to new dis- 
coveries.* For the present, however, we are .not concerned with new 
discoveries. What we propose to show is that even if de Broglie’s theory 
had furnished no new discoveries, it would still have the merit of 
shedding considerable hight on the mysterious discontinuities which are 
characteristic of Bohr’s theory of the atom. 

For instance, we have seen that, in classical science, all processes were 
assumed to be continuous, and that the revolutionary aspect of the 
quantum theory arose from its systematic introduction of discreteness. 
Now continuity and disereteness seem to be the antithesis of each other 
and appear incompatible. But de Broglie, by interpreting the discrete 
stable orbits of Bohr’s theory by means of a condition of stability imposed 
on continuous waves, showed that the two opposites could be reconciled. 
The fact is that the discrete sequeuce of stable values resulting from 
the condition of wave-stability exhibits a striking resemblance with the 
discrete nodal surfaces that occur in wind instruments. As has long 
been known, when the air in an organ pipe is set into vibration, station- 


* To account for this effect in Bohr’s theory, we must postulate the electron spin. 
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ary waves are formed; the air vibrates in some parts of the pipe but 
remains motionless at the points situated on certain equidistant surfaces. 
These surfaces, called rodal surfaces, subdivide the length of the pipe into 
equal intervals, so that integers appear. The appearance of these in- 
tegers and thereby of discreteness in an otherwise continuous process was 
in no wise mysterious in classical science, since it could be anticipated on 
theoretical grounds. De Broglie’s investigations indicate that the integral 
quantum numbers of Bohr’s theory are themselves but effects of the 
continuous waves. 

Having stated some of the conceptual advantages of de Broglie’s 
theory, we return to our original question: Does de Broglie’s theory 
account for any phenomena which Bohr’s theory was unable to inter- 
pret? * The answer is in the affirmative provided, however, de Broglie’s 
theory be refined. The significance of this reservation is clarified by the 
following considerations. De Broglie’s theory, as developed to this 
point, yields the same quantizing conditions and hence energy levels 
as Bohr’s theory. In particular, it furnishes the energy levels (22) 
for the oscillator. But, as we have mentioned on other occasions, the 
levels (22) are certainly wrong. On the basis of the experimental evil- 
dence, the correct levels are 
hyo le 2hvyo + —,.....- nhyo Eisele 

2 2 
Similarly, in the case of the rotator, the energy levels furnished by the 
theories of de Broglie and of Bohr must be revised. We are thus led to 
the conclusion that de Broglie’s theory, like Bohr’s, can be viewed only 
as an approximation. But it is here that the superiority of the wave 
theory becomes manifest. Whereas all attempts to refine Bohr’s theory 
were found to require the introduction of additional hypotheses having 
no obvious connection with those already accepted (e.g., half-quantum 
numbers), the refinement of de Broglie’s theory was obtained not by 
appealing to new assumptions,t but merely by removing certain restric- 
tions which de Broglie had unwittingly introduced. When these restric- 
tions were removed, a new field of possibilities was opened for the theory 


to explore. 


* De Broglie’s prediction that a beam of electrons would be split by a magnetic 
field is not, strictly speaking, a phenomenon which Bohr’s theory fails to interpret, for 
the spinning electron accounts for this effect. 

+ In later chapters we shall sec, however, that de Broglie ’g original theory has had 
to be modified and expanded in various ways. 
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The Refinement of De Broglie’s Theory —De Broglie, in develop- 
ing his theory, assumed for reasons of simplicity that the condition of 
the space in which the waves were propagated was compatible with the 
requirements of ray-optics. For instance, he identified the rays of his 
waves with the mechanical trajectories of the particle. Since the very 
notion of ‘‘ray’’ is valid only insofar as the conditions of the medium 
satisfv the requirements of rav-optics for the waves, we conclude that 
de Broglie’s theory in its original form is a wave theory restricted to the 
domain of validity of ray-opties. 

But suppose that in the problem of interest the heterogeneities in the 
medium are too important to be disregarded over extensions of the order 
of the wave length of the de Broglie waves. In this case we must reject 
the methods of ray-opties and rely on the more refined ones of wave- 
optics. As was explained in Chapter XTX, diffraction phenomena must 
now be expected. The situation just contemplated is realized in many 
cases: in particular, whenever the refractive index of space for the 
de Broglie waves varies greatly from place to place, and hence whenever 
the field of force differs considerably in magnitude at neighboring points. 
As Schrédinger was the first to observe, this condition occurs in the 
hydrogen atom in the vicinity of the proton-nucleus. And so, in dealing 
with the hydrogen atom, unless we be satisfied with approximate results, 
we must investigate the behavior of the de Broglie waves by means of 
the more refined methods of wave-opties. 

The methods of ray-opties for the de Broglie waves also cease to be 
valid when the homogeneity of space is destroyed by the presence of tiny 
obstacles * or of tiny holes perforated in screens. Diffraction effects and 
interference patterns will be generated by these heterogeneities of the 
medium, and in any particular case the precise diffraction effect can be 
computed from the general theory of wave-optics. Thus, all the informa- 
tion both practical and theoretical collected in wave-opties during the 
course of the last century becomes immediately available for the study 
of the diffractions and interferences of de Broglie waves. 

We next inquire how the diffractious of the waves can be detected. 
The waves themselves are mere shadowy existents and we cannot expect 
their diffractions to be observed directly. But de Broglie’s theory, as we 
know, establishes a connection between the waves and the particles, and 
since the latter can be observed, the diffractions of the waves may be re- 
vealed indirectly through the behavior of the particles. 


* Obstacles for the de Broglie waves are obstacles for the particles associated with 
the waves. 
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The significance of these conclusions is that the behavior of the particles 
must differ according to whether the conditions of ray-opties or of wave- 
optics prevail for the waves. If, as de Broglie assumed, the conditions of 
ray-optics are satisfied, the particles will move in accordance with the 
laws of classical (or relativistic) mechanies.* Furthermore, the restric- 
tions placed by Bohr on the intra-atomic energy levels are then derived 
from de Broglie’s stability condition for the waves. But suppose the 
conditions of ray-optics no longer hold for the waves. The behavior of 
the particles will not be the same, so that the classical (or relativistic) 
mechanical laws will no longer be valid and will have to be replaced by 
new mechanical laws. We are thus led to the following conclusion: The 
passage from the conditions of ray-optics to those of wave-optics for the 
de Broglie waves will be accompanied by a passage from classical (or 
relativistic) mechanics to some more refined form of mechanics at present 
unknown. In short, the relationship between the new mechanics and the 
classical or even the Einsteinian mechanics will be of the same kind as 
the one holding between wave-optics and ray-optics. We may therefore 
refer to the more refined form of mechanics as wave-mechanics, and to 
the classical and the Einsteinian mechanics as ray-mechanics. 

In all rigor it would be misleading to say that there are two kinds 
of mechanics in Nature: ray-mechanics and wave-mechanics. The fact 
is that no clear-cut distinction separates the two mechanical doctrines. 
Tf we imagine a situation in which the conditions for the de Broglie waves 
pass gradually from those of wave-optics to those of ray-optics, wave- 
mechanics will merge gradually into ray-mechanics. Thus, just as there 
is only one rigorous doctrine in optics, namely, wave-optics, so also is 
there only one rigorous mechanics, namely, wave-mechanics. Ray- 
mechanics, like ray-optics, is a mere degenerate doctrine, never realized 
rigorously in practice though useful as an approximation. 

The conceptual differences which distinguish wave-mechanics from 
ray-mechanics are fundamental. Indeed, we may question the advis- 
ability of retaining the name ‘‘mechanics’’ for the new doctrine, since this 
name suggests the retention of concepts which must now be discarded. 
A point of some interest is that the mechanics of the theory of relativity 
is here classed with classical mechanics, both mechanics being forms of 
ray-mechanics. Thus relativistic mechanics, once regarded as revolu- 
tionary, today appears classical. It is recognized as a great advance over 
Newtonian mechanics, being a refinement of the latter which cannot be 


* We may, as-we see fit, develop de Broglie’s theory in accordance with classical 
or with relativistic mechanics. 
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disregarded for bodies moving with high speeds; but in spite of this re- 
finement, relativistic mechanics is not refined enough, for it still ascribes 
definite trajectories to the particles, and hence will be as incapable of 
accounting for subatomic phenomena as is Newtonian mechanics. 

The advantages of de Broglie’s method now become clear. Classical 
mechanics as applied to subatomic phenomena was known to be invalid, 
for we saw, especially in the higher atoms, that even when Bohr’s quan- 
tum restrictions were applied, no adequate model based on classical 
mechanical laws could be found to account for the results of experiment. 
On the other hand, there was no means of deciding on the new doctrine 
that would take the place cf the discarded mechanics. De Broglie’s theory 
supplies the answer. We must rely on the methods of wave-optices and 
apply the wave laws which control the de Broglie waves within the atom ; 
and then, from the behavior of the waves, deduce the corresponding 
mechanical occurrences and the energy levels. When these refinements 
were applied by Schrédinger to the hydrogen atom, he obtained the same 
energy levels as were obtained by Bohr and by de Broglie in his earlier 
treatment. Thus, the refinements did not yield new results in this case. 
But with the oscillator and the rotator, the more refined methods gave 
new values for the energy levels, and these were precisely the values 
which seemed to be required by the experimental evidence and which 
Bohr’s theory was unable to furnish. A further development of the 
wave theory by Dirac established the electron spin. Finally, the curious 
formulae devised by Landé in the anomalous Zeeman effect and the 
coalescence of the screening-doublet levels in the hydrogen atom were 
found to be consequences of the wave theory. 

But it is not only the theory of the atom that has benefited from 
wave-mechanics. Thus we have said that when tiny obstacles are placed 
along the paths of the de Broglie waves, wave-mechanics must be applied 
in place of the classical ray-mechanics. We shall now be concerned with 
the phenomena that must be expected under such conditions. 


The Diffraction of Electrons—In Chapter XIX we discussed the 
diffraction of waves of light that pass through a small hole perforated 
in a screen. We said that, if the diameter of the hole is smaller than 
the wave length, a divergent beam of waves emerges from the hole, 
so that a paper placed behind the screen exhibits a uniform illumination. 
We also mentioned that if two small holes in place of one are considered 
(as in Young’s experiment), a different diffraction effect occurs: the 
interference of the divergent beams, issuing from the two holes, causes 
parallel bright and dark bands to appear on the paper. 
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In our discussion of these effects we were concerned with waves and 
not with photons. But the same effects may be interpreted when we 
associate photons with the waves. When this course is followed, the 
energy formerly ascribed to the waves is transferred to the photons, and 
so luminous regions must be viewed as regions in which photons are 
akundant. We must assume therefore that in Young’s experiment the 
bright bands represent regions where the photons collide with the paper, 
whereas along the dark bands no photons are present. According to this 
interpretation the density with which the photons are packed is pro- 
portional to the intensity of the waves; consequently, where the waves 
cancel, no photons appear. 

Let us return to the de Broglie waves and their associated particles, 
e.g., electrons. Consider a beam formed of electrons describing parallel 
courses with the same velocity. We assume that the electrons of the 
beam exert no interactions. In this case the beam is associated with a 
plane de Broglie wave, whose frequency and wave length are determined 
by the energy and momentum of any one of the electrons in accordance 
with de Broglie’s fundamental formulae (5) and (6). Suppose now 
this beam of electrons falls on a small hole perforated in ascreen. If the 
hole is sufficiently small, the de Broglie waves of the beam, by the mere 
fact that they are waves, should be diffracted from the hole and give rise 
to a divergent beam. In view of the association of waves and electrons, 
the diffraction of the waves should entail the scattering of the electrons 
through the divergent beam. Equivalently, we may say that the elec- 
trons, like the waves, should be diffracted. Thus, by solving the optical 
problem of diffraction for the waves, we could determine the trajectories 
of the aggregate of electrons. 

The scattering of the electrons would be disclosed if we placed a 
fluorescent screen behind the hole; the impacts of the electrons against 
the fluorescent screen would generate scintillations which would indicate 
the positions of the electrons and hence the deviations they had sustained. 
According to our earlier explanations the scintillations should be dis- 
tributed more or less uniformly over a certain area of the screen. 

Technical difficulties would make this experiment very arduous to 
perform, but the results derived from experiments of a similar nature 
indicate that the diffraction effects we have described would certainly 
occur. We shall assume therefore that the diffraction effects correspond 
to reality. 

At first sight it might seem possible to account for the diffraction of 
electrons without postulating mysterious de Broglie waves. For instance, 
we might suppose that the contour of the hole attracts (or repels) the 
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electrons, deviating them from their straight course. The following 
experiment, however, shows that this assumption must be discarded: 
Suppose there are two holes instead of one. According to de Broglie’s 
theory exactly the same interference effect should occur as in the case of 
Young’s optical experiment: parallel bands of maximum and vanishing 
intensity for the waves should be generated over a plane surface placed 
in the path of the superposed beams. If, then, by analogy with the 
association of photons and waves of light, we suppose that the electrons 
are most densely packed where the waves are most intense, we conclude 
that the electrons of the swarm will collide with the surface (e.g., a 
fluorescent screen) along the bands of maximum intensity, and not else- 
where. In short, whereas when there was only one hole the electrons 
from this hole fell at random all over the fluorescent screen, we find now 
that by opening the second hole, we prevent these electrons from falling 
in certain regions. 

These results show that the deflections of the electrons on passing 
through a hole cannot be due to the actions of the contour of the hole; for 
if such actions were the cause of the deflections, the opening of a second 
hole would not affect these deflections : the electrons would continue to fall 
at random over the fluorescent screen, and no discontinuous pattern of 
bands would arise. 

In our discussion of the foregoing experiments, we have assumed a 
connection between the intensity of the de Broglie waves at a point and 
the density of the particles around this point. The connection was sug- 
gested when we interpreted Young’s experiment in terms of photons, and 
then noted the analogy between optical waves and photons on the one 
hand, and de Broglie waves and particles on the other. But regardless 
of its justification, what we wish to stress is that this connection adds a 
new feature to the wave picture. Thus de Broglie, in his original asso- 
ciation of waves with particles (as defined by the fundamental relations 
(5):and (7)), was only concerned with the frequency and with the 
wave-number vector of the waves. The intensities of the waves from 
point to point were not taken into consideration. This omission is now 
remedied, for henceforth the intensity of the wave at a point P will be 
supposed to be proportional to the density in the packing of the associated 
particles around this point. If we are assuming that a single particle is 
associated with the wave, the intensity at a point P must be regarded as 
proportional to the probability of our finding the particle in the neigh- 
borhood of this point. In the next chapter we shall see that this funda- 
mental postulate constitutes one of Born’s basic assumptions. 
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Suppose, then, we assume that the de Broglie wave is associated with 
a single electron. When both holes are open, an interference pattern 
for the waves is formed as before, and if the electron should happen to 
pass through one of the holes, it will collide with the fluorescent screen at 
some point situated in a band of maximum intensity. But when one of 
the holes is closed, the interference pattern does not occur; and the 
electron, after passing through the open hole, may collide with the screen 
at any point. If we knew nothing of the waves, this situation would be 
incomprehensible; for even when both holes are open, the electron can 
pass only through one of the two holes; and hence it would seem that the 
phenomenon registered should be the same whether the hole through which 
the electron does not pass were open or closed. In short, if de Broglie’s 
theory is correct, we must take the wave into consideration and assume 
that it passes through all the holes that are available; we cannot restrict 
our attention to the particle and to one hole alone. In this analysis we 
are assuming that the electron has the attributes which we commonly 
ascribe to a particle. In the next chapter where the ideas of Heisenberg 
and Bohr will be discussed, we shall see that these conceptions will need 
revision. In particular, we shall be led to suppose that the electron and 
the waves are but different aspects of the same condition; and that the 
electron is not a strictly localized particle, but a more or less diffuse 
existent which, in the above experiment, can pass through the two holes 
simultaneously. In the remaining part of this chapter, however, we 
shall be concerned only with swarms of particles, and in this case the 
paradoxical conceptions just mentioned will not be required. Accord- 
inely, we shall continue to regard the waves and the electron as distinct, 
the latter being viewed as a particle in the ordinary sense of the word. 

In the diffraction effects discussed so far, a parallel beam of waves 
was directed against one or more small holes perforated in a screen. Sup- 
pose now we modify the experiment by causing the beam (¢.g., of light) 
to fall on a tiny polished disk. If the diameter of the disk is relatively 
large, a reflected parallel beam will be produced. But if the diameter is 
very small, say, half a wave length of the incident light, regular re- 
flection will no longer oceur. Instead, a divergent beam will issue from 
the disk, so that the light will appear to be re-emitted in all directions 
(on one side of the disk). Let us note that the diffraction effect we 
are here describing is the same as the one discussed in connection with 
the hole, except that now a reflection takes the place of a transmission. 

Young’s interference experiment in optics may be repeated with two 
tiny disks taking the place of the two tiny holes. The interference effect 
is enhanced when we utilize a large number of reflecting disks placed on a 
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plane surface. These, however, must be regularly spaced, for if they 
are situated at random, no interference pattern will occur. Further- 
more, the distance between two neighboring disks must be of the same 
order of magnitude as the wave length of the light. Suppose, then, a 
parallel beam of monochromatic light is directed against this assemblage 
of disks. Calculation shows that the light will be diffracted only in certain 
well-defined directions. If a sheet of paper is made to intercept the dif- 
fracted waves, bright and dark bands will appear. The positions of 
these bands depend on the wave length of the incident light. Consequently, 
when white light is utilized, the various constituent radiations, which by 
their superposition yield white light, will undergo different diffractions 
and a spectrum of colors will appear. The principle of gratings is ex- 
hibited in this phenomenon. Similar diffraction effects must occur when 
the disks are distributed through a volume of space instead of being 
placed on a plane. But here also the distribution must be regular, and 
the distance between two neighboring disks must be of the same order 
as the wave length. 

Some thirty years ago a controversy arose on the nature of X-rays 
The majority of physicists believed that these rays were waves of light 
of exceedingly high frequency and hence of exceedingly short wave length. 
But as experimenters had been unable to obtain with X-rays any of the 
familiar phenomena of reflection, refraction, and diffraction (so easily 
realized with visible light), the nature of X-rays remained in dispute. 
Then von Laue accidentally caused X-rays to fall on a crystal, and for 
the first time diffraction effects were observed: The rays were deflected 
in a number of privileged directions. Several facts were thereby estab- 
lished. Firstly, X-rays were proved to be waves. Secondly, a crystal 
was proved to be a regular arrangement of atoms in space, the atoms 
playing the same role as the disks in our previous illustration. Finally, 
the distances between neighboring atoms were shown to be of the same 
order of magnitude as the wave lengths of the X-rays. At the same 
time the reason that crystals did not generate diffraction effects for waves 
of light belonging to the visible frequencies was seen to be due to the 
smallness of the distances separating the atoms in a crystal. These dis- 
tances are far smaller than the wave lengths of visible light, whereas they 
are of the same order of magnitude as the wave lengths of X-rays. 

These preliminary considerations on X-rays and crystals enable us to 
understand the experiments which afforded the first direct proof of the 
correctness of de Broglie’s theory. De Broglie’s fundamental relations 
show that the waves associated with electrons moving at low speed 
should have wave lengths of the same order as those of X-rays. Hence 
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the diffraction effects that arise when .Y-rays fall on crystals should also 
occur when de Broglie waves are utilized. This implies that a beam of 
electrons falling on the surface of a crystal ought to be reflected in certain 
privileged directions and not in others. A crucial test of de Broglie’s 
theory would thus be to submit a crystal to a bombardment of electrons. 

The majority of experimenters, however, were unfamiliar with de 
Broglie’s ideas, and his theory was still so speculative that it had not 
been brought to their attention. It was by accident that Davisson and 
Germer undertook an experiment which was precisely of the type required 
to illustrate the diffraction phenomena just discussed. The original aim 
of these experimenters was to study the scattering (7.e., irregular reflec- 
tion) of a beam of slow-moving electrons directed against the smooth 
surface of a metal; a strip of nickel was taken. Now under ordinary 
conditions, a metal is not in crystalline form, so that the experiment con- 
templated by Davisson and Germer would not have revealed the diffraction 
effects anticipated by de Broglie’s theory. However, the tube, in which 
the metal was placed, broke by accident, and to remedy the mishap, the 
nickel was heated and the experiment resumed. The heating and the 
subsequent cooling changed the texture of the metal into one of erystal- 
line form, with the result that when the beam of electrons was directed 
afresh against the metal, Davisson and Germer unintentionally performed 
an experiment which afforded a crucial test of de Broglie’s theory. Privi- 
leged directions of rebound were detected for the electrons, and subsequent 
calculation proved that they were in agreement with de Broglie’s theo- 
retical anticipations. The attention of physicists was aroused by these 
results, and soon after, a number of similar diffraction experiments were 
devised by G. P. Thomson, Rupp, and others. In every case the pre- 
visions of de Broglie’s theory were found to be correct, not only in a 
vague qualitative way, but also to a high degree of accuracy. 

In all these experiments, the particles whose diffraction effects have 
been disclosed are electrons (and also protons). But in theory similar 
diffraction effects should occur for all particles of matter, and in particu- 
lar for those particles with which we come into daily contact, c.g., grains 
of sand or stones. We therefore inquire: Why is it that the wave proper- 
ties of matter have been detected only in recent years and only in 
connection with electrons and protons, whereas the wave properties of 
light have been known for more than a century. The answer to this 
question is to be found in the microscopic wave lengths of the de Broglie 
waves (associated with matter) on which we can experiment in practice. 
In the case of visible light the wave lengths are relatively long, and so 
we may easily manufacture media exhibiting the measure of heterogeneity 
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necessary to generate diffraction effects. For example, we may perforate 
sufficiently small holes or slits in screens, or trace sufficiently fine rulings 
on a piece of glass. But in the case of the de Broglie waves, the wave 
lengths will usually be far shorter, and our man-made devices will be 
incapable of producing perceptible diffractions. 

Other reasons also militate against an easy detection of the wave 
properties of matter. We recall that, according to de Broglie’s rela- 
tion (6), the wave length 4 of a wave associated with a particle of 


momentum p is defined by “. Since Planck’s constant h is a very small 


magnitude, the wave length 4 will be exceedingly small unless the mo- 
mentum p of the particle is extremely minute. In the majority of cases, 
the wave length of the de Broglie waves will be far shorter than those 
of X-rays; and even with the help of crystals, we shall be unable to 
obtain any perceptible diffraction effects. To generate perceptible dif- 
fraction effects, we must experiment, therefore, with de Broglie waves 
having relatively long wave lengths, and hence with particles whose 
momentum is extremely small. Consequently, we must operate with 
particles of extremely small mass, moving at low speeds. In view of these 
requirements, we cannot expect to observe diffraction effects for relatively 
massive particles, such as grains of sand, and so we must have recourse 
to electrons. Since electrons have been discovered only recently, and in 
any case can be observed only indirectly, we understand why the wave 
properties of matter have been so difficult to detect and so long un- 
suspected. . 


A point of interest is the part played by Planck’s constant h in these 
phenomena. The expression 4 =" for the wave length 2 of the de Broglie 


wave shows that, if in our universe the constant h were to become smaller 
and smaller, the same particle having the same momentum p would be 
associated with waves of shorter wave length. In such a world the condi- 
tions of ray-optics would be more nearly realized, and the wave proper- 
ties of matter would be even less conspicuous than they actually are. Since 
the gradual decrease in the value of h corresponds to the gradual disap- 
pearance of quantum occurrences, we are led to view the wave properties 
of matter as being at root a quantum manifestation. 


CHAPTER XXX 
HEISENBERG’S UNCERTAINTY PRINCIPLE 


Even before the advent of de Broglie’s theory, various optical experi- 
ments had shown that radiation betrayed a dual aspect, sometimes wave- 
like and at other times corpuscular. So long as this dualism was restricted 
to radiation, it could be assumed to exhibit a new property of the mys- 
terious existent—light. But subsequently, in view of de Broglie’s 
theory and of the corroborative experimental evidence mentioned in the 
last chapter, physicists were compelled to extend the same dualism to 
matter. Some general principle of obscure import thus seemed to be 
involved. Various tentative explanations were advanced by the leading 
theoretical physicists. The one in favor today is Hleisenberg’s ‘‘Un- 
certainty Principle.’’ Before discussing it, we shall mention some of 
the earlier interpretations though they have since been abandoned. 

The first interpretation was advanced by de Broglie himself. He did 
not attribute the dual aspect of matter and of light to the independent 
existence of waves and of particles in Nature. Instead, he assumed that 
the waves were the only reality, and that the semblance of particles was. 
due to a peculiarity of the waves. De Broglie’s interpretation raises an 
obvious objection : Particles, so far as we can determine, are well localized 
and pursue well-defined trajectories, whereas waves and even wave packets 
are diffuse and hence cannot define tiny localized regions simulating 
particles. De Broglie overcame this difficulty by supposing that, within 
the disturbed region occupied by a wave, the intensity of the wave became 
infinite at a point. This point, having a well-defined position and moving 
along a definite trajectory, was then identified with the particle. As 
mathematicians would say, the particle was assumed to be a point- 
singularity in the wave field. Thanks to this assumption, the particles 
of physics, though viewed as wave manifestations, could be eredited with 
a definite path and motion. Had de Broglie’s interpretation been ac- 
cepted, we should have had a pure field theory, and the picture of the 
physical world would have been one in which waves were fundamental 
and particles mere by-products. This interpretation was subsequently 
rejected. 

A second interpretation, defended by de Broglie at the Solvay Con- 
eress of 1927, was similar to the first, in that, as before, definite paths and 
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motions were ascribed to the particles. But in the new interpretation the 
particles, to the same extent as the waves, were credited with an inde- 
pendent physical existence. De Broglie showed that in a wave manifes- 
tation, however complicated, certain expressions could be derived from 
the wave magnitudes, and that these expressions would define at each 
point of space an energy and a momentum-vector. As a result, with 
each wave manifestation, could be associated an aggregate of trajectories 
susceptible of being described with well-determined motions. A particle 
present in the region would then follow one of these trajectories with 
the motion deduced from the wave phenomenon. It would be as though 
the wave guided the particle along one of the trajectories. For this 
reason the name ‘‘pilot-wave hypothesis’' was given to de Broglie’s in- 
terpretation. The precise trajectory which would actually be followed by 
a particle could not be determined from the wave, though the relative 
probabilities of the various trajectories could be calculated. Thus, the 
probability that the particle would be situated at a given point, at a given 
instant, was held to be proportional to the intensity of the wave at this 
space-time point. We may recall that this last assumption was accepted 
implicitly in our interpretation of the diffraction experiments with elec- 
trons; it constitutes one of Born’s assumptions, to be mentioned presently. 

In spite of its attractiveness, de Broglie’s second interpretation was 
found to entail impossible consequences. For instance, in some situations 
the permissible trajectories derived from the wave would have to be de- 
scribed by the particle with a velocity exceeding that of light; and this 
contradicted the theory of relativity. Then again, in the case of a bichro- 
matic wave (to which we shall refer when discussing Born’s assumptions), 
the energy which de Broglie’s treatment ascribed to the particle was in 
conflict with experiment. For these reasons de Broglie abandoned his 
interpretation. His views were of interest, however, because they re- 
vealed the difficulty of ascribing a well-defined path and motion to the 
particle; and, as a result, they led to the suspicion that a rigorously 
situated particle having a well-defined motion might be a myth. This 
conclusion need not conflict with common experience, for only in the 
shadowy realm of wave mechanics proper does the vagueness to which 
we have alluded occur. 

A third interpretation was at one time defended by Schrodinger. It 
was suggested to him when he investigated the hydrogen atom by the 
methods of the new wave mechanics. Schrédinger’s interpretation has 
since been rejected but it is sufficiently interesting to merit mention. We 
shall discuss it in Chapter XX XIII, and so we need state only its charac- 
teristic features here. According to Schrédinger, the electron does not 
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have the attributes which we commonly ascribe to a particle. Instead 
it is a mere wave packet of de Broglie waves. This wave packet is elec- 
trically charged, carrying a total charge —e . Schrédinger’s interpreta- 
tion differs from both of those previously defended by de Broglie in 
that it rejects the idea of a clearly defined particle situated at a definite 
point of space and moving with a definite velocity. It exhibits, however, 
a certain similarity with de Broglie’s first interpretation since it also 
requires that we view the waves as fundamental. 

An objection which proves fatal to Schrédinger’s conception of an 
electron is that wave packets eventually spread throughout space. We 
cannot therefore identify a wave packet with an electron, which certainly 
retains a high degree of permanency over a protracted period of time. 
This difficulty was not at first recognized by Schrédinger, because, at 
the time, the general theory of the spreading of de Broglie wave packets 
had not been worked out mathematically; and Schrédinger, guided as 
he was by an investigation he had made in a special case, believed that 
wave packets would not disperse. 

The dispersing of wave packets, to which we have just referred, 
occurs automatically under what might be called the internal forces of 
the packet, but a rapid disruption may also be obtained artificially by 
the application of external agencies. For instance, if a wave packet falls 
on a crystal, the various wave trains which form the packet are sorted 
out and are subjected to different deviations. Hence the packet is not 
reflected or transmitted as a unit; it ceases to exist. A phenomenon of 
this sort occurs in the Davisson-Germer experiments. Obviously, in such 
cases the packet cannot behave, even vaguely, like an electron, which 
appears to be reflected or transmitted as a unit. Had this more violent 
disruption of wave packets impressed itself upon the attention of physi- 
cists, the impossibility of Schroédinger’s interpretation would have been 
recognized even before the mathematical theory of wave packets was 
elaborated. But it must be remembered that at the time Schrodinger 
was proposing his theory, the Davisson-Germer experiments had not been 
performed. 

The fourth and latest attempt to elucidate the relation between the 
particle and the wave was initiated by Born; it forms the basis of Heisen- 
berg’s uncertainty relations. 


Born’s Assumptions—Born makes two fundamental assumptions. 
The first concerns the probability of a particle’s presence at a given point 
at a given time; the second refers to the probable value of the particle’s 
momentum and energy. 
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Let us suppose that de Broglie waves occupy a region of space. The 
wave disturbance may consist of waves of the same frequency or it may 
be due to the superposition of waves of different frequencies. In the 
latter case the wave disturbance may assume the form of a wave packet. 
Furthermore, the wave motion may exhibit a transfer of the amplitude 
(as occurs during the advance of a wave packet), or it may be repre- 
sented by advancing’ wave crests (as occurs with progressive waves), or 
again the wave motion may consist in standing waves. 

According to Born’s first assumption, the following significance must 
be attached to the wave picture: 

In a region of space in which de Broglie waves are present, the 

probability that the associated particle will be situated within a 

given tiny volume dxdydz at time ¢ is proportional to the product 


of the volume dzdydz and the intensity Z of the wave disturbance 
at any point within this volume at the instant considered. 


In the foregoing presentation the volume dzdydz is assumed so small 
that within it the intensity has.approximately the same value at all points. 

Now the intensity may have one value or another, depending on the 
particular tiny volume and the instant of time considered. Hence I will 
be a function of space and of time, 7.e., I(x, y, 2, t). Since, according 
to Born’s assumption, the product I(2, y, 2, t)dxdydz is proportional to 
the probability of our finding the particle at the instant t within the vol- 
ume dxdydz, we conclude that the intensity J measures what might be 
called the density of the probability, or at least a magnitude proportional 
thereto. We may forego for the present a rigorous definition of the in- 
tensity ; we shall revert to it when we discuss Schrédinger’s theory of 
radiation. Suffice it to say that the technical meaning of the word is 
similar to its commonplace significance. For instance, in a stormy sea 
the greater the height of the waves, the greater the intensity of the dis- 
turbance; the intensity would be zero if the sea were perfectly calm. 
Similarly for a de Broglie wave packet: the intensity is greatest inside 
the packet and is zero outside. 

Born’s first assumption may be adapted to the case where a swarm 
of similar non-interacting particles is associated with a de Broglie wave. 
Thus, if we are dealing with a swarm of particles, the number of particles 
in a given tiny volume is obviously proportional to the probability of 
our finding one special particle in this volume. Consequently, Born’s 
assumption, adapted to the case of a swarm of non-interacting particles, 
implies that the number of particles in a given tiny volume (and hence 
the density of the swarm) is proportional to the intensity of the wave 
disturbance in this volume. 
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When presented in this form, Born’s assumption is seen to be none 
other than the one we mentioned in the previous chapter in connection 
with the diffraction of electrons. 

Before proceeding, we must stress the fact that Born’s assumption, 
which we have just examined in connection with material particles and 
de Broglie waves, is also regarded as valid for photons and their associated 
waves of light. The same remark will apply to Born’s second assump- 
tion. 

We now come to Born’s second assumption. It deals with the momen- 
tum and energy of a particle associated with de Broglie waves. The basis 
of the assumption is most easily understood when we examine certain 
peculiarities of the photo-electric effect. Let us suppose that two trains 
of plane electromagnetic waves of different frequencies, 7; and 7», fall on 
a metallic plate. Ifthe frequencies are sufficiently high, the photo-electric 
effect will occur; and we shall find that the photo-electrons are ejected, 
some of them with energy hy, and the others with energy hv. No inter- 
mediate values of the energy will be observed. We also find that if the 
intensity of the first wave train is n times as great as that of the second 
train, the electrons ejected with energy hy, will be n times as numerous 
as those ejected with energy hyo. 

Let us consider the corpuscular interpretation of the foregoing experi- 
ment. First we recall what is implied when we say that a particle 
(photon or electron) and a wave (electromagnetic or de Broglie) are 
associated. If, at a point P, a wave has frequency » and wave-number 


— 
vector a, the particle associated with the wave will have, at this point P, 


> ~ 
an energy W and a momentum-vector p which are related to vy and go in 
accordance with de Broglie’s fundamental relations, viz.. W—=hyv and 


p= ho. Having recalled this point we return to the corpuscular inter- 
pretation of the experiment with the superposed electromagnetic waves. 

We must suppose that the two superposed wave trains are accom- 
panied by a swarm of photons and that the collisions of the photons with 
the electrons of the metal cause the latter to be ejected with the energies 
of the photons. Since the ejected electrons are always found to have 
the energy hr, or hy2, we must assume that the photons likewise always 
have one or the other of these two energies. In other words the photons 
must be associated with the one or the other of the two wave trains. 
Furthermore, the relative numbers of photons associated with the two 
wave trains must be proportional to the intensities of these trains. Conse- 
quently, if we single out one photon from the swarm, the probability that 
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this photon will be associated with the one or the other of the two trains 
is proportional to the relative intensities of the trains.* 

The conclusions just stated refer to the relations between photons 
and electromagnetic waves. But, in view of the general similarity between 
photons and electromagnetic waves on the one hand, and material 
particles and de Broglie waves on the other, we may extend our former 
conclusions to the case of material particles and de Broglie waves. When 
this is done, we obtain Born’s second assumption in the following form: 


A superposition of different plane, monochromatic wave trains 
(de Broglie waves or electromagnetic ones) is the wave representa- 
tion of a particle which is associated with one or another of these 
wave trains. 

The probability that the particle will be associated with any 
particular wave train of the group is proportional to the relative 
intensity of this train. 


Instead of supposing that only one particle is involved we may assume 
that we are dealing with a swarm of similar, non-interacting particles. 
In this event the relative numbers of particles associated with the re- 
spective wave trains are proportional to the intensities of these trains. 
Quite generally, as we observed on other occasions, wave mechanics 
leaves open the matter of deciding whether a single particle or a swarm 
of non-interacting ones is to be considered. 

In our presentation of Born’s second assumption, we have supposed 
that the constituent monochromatic waves were plane and had uniform 
intensities. Thanks to this restriction, the intensity of a given wave train 
was the same at all points. Usually, however, the intensity of a con- 
stituent wave varies from place to place (and also from time to time at 
the same place). We must then revise the presentation of Born’s second 
assumption by taking, in place of the intensity of the constituent wave at 
a point, the value of this intensity integrated from point to point through- 
out space. The revised statement of Born’s second assumption is then as 
follows: 


If we have a superposition of waves of different frequencies 
and wave lengths, the wave picture indicates that the particle is 
associated with one of these waves. The probability of the particle 
being associated with one particular constituent wave is propor- 
tional to the intensity of this wave integrated throughout space. 


* De Broglie, in his second interpretation (mentioned at the beginning of the 
chapter) assumed that, when two different waves were superposed, the particle would 
exhibit a partial association with both waves simultaneously. As a result, the particle 
might have an energy which would be a compromise between the energics corresponding 
to the two waves. However, the experiment we have just discussed soon convinced 
de Broglie that his interpretation was untenable. 
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The possibility of considering in place of a single particle a swarm of 
non-interacting ones holds as before. 

If we compare Born’s first and second assumptions, we note that, in 
the first assumption, we are concerned with the intensity of the resultant 
wave disturbance at a given point; whereas, in the second assumption, 
our interest lies in the intensities of the respective constituent waves in- 
tegrated over the entire domain of existence of the waves. For instance, 
in the case of a wave packet, the resultant intensity vanishes outside the 
packet (owing to the interference of the component wave trains outside 
the packet); and therefore, according to Born’s first assumption, the 
probability of the particle being situated outside the packet is zero. On 
the other hand, the intensity of any one of the constituent waves does 
not vanish outside the packet, and, in applying Born’s second assumption, 
we must integrate this intensity over all space and not solely over the 
volume of the packet. It is the intensity thus integrated which is pro- 
portional to the probability of the particle, situated at a current point P, 
haying the momentum and the energy corresponding to the associated 
wave at this point P. 

Let us apply Born’s conceptions to a special example. According to 
the laws of mechanics, the initial position and momentum of a particle of 
known mass determine the motion of the particle in a given field of force. 
(The momentum is specified in direction as well as in magnitude, so that 
it may be represented by a vector.) Instead of stipulating the mass of 
the particle, we may equivalently state its total energy, and we may 
then say: The initial space-time position, and the initial momentum and 
energy of a particle of unspecified mass in a given field of force, determine 
the particle’s motion. Suppose, then, that the initial state of the particle 
is known only within a certain range of error. For instance, we may 
know that at a given initial instant the particle is situated somewhere 
within a given volume, but we do not know at which precise point. We shall 
also suppose that the momentum and the energy of the particle are known 
to lie within specified ranges, but that the exact momentum and energy 
are unknown. We have here a certain amount of information concerning 
a particle, and we wish now to obtain the associated wave picture. Born’s 
assumptions require that we proceed as follows: We consider all those 
monochromatic trains of de Broglie waves whose frequencies and wave 
numbers are comprised between the limits corresponding to those stated 
for the energy and momentum of the particle; we then imagine that these 
monochromatic trains are superposed in such a way as to form a wave 
packet filling the volume of space in which the particle is known to be 
situated at the initial instant. The wave disturbance thus depicted in 
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space yields the wave picture we are seeking. This wave picture describes 
our knowledge of the particle’s position, momentum, and energy at the 
initial instant; but it also gives other information, for it enables us to 
anticipate the future course, momentum, and energy of the particle. 

To take the simplest case, let us suppose that there is no field of force, 
so that we may assume plane de Broglie waves with which to build the 
packet. We first treat the problem according to classical mechanical 
ideas. The laws of mechanics tell us that the particle will describe a 
straight path with uniform speed. If we knew the precise position, 
momentum, and energy of the particle at the initial instant, we should, 
according to the laws of mechanics, know the exact path followed by the 
particle; and hence we should be able to state with certainty the exact 
position of the particle at any future instant. But, in our present ex- 
ample, we are supposing that the initial conditions are more or less un- 
certain. Consequently, all that we can predict is a class of possible 
straight paths contained in a conical region of space, one of these paths 
(we have no means of telling which) being the actual path followed by 
the particle. Corresponding to each of the possible paths which the 
particle may be describing with one or another of the possible motions, 
there is a well-defined point marking the exact position of the particle 
at a given instant ¢ after the initial instant. The aggregate of all these 
possible positions of the particle at time ¢ determines a volume of space, 
and we are certain that, at time ¢, the particle will be somewhere within 
this volume. If, then, we establish the location and the shape of this 
volume at successive instants of time, we shall find that, as time passes, 
the volume advances and expands while remaining of course within the 
conical region of space which comprises all the trajectories. This in- 
formation is derived solely from commonplace mechanical considerations. 

Let us now pass to the changing wave picture which is associated with 
the evolving particle picture just discussed. The motion and the change 
in shape of the wave packet from its initial configuration is regulated by a 
partial differential equation, which is very similar to the equation con- 
trolling the flow of heat in a homogeneous medium. The integration of 
this equation shows that the wave packet will expand while advancing, 
and that, at any instant ¢, it will fill the volume which defines the possible 
positions of the particle, as derived from our former mechanical considera- 
tions. Since, according to Born’s assumptions, the volume occupied by 
the wave packet at any instant defines the region of space in which the par- 
ticle may be situated at the instant of interest, we see that the mechanical 
picture and the wave picture yield similar information. But the in- 
formation given by the two pictures is not quite the same, for the wave 
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packet overlaps at each instant the corresponding geometric volume de- 
duced from mechanical considerations. Thus, we must decide which of 
the two pictures is the correct one. The essence of wave mechanics is to 
stress the wave picture and to claim that the possible motion of the 
particle is given correctly by the motion of the wave packet. The wave 
picture corrects the classical (or relativistic) mechanical anticipations, 
or, as we may also say, wave mechanies refines classical (or relativistic) 
mechanics. In the example just discussed, the correction brought about 
by the wave picture is scarcely perceptible, but, as we saw in the last 
chapter when discussing the diffraction experiments with electrons, the 
correction in some cases may be notable. 

The situation, as it appears at the present stage of our investigations, 
is that the motion of the particle is associated with a wave propagation, 
and that it is the wave picture which predicts correctly the particle’s 
possible motion. 

Difficulties soon beset this mode of interpretation. Thus suppose that 
a beam of ordinary light falls on an imperfectly reflecting plane surface. 
Part of the light is reflected and part penetrates into the medium and is 
transmitted. The particle picture which corresponds to this wave picture 
is that of a swarm of photons advancing initially in the direction of the 
incident waves, some of the photons subsequently undergoing reflections 
from the surface and others penetrating through the surface into the 
medium. Any particular photon of the swarm thus has a certain prob- 
ability of being reflected and a certain probability of being transmitted. 
According to Born’s assumptions, these two probabilities are proportional 
to the respective intensities of the reflected and the transmitted beams. 

Instead of a swarm of photons, let us consider one photon in isolation. 
We suppose that the initial position, energy, and momentum of the photon 
are known within a certain range of approximation. The wave picture in 
this case is represented by a wave packet advancing in the general direc- 
tion of the photon’s motion. If an imperfectly reflecting surface S is 
placed in the path of the moving photon, two wave packets will be formed 
when the original wave packet strikes the surface. One of these wave 
packets will be reflected and the other transmitted, and the respective 
intensities of the two packets will be proportional to the probabilities of 
the photon being reflected or being transmitted. All that has been 
said of photons and waves of light applies to material particles and de 
Broglie waves. Hence in our present example we may with equal justi- 
fication assume that our particle is an electron falling on a surface which 
it may penetrate or from which it may be reflected, and that the wave 
packets are formed of de Broglie waves. 
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Suppose, then, we are dealing with a material particle. We construct 
the wave packet which represents the initial position, momentum, and 
energy of the particle within the range of uncertainty assumed. The 
surface S, on which the particle falls, splits the packet into two others 
corresponding respectively to the possibility of the particle being re- 
flected or transmitted. We now interpose a fluorescent screen across 
the paths of the two packets. Both packets will collide with the screen, 
and the particle, which is contained in one of the two packets, will give 
rise to a scintillation at the point where it strikes the screen. The scin- 
tillation thus determines the position of the particle and hence shows us 
in which of the two packets the particle is situated. As a result, we know 
whether the particle has been reflected or transmitted. Suppose we find 
that the particle has been reflected. In this event the probability that the 
particle has been transmitted is zero. But then our wave picture becomes 
unacceptable, for it exhibits the transmitted packet as well as the re- 
flected one, and it thereby assigns a non-vanishing probability to the 
transmission of the particle. To bring the wave picture up to date, we 
must strike out the transmitted packet. Thus, a mere accretion to our 
knowledge of the particle’s position has caused the vanishing of the 
transmitted packet. This circumstance must occur, however far the two 
packets may be from the reflecting surface and hence from each other 
when the position of the particle is revealed by the scintillation. 

Einstein has pointed out that the instantaneous causal action trans- 
mitted from one packet to another in the foregoing illustration violates 
the requirements of the theory of relativity, and that to set ourselves in 
agreement with the theory, we must deny all physical reality to the waves 
and packets of waves. We must therefore assume that the waves and 
wave packets only represent what may possibly occur, 7.¢., probabilities. 
In other words, they are merely symbolic and must be viewed as prob- 
ability waves. With this understanding, the conflict with the theory of 
relativity disappears, for the sudden vanishing of the transmitted wave 
packet is no more mysterious than is the vanishing of the probability that 
tails may turn up when a coin has been tossed and heads has been seen 
to fall. 

We may summarize the situation by saying that the waves do not 
represent physical existents, and that the evolution of the wave picture 
merely describes the probabilities of future events which issue from the 
more or less uncertain knowledge we have of present conditions, If, then, 
at any instant we perform an experiment, locating the particle and im- 
proving thereby our knowledge of the conditions existing at the instant 
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of interest, the wave picture will have to be modified in consequence; 
and the range of future possibilities exhibited in the new wave picture 
will be correspondingly restricted. Though these considerations remove 
all trace of physical reality from the waves, we cannot dispense with these 
waves, for, as was stated previously, it is the wave picture which furnishes 
the correct probabilities. 

Suppose, then, a train of plane monochromatic de Broglie waves is 
allowed to fall, as before, on the imperfectly reflecting surface, so that the 
incident beam is split into a reflected and a transmitted beam. We 
complicate our former experiment by supposing that a mirror M is 
placed in the path, say, of the reflected beam; this beam is then reflected 
by the mirror and made to cross the transmitted beam. In the region 
of space common to both beams, interference will occur, the waves of the 
two beams reinforcing one another in some places and canceling in others. 
The regions of maximum and of minimum intensity form parallel planes. 

If we view the wave picture as represent- 
ing a swarm of particles, we may assert, on 
the basis of Born’s assumptions, that the M 
density of the swarm in the region of inter- 
ference will be a maximum over the planes 
of maximum intensity, and a minimum, or § 
zero, over the other planes. The phenome- 
non anticipated may be rendered visible if 
we place a fluorescent screen in the region 
of interference. The screen intersects the Fia. 47 
planes of maximum and of minimum inten- 
sity along parallel lines, so that parallel bands are formed. The particles 
will collide with the screen at points in the bands of maximum intensity, 
and the scintillations generated by these encounters will thus determine 
the positions of the bands. We may also single out, in thought, one par- 
ticle of the swarm. Then the bands of maximum intensity will define 
the regions where the particle has the greatest probability of colliding 
with the screen. 

So long as we assume that the wave picture is associated with a 
swarm of particles, there is no inordinate difficulty in accounting for the 
interference effect. We may suppose that some of the particles have 
followed the transmitted beam, while the others, which have followed the 
reflected beam, subsequently experience a second reflection at the mirror 
and are thus deflected into the transmitted beam. The two sets of par- 
ticles then interfere by reason of their wave properties. 
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But the situation assumes a revolutionary aspect when we take the 
wave picture to be associated with a single particle. The interference 
effect must of course oceur as before; and from the physical standpoint 
this means that if a fluorescent screen is placed in the region of the 
interference, the particle will collide with the sereen and emit a scintilla- 
tion in one of the bands of maximum intensity. Now the difficulty is 
that, of the two beams of waves, only that one followed by the particle can 
be credited with any physical reality ; the second beam is a ghost that we 
retain in the wave picture merely because we do not know which of the 
two beams the particle will actually follow. Yet, if this be so, how can 
the two beams of waves interfere? How can ghost waves interfere with 
real ones? Such is the nature of the paradox. 


The Attitude of Heisenberg and Bohr—The paradox may be 
removed, but only by accepting a further renunciation of our intuitive 
notions. To confer some measure of symbolic reality on the interference 
phenomenon, we must necessarily ascribe the same reality to the two beams, 
at least until such time as the position of the particle is determined. 
Heisenberg and Bohr suggest, therefore, that we view the particle as 
situated at one and the same time in the two beams, and hence on either 
side of the imperfectly reflecting surface. In other words the particle is 
diffused like a cloud through both beams of waves, and the interference 
resulting from the superposition of the two beams may therefore be 
ascribed to the diffused particle, or cloud, interfering with itself. Need- 
less to say, this assumption of a diffused particle conflicts with our 
understanding of a particle as a discrete existent occupying a well-defined 
position in space at any given instant. 

We must hasten to add that Heisenberg and Bohr do not contend that 
a particle, say, an electron, is always diffused through an extended region 
of space occupied by waves. The diffused picture endures only so long 
as the electron is unobserved. If an experiment is performed for the 
purpose of locating the electron (e.g., by means of a fluorescent screen), 
and if the position of the electron is thereby observed, the extended waves 
immediately condense into a small wave packet, and the electron con- 
denses with the waves, so that it is now diffused only through the small 
volume of the packet. The more precise our observation of the electron’s 
position, the smaller the wave packet, and hence the more does the 
corpuscular aspect of the electron manifest itself. We may therefore 
say that the corpuscular aspect of the electron is brought into existence 
by our observation of the electron’s position. 
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A further point of interest is that the corpuscular aspect of the elec- 
tron will not persist for any length of time, for the wave packet which 
represents the electron will gradually spread; and according to the 
ideas of Heisenberg and Bohr, the electron continues to fill the packet 
and hence spreads with the packet and tends to be diffused. If a second 
position observation is made, the electron will be condensed into some 
portion of the enlarged packet; and we shall have to cancel the former 
packet and construct a new one of smaller dimensions. The new packet 
will spread as it advances, and the same sequence of occurrences will take 
place each time a new position observation is made. From this discussion 
we see that the attitude of Heisenberg and Bohr does not conflict with 
the corpuscular aspect manifested by electrons in physical experiments. 

Heisenberg expresses the new ideas by saying: 


‘Tn many cases it seems better not to speak of the probable position of 
the electron, but to say that its size depends upon the experiment being 
performed.’’ * 


Ina similar vein, Bohr describes electrons (or particles) as ‘‘unsharply 
defined individuals within finite space-time regions.”’ 

The ideas of Heisenberg and Bohr may be extended to the momentum 
and energy. Before a measurement of momentum has been undertaken, 
the momentum-vector which we should commonly attribute to a particle 
must be viewed as pointing in all directions and as having all magnitudes. 
In other words, the momentum is diffused, much as the position of the 
particle is diffused and ill-defined before a position measurement has been 
made. And, just as a position measurement renders the concept of posi- 
tion definite and thereby confers a corpuscular aspect on an electron, so 
does a measurement of momentum bring the momentum into existence by 
modifying the wave picture that held prior to the measurement. The 
change in the wave picture is not, however, of the same kind that occurs 
for a position observation ; for now no wave packet is formed. 

At first sight the Heisenberg-Bohr interpretation would appear to 
renew the conflict with the theory of relativity. For instance, let us 
suppose that the wave phenomenon extends over a large volume of space. 
According to the new views a position observation causes an instantaneous 
condensation of the corresponding diffused particle into a corpuscle. Now, 
this instantaneous condensation of matter seems to represent a physical 
change, not merely a change in future probabilities. And, if this be so, 
we are in open conflict with the theory of relativity, which prohibits in- 


* Heisenberg. The Physical Principles of the Quantum Theory; Chicago, 1930; 
p. 34. 


650 HEISENBERG’S UNCERTAINTY PRINCIPLE 


stantaneous transfers of matter. However, the conflict is more apparent 
than real, for we have reasons to suspect that the space-time form of 
representation, which is valid in the theory of relativity, may lose its 
validity in wave mechanics. If, despite this fact, for the sake of con- 
venience, we seek to represent quantum occurrences in the space-time 
frame and picture a particle as being diffused through a region of space, 
we must not be surprised to find ourselves in conflict with the relativistic 
laws, which are valid only insofar as a representation in space-time can 
be made with accuracy. These obscure points will be discussed further 
when we consider Bohr’s ‘‘ Principle of Complementarity.’’ * 

The experiment of the imperfectly reflecting surface is not the only 
one in which the attitude of Heisenberg and Bohr seems to be in accord 
with facts. For instance, interference effects with ordinary light may 
occur even when the intensity of the light is extremely small. If we 
assume that light is formed of corpuscular photons, we cannot easily 
understand how such interference effects can arise. But, according to our 
new views, the situation becomes more comprehensible, for we must as- 
sume that a photon is not a corpuscle in the ordinary sense: it may be 
spread over an extended region and its various parts may interfere among 
themselves. However strange all these new concepts may appear, no 
logical inconsistency is attached to them. Our difficulty in comprehending 
them is due to their unfamiliarity. We must realize, however, that when 
we penetrate into the world of the physically infinitesimal, we cannot 
expect to be confronted with familiar notions and concepts. 

The views of Heisenberg and Bohr receive support from another 
direction. In Schrédinger’s theory of the hydrogen atom (which we 
shall discuss in later chapters), an inconsistency arises when we apply 
Born’s assumptions. This inconsistency is dispelled, however, when 
the views of Heisenberg and Bohr are taken into account. The following 
explanations clarify the nature of the inconsistency. 

Let us suppose that the hydrogen atom is in its state of lowest energy. 
The Schrédinger wave disturbance corresponding to this state will then 
be represented by vibrations which are most intense in the immediate 
neighborhood of the nucleus, but which have a’ non-vanishing intensity 
even at extremely distant points. According to our presentation of Born’s 
assumptions, this wave distribution implies that the most probable 
position of the corpuscular electron at any instant will be in the im- 
mediate vicinity of the nucleus, but that there will be a non-vanishing 
probability of the electron being situated at any distance from the 


* See page 951, 
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nucleus. As we shall now see, this statement creates a difficulty if we 
view the electron as a corpuscle. The fact is that in any given energy 
state of the atom, the electron has a well-defined energy ; and the principles 
of mechanics show that, corresponding to this value of the energy, there 
is a sphere (with centre at the nucleus) within which the electron must 
remain. When the atom is in its lowest energy state, this sphere is ex- 
tremely small, so that the electron must always be situated in the im- 
mediate vicinity of the nucleus. The probability of the electron’s presence 
outside the tiny sphere being zero, a conflict arises between the require- 
ments of mechanics and those imposed by the wave picture. We hasten 
to add that the present difficulty is not the inconsistency to which we 
referred previously. 

The difficulty we have alluded to in the previous paragraph is easily 
removed when Heisenberg’s uncertainty principle is taken into account. 
Though we have not yet explained this principle, its significance in the 
illustration here discussed is readily understood. The principle informs 
us that the observation whereby the position of the electron is located, at 
a given instant, will disturb the momentum and the energy of the electron 
by unpredictable amounts. Consequently, after the electron’s position is 
observed, the electron no longer has the same energy it had prior to the 
observation : its energy may now have any value, and, as a result, its posi- 
tion is no longer restricted to a limited region of space. We conclude that 
the wave picture, insofar as it gives the probabilities of the electron’s 
possible positions after the observation, is compatible with the mechanical 
considerations that follow from our viewing the electron as a corpuscle. 
In short, thanks to the uncertainty principle, the difficulty vanishes. We 
are now in a position to understand the nature of the inconsistency 
mentioned at the’ beginning of this discussion. 

Instead of considering the position of the corpuscular electron after 
the observation has been performed, we concentrate on its position at 
the instant immediately preceding the observation. We should naturally 
assume that the two positions were the same. The uncertainty relations 
corroborate this view, for they show that the observation of the electron’s 
position does not modify this position. Now we have seen that, after the 
observation, the electron may be found at any distance from the nucleus ; 
and hence we conclude that this must also be true for the position of the 
electron before the observation. But this conclusion is impossible, for, 
prior to the observation, the atom was assumed to be in the lowest energy 
level, so that the electron was necessarily situated within the previously 
mentioned tiny sphere centered at the nucleus, 
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The present inconsistency has arisen from our attempt to assign a 
definite position to the electron before the observation was made: the 
principles of mechanics require that the electron be situated within the 
tiny sphere, whereas the wave picture indicates that the electron may be 
at any point. The source of the inconsistency is thus traceable to our 
tacit assumption that the electron was a corpuscle before the observation 
was made. But suppose we accept the attitude of Heisenberg and Bohr. 
The inconsistency will disappear, for our aforementioned tacit assumption 
becomes untenable. We must now suppose that the electron comes into 
existence as a corpuscle only after an observation has been made. Before 
the observation, the electron is represented by a cloud extending over a 
certain region of space-time, and hence cannot be credited with any precise 
position. If, notwithstanding this fact, we erroneously attempt to assign 
a position to the electron before the observation, we shall be attempting 
to give meaning to a meaningless concept; and so we may expect incon- 
sistencies. Thus, the attitude defended by Heisenberg and Bohr has dis- 
pelled the inconsistency. 

The general significance of the wave picture now becomes clear. 
Formerly, we supposed, on the basis of Born’s assumptions, that the in- 
tensity of the wave at any space-time point was proportional to the 
probability of the electron being situated at this point. However, when 
the attitude of Heisenberg and Bohr is taken into consideration, we must 
revise our former statement and say: The intensity of the wave at a 
space-time point is proportional to the probability that the electron will 
be found at this point immediately after a position observation has been 
made ; before the observation, the position of the electron is meaningless 
and hence is not represented by the original wave picture. 

The Heisenberg-Bohr interpretation leads to a further conclusion of 
interest. According to our earlier views, the waves, being mere probability 
waves, must be regarded as symbolic, whereas the particles represent 
physical reality. But we must now suppose that particles also should be 
regarded as symbolic, for they come into existence only when a position 
observation is performed. In a certain sense this placing of waves and 
particles on the same footing is more satisfactory, for it would seem 
strange to view the waves alone as symbolic and not the particles. This 
argument is particularly convincing in the ease of radiation waves and 
photons. Why indeed should waves of light be regarded as symbolic and 
photons as real? 

The word ‘‘symbolic’’ does not, however, express the situation with 
sufficient clearness. As Bohr states: the particle aspect and the wave 
aspect must be viewed as complementary and as exhibiting two different 
aspects of the same underlying reality. A erude illustration may help us 
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understand what is implied. Under certain conditions we see a circle, 
under others a triangle, and we conclude that the thing we are seeing 
has at one and the same time the aspects of a circle and of a triangle. We 
attempt to combine the two appearances but fail. Eventually, we adapt 
ourselves to the thought that space has three dimensions and that it con- 
tains solid bodies. The two conflicting aspects are now easily reconciled. 
We have but to postulate the existence of a solid cone, two different 
orientations of which yield the visual impressions of a circle and of a 
triangle respectively. In this example the two aspects can of course never 
appear simultaneously, and we shall see presently that the same is true 
of the particle aspect and of the wave aspect. 

The illustration we have given is a poor one, for the combination of 
the circular and triangular aspects demands only the introduction of 
3-dimensional space, and this notion is assimilated so soon after birth 
that we are not conscious of its genesis. The theory of relativity affords 
a more sophisticated example. Prior to Einstein’s discoveries, the electric 
field and the magnetic field were viewed as distinct, in the sense that we 
could have a field of one type without any trace of the other. Although 
this situation could occur only when the field was stationary, it was not 
deemed necessary on this account to view the two fields as mere partial 
aspects of one and the same underlying entity. The theory of relativity 
brought about the fusion of the two aspects, no longer by utilizing the 
background of 3-dimensional space, but by introducing the more refined 
background of 4-dimensional space-time. The underlying entity, the 
partial aspects of which are electric and magnetic, was found to be the 
4-dimensional electromagnetic tensor situated in space-time. Except for 
its lesser intuitive appeal, the fusion accomplished by the theory of 
relativity is of the same type as the one we perform unconsciously when 
we attribute changing shapes to the various orientations of the same solid 
body (e.g., a cone) in ordinary space. 

But a satisfactory fusion of the wave and of the particle aspects of 
matter and of radiation has yet to be performed; hundreds of years may 
elapse before the human mind will be able to comprehend the dualism of 
waves and particles. One point, however, seems well established : space 
and time, or even Minkowski’s space-time, does not afford the requisite 
background. To quote Bohr: 


‘‘Indeed, we find ourselves here on the very path taken by Einstein 
of adapting our modes of perception borrowed from the sensations to the 
gradually deepening knowledge of the laws of Nature. The hindrances 
met with on this path originate above all in the fact that, so to say, every 
word in the language refers to our ordinary perception.’’ * 


* Bohr. Atomic Theory and the Description of Nature; Cambridge, 1934; p. 90. 
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Although a satisfactory picture of the new developments cannot be 
attained by means of familiar concepts, yet the mathematical instrument 
does not fail, for we may predict in any particular case whether it is the 
wave or the particle aspect that will betray itself. 

In view of the impossibility of obtaining a picture in familiar terms, 
we shall retain side by side the two partial aspects of reality represented 
by the particle aspect and by the wave aspect. We shall therefore assume 
that a wave. packet is the wave picture of a particle situated somewhere 
within the packet, and that the particle has a momentum and energy 
corresponding to the wave number and frequency of one of the con- 
stituent monochromatic de Broglie waves which form the packet. The 
more complicated ideas of Heisenberg and Bohr may be disregarded 
for the present. With this understanding we may pass to Heisenberg’s 
uncertainty relations. 


Heisenberg’s Uncertainty Principle—Born’s assumptions show 
clearly that any wave picture of the mechanical motion of a particle can 
express only probabilities. We wish now to determine the relationships 
that connect the various probabilities. 

Let us consider the hypothetical case of a particle, whose position, 
momentum, and energy are accurately known at a given instant t. We 
wish to obtain the wave picture of this situation. First, let us examine 
the wave representation of the particle’s position. The particle being 
situated at some point in Space, we are called upon to obtain a wave 
representation of a point. Now we cannot represent a mathematical point 
by means of a wave picture, for to do so we should have to imagine a wave 
having a zero intensity everywhere, except at the point in question— 
and this is impossible. The best we can do is to construct a tiny wave 
packet having the point as centre. According to Born’s first assumption, 
the particle will be somewhere within that packet; and to this extent its 
position will be defined. We shall suppose that such a wave packet has 
been constructed. 

Next, we inquire whether our wave picture can describe the exact 
momentum and energy assumed for the particle. The properties of 
wave packets show that this is impossible. The fact is that the wave 
packet can be formed only through the superposition of monochromatic 
de Broglie waves differing more or less considerably in frequency, in 
wave length, and in direction of motion. According to Born’s second 
assumption, the particle will have one of the associated sets of values 
for its energy and its momentum, but the precise set of values is unknown. 
It is thus impossible to express, by means of a wave picture, the exact 
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position of the particle at a given instant and also its exact momentum 
and energy. More generally, the peculiarities of wave packets show that, 
the higher the accuracy with which the position of the particle at a 
given instant is depicted in the wave picture (7.¢., the smaller the wave 
packet), the more uncertain is the description of the energy and mo- 
mentum of the particle. The converse also holds: the higher the accuracy 
with which the momentum and energy are described, the more uncertain 
the description of the position at a given instant. 

Let us obtain the precise quantitative relations which connect these 
uncertainties. We represent by Az, Ay, Az the dimensions of the packet, 
and by At the time taken by the packet to pass from end to end over a 
fixed point on its line of motion. We set Ay for the range of the fre- 
quencies of the monochromatic waves which by their superposition give 
rise to the packet, and we set Aa,, Ag,, Ac, for the ranges of the projections 
of the wave-number vectors of these constituent waves. In Chapter 
XIX we saw that, for a wave packet of given space-time dimensions 
Az, Ay, Az, At to be formed, the ranges Agz,, Ao,, Ag,, Av defining the 
waves must satisfy the relations 
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Conversely, if the ranges of the constituent waves are given, the rela- 
tions (1) determine the smallest possible dimensions of the packet that 
may be formed. 

We multiply both sides of the four inequalities (1) by Planck’s con- 
stant h. If then we recall that hoz, hoy, ho, are equal in value to the 
momentum components pz, py, Pp: of the associated particle, and that hy 
equals its energy W, we see that the relations (1) become 


Az .Ape Zh 
Ay .Ap, Zh 
Az .Ap, Zh 
At .AW 2h 


These relations are the celebrated Uncertainty Relations of Heisenberg. 
They show how the space-time dimensions of the wave packet are con- 
nected with the ranges in the possible momenta and energies of the 


(2) 
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particle. We shall elucidate these relations by examining particular 
illustrations. 

According to Born’s assumptions a wave picture represents the 
possible position and motion of a particle. Consequently we must sup- 
pose that when a wave picture represents a particle in a volume AxAyAz 
at some unspecified instant during a given interval of time At, the 
momentum-components and the energy of the particle will be uncertain 
in accordance with the relations (2). Thus the possible ranges of the 
momentum and of the energy will be defined by 


h h h h 
ole Ste Say 
(3) Ap, = Az ? Ap, Ay’ Ap, Az’ A At 


The smallest possible values, say, of Ap, and AW, are therefore e and ne 
respectively. On no account can these ranges be any smaller, and usually 
they will be more extended. For the present we are not attempting to 
determine whether the vagueness affecting the particle is due to the 
inadequacy of the wave form of representation or to other causes. How- 
ever, we shall see later that the uncertainty relations express a funda- 
mental principle of Nature. 

In the application of the uncertainty relations two extreme cases 
are of interest. Thus we may have a wave representation of a particle 
whose direction of motion, momentum, and energy are accurately known, 
but whose position is unknown. Here Apz, Apy, Ap, and AW vanish, 
whereas Az, Ay, Az and At are infinite. A mere imspection of the uncer- 
tainty relations shows that these conditions are consistent with a wave 
representation. The wave assumes the form of an infinite train of plane, 
monochromatic waves of well-determined frequency and wave length, 
advancing in the direction of the particle’s motion. We have already 
utilized this form of wave representation on many occasions. 

The other extreme case arises when the position of the particle is 
accurately known at a given instant, whereas its direction of motion, 
momentum, and energy are completely unknown. The wave picture is 
then furnished by the superposition of an infinite number of coneentrie, 
spherical waves of all frequencies and wave lengths. The superposed 
waves are assumed to generate an infinitesimal wave packet which defines 
the position of the particle at the instant of interest. In the course of 
time the wave disturbance spreads in all directions. 

Our derivation of the uncertainty relations from the properties of 
wave packets has shown that the representation of a particle by means 
of a wave picture inevitably ascribes a certain vagueness to the position 


HEISENBERG’S UNCERTAINTY PRINCIPLE 657 


of the particle at a given instant, or to its momentum and energy. We 
therefore return to the question we raised in a former paragraph, and 
inquire: Is this vagueness due to the inadequacy of the wave form of 
representation (in which case the uncertainty relations would express 
properties of waves and not necessarily of particles) ; or is the vagueness 
due to some fundamental Jaw affecting particles as well as waves? In 
other words, should the simultaneous specification of the exact position 
and of the exact momentum of a particle be denied any physical reality? 

At first sight an attitude of reserve towards the uncertainty relations 
would appear to be warranted by macroscopic observation. Thus in 
mechanics, simultaneous precise values are ascribed to the momentum co- 
ordinates and to the position coordinates of a particle, and hence we must 
assume that, in mechanics, it is physically significant to speak of the exact 
position and of the exact momentum of a particle at any instant. Since 
mechanics, at any rate on the macroscopic level where we are dealing 
with particles that we can see, has never led to anticipations which were 
inconsistent with observation, the uncertainty relations, if held valid for 
particles, would seem to be in conflict with the facts of experience.* 

We may readily verify, however, that the acceptance of the uncer- 
tainty relations for particles does not contradict common experience. To 
convince ourselves of this fact, let us suppose that for some unknown 
reason Planck’s constant h were to decrease indefinitely in value. A mere 
inspection of the uncertainty relations shows that, as a result of this 
decrease, the uncertainties would become less pronounced and eventually 
disappear. For instance, in the first uncertainty relation, if we replace h 
by the vanishingly small magnitude ¢, we obtain ArAp, = €; and ob- 
viously, however small Az, there is nothing now to prevent Apz from be- 
ing as small as we choose. In other words, the precision in our knowledge 
of the particle’s position would not entail an uncertainty in our knowledge 
of its momentum. Now this hypothetical decrease in the value of h illus- 
trates, as we have seen time and again, a progressive obliteration of the 
quantum aspects of phenomena and the gradual approach to the be- 
havior witnessed on the macroscopic level of common experience. Hence, 
we are perfectly justified in claiming that the uncertainty relations may 
be valid, and yet not manifest themselves on the macroscopic level (by 
reason of the small relative importance of A for phenomena viewed 
macroscopically). This argument does not of course prove that the un- 
certainty relations for particles are valid, but merely that no inconsistency 


* When we speak of mechanics, we always include the more refined mechanics of 
the theory of relativity. 
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is involved between the assumption of their validity and our observation 
of mechanical processes on the commonplace level of experience. 

We now consider some of the reasons which suggest that the uncer- 
tainty relations must be valid for particles, and that they are not mere 
expressions of the uncertainties inherent in waves. In the first place, we 
have seen that the remarkable predictions obtained from wave mechanics 
in many situations (e.g., the diffraction of electrons) issue from the as- 
sumption that the wave picture furnishes a correct representation of 
phenomena in which our concern is with particles. It would therefore 
be unreasonable to accept the predictions derived from the wave picture 
in the foregoing situations and to reject them in other cases where par- 
ticles are also involved. Besides, as we shall see later (page 888), the 
uncertainty relations can be established for particles directly without 
any reference to waves. 

Let us, then, disregard waves entirely and apply the uncertainty 
relations to the motion of an electron passing through a small hole. We 
shall see that the diffraction of electrons is an immediate consequence of 
these relations. Suppose the momentum and direction of motion of an 
electrou are accurately known. According to the uncertainty relations 
the position of the electron is then completely unknown. A screen pune- 
tured with a small hole is now set perpendicularly to the electron’s mo- 
tion. If we assume that the electron passes through the hole, its position 
after this passage is no longer as uncertain as it was originally. The 
uncertainty relations require therefore that the momentum of the elec- 
tron be correspondingly uncertain, so that there is a certain probability 
of the electron being deflected from its original course. Since such 
deflections have been confirmed in the experiments on the diffraction 
of electrons, we may claim that in this case the uncertainty relations 
are verified for particles. 

Let us consider another clue. In the earlier quantum theory, special 
cases arise where we find that the uncertainty relations are implicitly 
contained in our assumptions. Thus, in Bohr’s theory, the energy levels 
of the linear harmonic oscillator are obtained when we stipulate that the 
Maupertuisian action of the particle, taken over a complete oscillation, 
must be equal to a multiple of Planck’s constant h. If Az represents 
the total range of the oscillation and Ap, the range which the momentum 
will assume during the motion, the total action can be shown to be of 
the same order of magnitude as AzAp,. Bohr’s quantizing condition 
which determines the stable energy levels may therefore be written 


Az .Apy—~ nh, 
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where ~ means ‘‘of the same order of magnitude as’’ and where n is any 
positive integer. For the lowest energy level we have n= 1, so that the 
quantizing conditions becomes 


Az .Ap,—~h. 


On the other hand, Az and Ap, represent the ranges in position and in 
momentum of the vibrating particle, and thereby define the uncertainties 
in the position and in the momentum at a given instant. Our quantizing 
condition thus has the same significance as one of Heisenberg’s uncertainty 
relations.* Now, we cannot ascribe the existence of stable energy levels 
to the inadequacy of our forms of representation, for the levels have been 
detected by direct experiment (e.g., those of Franck and Hertz). We must 
conclude therefore that the uncertainty relations themselves exhibit 
something real and fundamental, and that the energy levels are connected 
with them. 

The uncertainties exhibited in the ITeisenberg relations concern magni- 
tudes which appear in pairs. These are (x and pz), (y and p,), (2 and pz), 
(tand W). According to the first uncertainty relation, if z is known with 
accuracy, then p, is uncertain; but nothing prevents any of the other 
magnitudes, ¢.g., y or py, from being accurately determined. Long before 
the discovery of Heisenberg’s uncertainty relations, arguments of a 
totally different nature had prompted mathematicians to associate these 
same magnitudes in pairs. In classical mechanics, x and pz, y and py, 
z and p,, always appear together in Hamilton’s equations of dynamics, 
such couples of magnitudes being referred to as conjugate magnitudes. 
Classical mechanics also led to the conclusion that if time were treated 
as a fourth dimension of space, then t and —W (t.e., time and minus the 
energy) could also play the part of conjugate magnitudes. This identifi- 
cation of time as a fourth dimension was, however, gratuitous before the 
theory of relativity proved it to be necessary, so that it is thanks to the 
theory of relativity that the conjugate nature of t and —W is seen to be 
as fundamental as that of the other magnitudes. 

A better understanding of the conjugate nature of time and energy 
is obtained when we recall that in the theory of relativity the fundamental 


* The uncertainty relations (2) refer to free particles. They may be aggravated 
when the particle is acted upon by a force, as is the casé for an electron in the atom 
of hydrogen. If the electron is known to be in the nth energy level and remains in 
this level during the measurement, the uncertainty relations are of type 


Az Aps ~ nh. 


And this agrees precisely with Bohr’s quantizing condition for the nth energy level. 
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continuum, Minkowski’s space-time, is 4-dimensional; and that a vector 
(arrow) in space-time has four components instead of the three it has in 
ordinary space. This is but another way of saying that time is viewed 
as a fourth dimension. The net result is that the four magnitudes (zs, y, 
z, t), which we may write (qi, d2, da, @4), nOW appear as the four com- 
ponents of a space-time vector. Similarly, the four magnitudes (p,, py, Dz, 
—W), or (pi, P2, 3. pa), are the four components of the so-called mo- 
mentum-energy vector. The conjugate nature of the three first q’s 
and of the three first p’s, which was previously recognized in classical 
science, is now extended quite naturally to the last ones, namely, 
to time and energy. These considerations permit a more condensed 
presentation of the uncertainty relations, for we may say that they 
express the impossibility of focusing simultaneously the two space-time 
vectors (1, 92, 73, Y4) and (p1, P», p3. ps). The better the one is focused, 
the more blurred does the other become. 

The method we have followed in deriving the uncertainty relations 
from the properties of wave packets is due to Bohr. Quantum mechanics 
furnishes the same relations but in a less intuitive way. Heisenberg has 
examined a large number of experiments in which the position or the 
momentum or the energy of a particle is measured, and in each of these 
experiments the uncertainty relations have been found to be satisfied 
quantitatively, and not merely qualitatively. No exception has as yet 
been recorded. This agreement in itself would seem to justify the validity 
of the uncertainty relations for particles. : 

Furthermore, Heisenberg’s analysis of various experiments affords 
additional insight into the origin of the uncertainty relations. In every 
case we shall find that the uncertainties are generated by the disturbances 
which our measurements necessarily entail. The illustration usually given 
in popular books, because it is the simplest to explain, is the one in which 
an attempt is made to determine the position of a small particle, e.g., an 
electron, by viewing it through a microscope. We shall discuss it here. 

The theory of the microscope was well known prior to the discovery 
of wave mechanics. The feature we shall be concerned with is the 
“‘resolving power’’ of the microscope, i.e., the ability of the microscope 
to yield distinct images of points that are situated very close to one 
another. Thus let us suppose that we examine two point-like structures 
through a microscope. The undulatory nature of light prevents the image 
of a point from being a point; instead a small disk is obtained.* If, then, 
we view through the microscope two points that are very close together, 


* More precisely, the image of a bright point, as seen through 


the microscope, 
is a bright disk surrounded by bright concentric tings. 
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we shall observe them as distinct only when the two disk-images of the 
points do not overlap. The mathematical theory enables us to cal- 
culate the diameter of the disk-image of a point when this point is il- 
luminated by light of given wave length 4, and we may thus compute 
the smallest distance which may separate two points if 
their images are to be distinct. The smaller this mini- 
mum distance, the greater the ability of the microscope 
to distinguish fine details, and the greater therefore the 
so-called resolving power of the microscope. 

Let us, then, suppose that a particle is observed at 
the point P on the axis of the microscope. We denote 


\ 1 
We 


by a the angle formed by the two lines joming the ——p 
point P to the two opposite extremities of a diameter of ‘Bina 


the lens. According to optical theory, the smallest dis- 
tance between two points which will permit these points to be viewed as 
distinct through the microscope is defined by 


A 
Ke) sin a’ 
where J is the wave length of the monochromatic light which illuminates 
the point. The smaller the wave length A, the smaller the minimum dis- 
tance required between the two points; hence finer details will be revealed 
when the illuminating light is of shorter wave length. An immediate 
conclusion is that when, on looking through a microscope, we believe a tiny 
particle to be situated at a point P, we cannot assert that this particle is 
precisely at P; for even if it were situated slightly to the right or to the 
left, its image in the microscope would still appear the same. Hence, in 
attempting to locate the precise position of a particle, we shall always 
be confronted with an element of uncertainty, the magnitude of which 
is given by (6). 

Suppose, then, that a tiny particle, ¢.g., an electron of mass m, is known 
to be moving with specified momentum, p,=mv,, along a horizontal 
line Ox passing through the field of vision of the microscope. We may 
assume that at the instant considered the particle is within the field of 
vision. For the particle to be visible to us, we must illuminate it; and we 
must suppose that a photon of the illuminating light strikes the particle 
and is then deflected through the body of the microscope and reaches our 
eye. On looking through the instrument, we may, for instance, see the 
particle at the point P. But, as has just been explained, all we can assert 
is that the particle is on the Oz axis, somewhere within a small interval 
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comprising the point P, the length of this interval being defined by (6). 
Calling Az the magnitude of this length, we have 


oA 
(7) tie sina’ 


Az is obviously the range of the uncertainty in the particle’s position. 

We now consider the momentum of the particle. The momentum p, is 
assumed known (as rigorously as we choose) prior to the instant at which 
the photon collides with the particle, and hence prior to the instant at 
which the observation of the particle’s position is made. But the collision 
with the photon alters the particle’s motion, so that after the collision, and 
therefore after the observation, the momentum of the particle will no 
longer be the same. The collision of the particle and photon may be 
likened to a collision between two perfectly elastic billiard balls, the 
particle sustaining a kick from the photon and the photon being deflected 
by the particle. We must assume of course that, after the collision, the 
photon penetrates the microscope, for in the contrary event, nothing 
would be observed through the instrument. According to Einstein’s 
theory of the photo-electric effect, developed long before the uncertainty 
relations were known, a photon of wave length 4 and frequency » has 


energy hy and momentum + . It can then be shown, by utilizing the prin- 


ciples of conservation of energy and of momentum for elastic collisions, 
that, as a result of the kick, the momentum of the electron will no longer 


be pz, but will be situated between p, — — and p, + 4 3 c. The 


momentum may thus have any value within a range of magnitude 


(8) Ap = Fin a. 
The range Ap, measures the uncertainty in the value of the electron’s 
momentum after the observation. 

If we multiply the two uncertainties Ar and Ap, given in (7) and in 
(8), we obtain 


sag pina ah; 

and this is precisely one of Heisenberg’s uncertainty relations. The 
result will always be the same regardless of the microscope used and 
regardless of the wave length of the illuminating light. If we use light 
of short wave length, the position of the electron at the instant of the 
observation will be more accurately known, but then the momentum after 


(9) AzAp, = 
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the observation will be more uncertain. If we use light of long wave 
length, only a slight disturbance will occur for the momentum, so that 
the observation will leave the momentum practically unchanged; but, 
as against this, the position of the electron will be more uncertain. In 
any case a simultaneous knowledge of the accurate position and momen- 
tum, after the observation, is impossible. 

Incidentally, we note that Planek’s constant h is introduced in the un- 
certainty relation because of its appearance in the expression of the 
uncertainty Ap,, defined by (8). If, then, the value of h were infinitesi- 
mal, as it was assumed to be in classical science, the value of Ap, would 
be infinitesimal, and no uncertainty would be attached to the momentum. 
Consequently, the disturbance in the momentum, and the kick which 
generates this disturbance, are quantum manifestations. 

The experiment with Heisenberg’s microscope is one in which a de- 
termination of position is attempted, and we see that it leads to one of 
Heisenberg’s uncertainty relations. Other theoretical experiments may 
be devised with a view of testing the other uncertainty relations, ¢.g., 
the one affecting time and energy (AtAW 2h). In the experiment of 
Stern and Gerlach, where an energy measurement is performed, we obtain 
this latter uncertainty relation.* 

In every case that has been considered, the uncertainty relations have 
been shown to be unvoidable, and each time a means of circumventing 
them seemed to have been devised, more attentive consideration has 
shown that some error had crept into our reasoning. We may therefore 
assume that these relations are of general validity. 

If we accept the general validity of the uncertainty relations, we see 
that the smallest possible value of the uncertainty, say, in the momentum 
of a particle, will depend solely on the accuracy with which we have 
measured the particle’s position, and will in no wise be affected by the 


* In the Stern-Gerlach experiments, a parallel beam of atoms moving at high speed 
is directed normally through an inhomogeneous magnetic field. If the atoms with 
which we are experimenting have a non-vanishing magnetic moment, any individual 
atom of the beam will have a certain magnetic energy inside the field. The precise 
value of this magnetic energy at any instant depends on the position the atom occupies 
in the beam at the instant considered. The magnetic energy W of any particular 
atom is thus contained somewhere within an energy range AW. If At represents the 
time taken by an atom to cross the field, then At measures the vagueness surrounding 
the precise instant of time at which the atom has a given energy. From an analysis 
of this experiment Heisenberg shows that, under the most favorable conditions, the 
following relation must hold: 


At: AW ~h. 


And this, as we know, is one of the uncertainty relations. 
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particular method of measurement we may have employed. Let us, then, 
imagine a particle, the position of which is determined with a high degree 
of precision. The momentum of the particle is now uncertain. So as to 
determine this momentum we immediately follow up our position meas- 
urement with a momentum measurement, as a result of which the momen- 
tum of the particle is known with a high degree of accuracy. But the 
position of the particle is thereby rendered uncertain. In short, however 
close the two instants at which the successive measurements are per- 
formed, the information we acquire does not yield the simultaneous 
position and momentum of the particle at the same instant, but only one 
or the other of these two magnitudes. Though the statements we have 
made are correct, we shall now see that they may prove misleading unless 
we supplement them with further explanations. 

We must be wary of pitfalls when we attempt to understand the deep 
significance of Heisenberg’s uncertainty relations. Thus, suppose we are 
dealing with a particle in motion. We may determine its position as ac- 
curately as we choose, locating it at a point A at time t,. The uncertainty 
principle does not interfere with this determination; it merely states 
that the momentum, or velocity, of the particle is now uncertain. At a 
later instant tz, we perform a second accurate measurement of position, 
and locate the particle at a point B. If the particle is moving in free 
space (in the absence of a field of force), we may grant that it describes 
a straight line with constant speed. We may determine this speed from 
our position measurements; for, since we know that the particle has 


covered the distance AB in a time tp — ta, we conclude that it must have 


We therefore know the exact 


moved with the constant velocity a 
position and the exact velocity of the particle at any instant between 
t, and tz. Inasmuch as the velocity of the particle multiplied by its mass 
is its momentum, we also know the exact momentum of the particle at 
all instants between t4 and ts. Hence a simultaneous knowledge of posi- 
tion and of momentum seems to be possible. This result appears to con- 
tradict the uncertainty relations, and so we are led to examine the matter 
more carefully. As we shall now show, the proper interpretation of the 
uncertainty relations is that a simultaneous knowledge of the position 
and momentum of a particle may be possible, but that this knowledge 
can never yield any information which we do not already possess. In other 
words, it is impossible to obtain a simultaneous knowledge of position and 
of momentum which will enable us to anticipate the future, or to discover 
a past that is unknown. These statements will be clarified if we revert to 
the illustration just discussed. 
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Thus we determined the position of the particle at time ¢, and found 
that the particle was situated at the point A. We then determined the 
particle’s position at a later instant f, and located the particle at the 
point B. These successive determinations enabled us to ascertain the 
motion of the particle between the instants t4 and ty, and thereby its 
exact position and momentum at any instant te between t4 and fy. If 
this knowledge is to reveal new information, it must enable us to anticipate 
how the particle will move after the instant tg or before the instant ty; 
for, as we have said, the motion in the interval of time from t, to tz is 
already known. Obviously, however, the knowledge of the position and 
momentum of the particle at the instant te can give us no such new in- 
formation, for the position observation at tg disturbs the subsequent 
momentum of the particle by an uncertain amount, and the position ob- 
servation at t4 disturbs the momentum which the particle had prior to 
this instant. Of course the knowledge of the position and of the momen- 
tum of the particle at tc allows us to determine how the particle will 
move from tg to tz and also how it moved from tf, to tc; but this is informa- 
tion previously acquired, and, indeed, it was thanks to this prior in- 
formation that we were able to infer the position and the momentum of 
the particle at time te. In short, the simultaneous knowledge of the posi- 
tion and of the momentum at time tc enables us to anticipate only what 
we already know; it does not increase our information. 

Heisenberg, commenting on this situation, writes: 


‘But this knowledge of the past is of a purely speculative nature, 
since it can never (because of the measurement) be used as an initial 
condition in any calculation of the future progress of the electron and 
thus cannot be subjected to experimental verification. It is a matter of 
personal belief whether such a calculation concerning the past history 
of the electron can be ascribed any physical reality or not.’’ * 


This analysis shows that the uncertainty relations must not be con- 
strued to imply that a simultaneous knowledge of the position and of the 
momentum of a particle is an absurdity. All that the relations convey 
is that direct measurements cannot furnish a simultaneous knowledge of 
position and momentum. On the other hand the uncertainty relations 
do not apply to the case where this simultaneous knowledge is obtained 
indirectly through inference—indeed the wave picture cannot represent 
such indirect knowledge. The foregoing conclusions do not impair the 
validity of the uncertainty relations and of the wave form of representa- 
tion, for we have seen that simultaneous knowledge, obtained indirectly, 


* Heisenberg. The Physical Principles of the Quantum Theory, p. 20. 
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is circular and useless. This discussion shows, however, that the uncer- 
tainty relations and the wave form of representation have pragmatic 
connotations and are not concerned with sterile computations. 

The uncertainty relations between position and momentum, and be- 
tween time and energy, pertain more especially to mechanics. But the 
quantum uncertainties are more general and extend to other cases. Thus, 
uncertainty relations have been established between the electric, and the 
magnetic, intensities of the electromagnetic field at the same point of 
space. We need scarcely add that in these uncertainty relations of 
electromagnetism, Planck’s constant h plays the same important part 
that it did in the former uncertainty relations. As before, if h is imagined 
to decrease indefinitely, the uncertainty relations between electric and 
magnetic magnitudes will vanish. Finally, the source of the uncertainties 
must be sought as usual in the quantum disturbances generated by all 
measurements. 


The Final Interpretation of the Wave Picture—Heisenberg’s an- 
alysis of measurements affords a more detailed interpretation of Born’s 
assumptions. Thus suppose we are dealing with a wave picture repre- 
sented by the superposition of a number of plane monochromatic de 
Broglie waves. We recall that the resultant intensity IZ of the wave mo- 
tion, at any point P and at any instant, is proportional to the probability 
that, as a result of a position measurement, we shall find the particle to be 
situated in a tiny volume about this point P at the instant considered. 
Also, the intensity of any one of the constituent de Broglie waves, inte- 
grated over the whole of space, is proportional to the probability that, 
as a result of a measurement of momentum or of energy, the particle 
wilt be found to have the momentum or the energy which correspond to 
the wave number and frequency of the wave in question. 

Born’s assumptions seem to imply that a wave picture affords a 
simultaneous knowledge of the probable position and of the probable 
momentum of a particle at the instant of interest. Although this con- 
clusion is not incorrect, it might prove misleading unless properly under- 
stood. Suppose, for example, we propose to perform a position measure- 
ment and follow it up immediately with a momentum measurement. We 
might believe that correct probabilities would be assigned by the wave 
picture to the results of our two measurements. But this is not so. It 
is true that, before any measurement is performed, the picture furnishes 
correct probabilities for the particle’s position; but if now we perform 
a position measurement, the disturbance which is generated thereby will 
render the picture useless insofar as the momentum of the particle is 
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concerned. Conversely, before any measurement is performed, the pic- 
ture furnishes the correct probabilities for the momentum of the particle 
just as it does for its position; but if now we perform a momentum 
measurement, the picture no longer yields correct probabilities for the 
position. In short, we can take advantage of a wave picture to obtain 
information on the position of a particle at a given instant, or else on its 
momentum and energy ; but both kinds of information cannot be derived 
simultaneously. Hence in every case we must make a choice and decide 
which of the two types of information is desired. The importance of 
these considerations will be understood in Chapter XXXIV. 


Measurement and Observation—In the foregoing pages we have 
discussed experiments in which the position or the momentum of a particle 
is observed, and we have said that such observations generate disturbances. 
But we wish now to examine more carefully the distinction between a 
measurement and an observation. 

To observe, say, the position of a particle, we must perform a position 
measurement on it and then observe the result of this measurement. Thus, 
in all cases an observation is accompanied by a measurement. The con- 
verse is not true, however, for we may quite well perform a measurement 
and yet fail to observe the result. Now in considering the disturbance 
generated by an observation, we must make clear that the disturbance is 
caused by the physical measurement, and not by the cognitive act whereby 
the result of the measurement is comprehended by the percipient. For 
example, in the experiment with Heisenberg’s microscope, a particle is 
bombarded by a photon which subsequently penetrates into the micro- 
scope and thereby reaches our eye. The position of the particle is thus 
observed. The observation is rendered possible by the collision of the 
photon with the particle, and hence it is this collision which constitutes 
the measurement. According to the quantum theory, the collision exerts 
exactly the same disturbance on the particle’s momentum, whether we 
happen to be peering through the microscope or looking in some other 
direction. The quantum theory and common sense are thus in agreement 
on this point. But although the measurement, and not the cognitive act, 
creates the disturbance, both the cognitive act and the measurement in- 
fluence the wave picture, albeit in a different way. Furthermore, as will 
be understood presently, the theoretical possibility of the cognitive act 
being realized must always be taken into consideration when we wish to 
gauge the nature of the disturbance generated by a measurement. 

In view of the abstruse nature of the matter at issue, we shall proceed 
in an orderly way by considering the various influences separately. We 


668 HEISENBERG’S UNCERTAINTY PRINCIPLE 


begin with the measurements. Measurements are classed according to 
their intent. Thus it may be the position, the momentum, the instant of 
time, or the energy that we propose to measure. Corresponding to these 
different intents, we have position measurements, momentum measure- 
ments, and so on. In this classification we are not concerned with 
ascertaining whether the measurements are actually observed or remain 
unnoticed; what is essential, however, is that the measurements be of a 
type that we could have observed had we attempted to do so. According 
to the uncertainty relations, a measurement which determines one species 
of magnitude (position, momentum, energy, time) disturbs by an un- 
predictable amount the magnitude which is conjugate to the one measured. 
In short it is the disturbance generated by the measurement, not by the 
act of observing, which is controlled by the uncertainty relations. 

Next let us examine how these measurements affect a wave picture. To 
take a special case we shall suppose that the wa've picture represents 
a wave packet. The particle picture then represents a particle situated 
somewhere within the packet, and having the momentum and the energy 
corresponding to one of the de Broglie waves which enter into the forma- 
tion of the packet. We call this wave packet the packet A. We now 
perform an energy measurement. The physical disturbance caused by 
the measurement renders the original wave picture useless, and a new 
one must be constructed. Here a distinction arises according to whether 
the result of the measurement is, or is not, observed. We first assume 
that no observation is made. Heisenberg has shown how the new wave 
picture must be constructed ; we call this picture the picture B. Further 
information will be given in Chapter XXXIV (see page 745). 

Next let us suppose that the measurement is observed and that a 
highly accurate determination of the particle’s energy and momentum 
is obtained. The wave picture corresponding to this situation differs 
not only from the original picture A but also from the former one, B. 
We shall call this third picture the picture C. (In the present case the 
picture C will consist of a train of approximately plane and very nearly 
monochromatic de Broglie waves.) In short our observation of the meas- 
urement has provoked a further change in the wave picture. 

From this general discussion we see that progressive changes in the 
original wave picture A may arise from two separate causes. Firstly, 
there is the change from the picture A to the picture B brought about by 
the physical disturbance due to the measurement. Secondly, there is the 
change from B to C due to our becoming aware of the result furnished by 
the measurement. In practice, a measurement is usually performed with 
a view of furnishing information ; its result is therefore usually observed. 
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The change in the wave picture is then from A to C directly, and the 
intermediate picture B is not considered. 

A point that may seem strange is that, according to whether we 
observe the result of a measurement or look the other way, the wave 
picture assumes one form or another. But we must remember that a 
wave picture merely symbolizes the scheme of probabilities which issues 
from our more or less vague knowledge of actual conditions. Conse- 
quently, to say that a wave picture is modified by an observation simply 
means that the probabilities we can assign to future events are affected 
by the inereased knowledge of present conditions which we have acquired 
as a result of this observation. 

Since in the classical theories we likewise assumed that an increased 
knowledge of present conditions affected the probabilities of future 
events, we see that it is not on this score that wave mechanics involves 
any radical departure from classical ideas. The only new feature intro- 
duced by wave mechanics (aside from its wave representation of proba- 
bilities) is the disturbance which a measurement provokes on the con- 
jugate magnitudes, and hence on the existing probabilities. In classical 
science, disturbances caused by measurements were regarded as casual, 
because physicists believed that they could be decreased indefinitely by 
the exercise of sufficient care. For these reasons an unobserved measure- 
ment did not affect the existing probabilities according to classical science, 
whereas it does affect them according to the quantum theory. 

The following example clarifies the connection between measurements, 
observations, and probabilities in the classical and quantum theories, re- 
spectively. Suppose that a man whose marksmanship is well known 
shoots at a target. From our knowledge of his marksmanship we may 
assign a certain probability to his scoring a hit. Now let us assume that 
a measuring device determines the position of the bullet at some instant 
during its flight, but that we fail to observe the result of the measure- 
ment. According to classical science the measurement need not disturb 
the bullet’s motion and hence need not modify the probability of the 
target being hit, whereas according to the quantum theory the inevitable 
disturbance due to the measurement will change the value of the proba- 
bility. Next let us suppose that the measurement is observed and that 
the bullet is found to be at a point in line with the target. According to 
classical science, the bullet is now certain to hit the target and the value 
of the probability changes from its original value to the value 1. Accord- 
ing to the quantum theory the value of the probability is likewise modified 
by our observation, but we cannot assign the precise value 1 to the new 
probability, because the measurement has disturbed the bullet’s motion 
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in an uncertain way, with the result that the bullet may now be deflected 
from the target. A more detailed discussion of the various kinds of 
probability will be given on pages 741-750. 


Waves and Corpuscles—The uncertainty relations enable us to 
predict, in any particular situation, whether it is the corpuscular or the 
wave aspect which will manifest itself. Hitherto, when we have discussed 
the uncertainty relations, we have interpreted them on the basis of Born’s 
assumptions and have not taken the attitude of Heisenberg and Bohr 
into account. Thus we said that if the position of a particle was well 
known, its momentum was uncertain, and vice versa. But it will now be 
advisable to consider the uncertainty relations in connection with the 
views of Heisenberg and Bohr. When we proceed in this way, the uncer- 
tainty relations have the following significance: 

A particle whose momentum and energy are accurately determined by 
measurement and observation becomes diffused through an extended 
region of space; the corpuscular aspect is entirely lost. On the other 
hand, when the position of the particle is accurately determined at a 
given instant, the corpuscular aspect of the particle is brought into 
existence, and then the particle’s momentum and energy are not merely 
uncertain but cease to have any physical significance. 

Let us, then, consider an atom while it is emitting radiation. Accord- 
ing to the classical principle of conservation of momentum, the total 
momentum of the isolated system, atom + radiation, will remain constant 
in magnitude and in direction during the process of emission. But if 
we take into consideration the ideas of Heisenberg and Bohr, we must 
recognize that there can be no meaning to this classical principle unless 
conditions be such that the momentum has a clear significance. 

For the momentum to be well defined, we must perform a momentum 
measurement. In particular, we may measure the precise change in 
momentum experienced by the atom during the emission of the radiation. 
If this be done, the classical principle of conservation of momentum is 
valid, and the momentum of the emitted radiation will be equal and 
opposite to the change in the momentum of the atom. The radiation 
will then proceed in the direction opposite to that of the recoil of the 
atom, and we shall have needle radiation, v.é., radiation emitted in a 
definite direction. This is the situation which we interpret by saying 
that a photon is hurled out by the atom. The corpuscular aspect of 
radiation is then realized. We also note that, in accordance with the 
uncertainty relations, the exact position of the atom is correspondingly 
unknown, or even meaningless. 
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Suppose, on the other hand, we perform a measurement which deter- 
mines the position of the atom with a considerable degree of accuracy. 
The uncertainty relations show that the momentum and the change in 
the momentum of the atom must become correspondingly vague. Conse- 
quently, the classical principle of conservation of momentum for the 
system, atom + radiation, becomes vague to the same extent. In par- 
ticular, the direction in which the radiation is emitted is clouded in 
vagueness, and as a result the radiation is emitted in all directions: we 
then have a spherical wave emitted from the atom. The corpuscular 
aspect of radiation is lost, and its wave aspect now imposes itself. From 
this illustration we may infer that both aspects of the radiation cannot 
be realized simultaneously, and we perceive that the key to the enigma 
of the dual nature of radiation is to be sought in the uncertainty rela- 
tions. If ever an experiment could be devised to reveal the two aspects 
of radiation (or of matter) simultaneously, the uncertainty relations 
would be at fault. 


The Heisenberg Uncertainty Relations, and Errors of Obser- 
vation—The Heisenberg uncertainty relations are quantum manifesta- 
tions and must not be confused with the errors of observation that are 
unavoidable in all human measurements; the two types of uncertainty 
are utterly distinct and have nothing in common. This is sufficiently 
obvious when we recall that in a world in which Planck’s constant h 
happened to be infinitesimal, the Heisenberg uncertainly relations would 
vanish, whereas, so far as we can tell, human errors of observation would 
still prevail. In many popular writings, however, the uncertainties of 
the quantum theory have been confused with those that are inseparable 
from all human measurements. As a result of this confusion, it has 
been assumed that the Heisenberg-Bohr philosophy is a revival of the 
ultra-phenomenological outlook of Mach and Ostwald. Yet, only the 
most superficial similarity holds between the two philosophies. A char- 
acteristic view of Mach’s was that the kinetic theory of gases should be 
rejected because molecules had never been observed. However, Mach 
gave no theoretical argument to support the conclusion that molecules 
never would be observed; he merely based his attitude on the fact that 
they had not been observed. A similar line of thought led him to reject 
absolute motion. Here, again, Mach never advanced any argument 
that would have led physicists to anticipate, for instance, the negative 
result of Michelson’s experiment. 

Of a very different calibre is the philosophy defended by the quan- 
tum theorists. Thus the possibility of a simultaneous accurate experi- 
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mental determination of position and of momentum is ruled out, not 
because no experimenter has ever been skilful enough to make a meas- 
urement of this kind, but because there appears to be a theoretical reason 
which precludes any such measurement from being performed success- 
fully, even by a superman. That the clumsiness of the experimenter 
plays no part in Heisenberg’s views is sufficiently demonstrated when 
we recall that an infinitely accurate measurement of position alone or 
of momentum alone (which would be ruled out as impossible if prac- 
tical difficulties were our criterion) is not viewed as impossible in quan- 
tum mechanics. Furthermore, according to the uncertainty relations, 
an ideally perfect measurement, say, of position, does not disturb the 
position of the particle, for, if we measured the position a second time 
immediately after the first observation, the same position would still 
be found—the momentum alone is abruptly changed by the position 
measurement. In short, there is not the slightest similarity between 
the uncertainty relations of Heisenberg and the uncertainties that accom- 
pany all human observations. Quantum science is thus in agreement 
with classical thought when it assumes that, in a theoretical discussion at 
any rate, all inaccuracies due to the clumsiness of the experimenter may 
be disregarded and that the precision of our measurements may be ex- 
tended to the limit. The originality of the new views is that this limit, 
which in practice is usually unattainable, is finite and not infinitesimal ; 
the influence of the finite value of h asserts itself once more. 

A numerical example borrowed from de Broglie will make this point 
clear. Suppose that a tiny ball weighing one-milligram is moving along 
the z-axis. We wish to determine, at an initial instant, the position 
x of the ball’s centre, and also the ball’s momentum Dx in the line of 
its motion. Suppose we succeed in determining the position of the 
ball’s centre within an error Az of one thousandth part of a millimeter. 
This is presumably about as accurate a measurement as would be pos- 
sible in practice. Heisenberg’s uncertainty principle states that our 
measurement of position has disturbed the momentum Pz of the ball, and 
that the smallest possible value for the uncertainty in the ball’s present 


momentum is Apaae. If we divide this quantity by the mass of 


the ball, we obtain the uncertainty in the ball’s velocity. The numer- 


ical value of the uncertainty is found to be oe centimeters per sec- 


ond. Thus, our measurement of the ball’s position has generated in 
its velocity an uncertainty defined by the previous amount. But this 
theoretical uncertainty in the velocity is far too minute to be detected 
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by any practical measurements, so that practical errors of observation 
far outweigh, in this example at least, the theoretical quantum 
uncertainties. 

Let us, then, determine under what conditions the uncertainties will 
become noticeable. In the Heisenberg relation ArAp, 2h, if we adopt 
the classical expression mv, for the momentum, we obtain 

h 
Ar.Amv,2h, or Ax. Av, 2—. 

We conclude that the smaller the mass m of the particle, the more impor- 
tant becomes the uncertainty between position and velocity. Electrons 
(or still better, photons), owing to their small mass, are among the most 
favorable kinds of particles on which to detect the influence of the uncer- 
tainties. This circumstance is to be connected with the fact that it is 
for electrons and photons that the wave properties are most accentuated. 
On the other hand, when the mass m becomes larger, the quantum uncer- 
tainty decreases and is soon concealed by the practical uncertainties 
attendant on all human measurements. For this reason the quantum 
uncertainties must necessarily fail to manifest themselves on the com- 
monplace level, ¢.g., in the case of billard balls. 

From the foregoing discussion we see that the Heisenberg uncer- 
tainties are in many cases far too insignificant to be detected by labora- 
tory experiments, even when performed by a Michelson; and we also 
see that these uncertainties have nothing in common with human clumsi- 
ness. But, whether they be detectible or not, they are assumed in the 
final analysis to exist. These considerations stress the importance of 
differentiating between the practically impossible and the theoretically 
impossible. In a certain sense, the distinction is reminiscent of the 
discussions we mentioned on the subject of mathematical infinity. There 
also, according to the intuitionists, a theoretical impossibility prevented 
us from writing out all numbers, as contrasted with a mere practical 
impossibility of writing out a quadrillion times a quadrillion numbers. 
In mathematics, as in the quantum theory, it is the theoretical impossi- 
bility that is important. 


CHAPTER XXXI 
VIBRATIONS 


WHEN the extremity of a rope receives a sudden jerk, a wave crest 
proceeds along the rope. But suppose both extremities of the rope, or 
string, are fixed. If we pull the string and then release it, a vibratory 
motion is set up; the various points vibrate in a direction perpendicular 
to the string’s length, and no wave crest is transmitted. Thus, we are 
dealing with a standing wave. This wave is generated by wave crests 
propagated along the string and reflected at one of the fixed ends: the 
reflected wave crests interfere with those that are advancing, and the 
superposition of the two wave trains generates the standing wave. In 
what follows we shall be concerned with the standing wave itself, regard- 
less of the process by which it comes into existence. 

The standing waves, or vibrations, that can be set up in the string 
are many and varied. It may happen that the string vibrates harmoni- 
cally and that the only points which remain fixed are the two end points 
A and B. When this situation occurs, the string is said to be vibrating 

in its fundamental mode. The ear 

- detects a pure sound, the pitch of 

u which is determined by the fre- 

quency ‘Yo of the vibration. When 

the string experiences its maximum 

displacement, its general shape will 

be of the type illustrated in the 

figure. The maximum displace- 

ment of the string differs from 

Fig. 49 point to point, and if we take the 

line AB as the Oz axis and call Yr 

the maximum displacement at a current point 2, we see that Yr will 
be a function of x. We may therefore represent the displacement by 


(1) wi(z). 


Next we consider the motions of the various points of the string. 
All these points vibrate up and down harmonically, experiencing their 
maximum deviations simultaneously, and passing through the straight 
line AB at the same instant. Let us call w the displacement of a point x 
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of the string at an instant ¢; then wis a function of rand ¢t. If we assume 
that, at the instant ¢t = 0, the string lies along the line of maximum dis- 
tortion above the horizontal AB, the motions of its various points may be 
represented by 


(2) u = yi(x) cos 2aroF. 


, , iL ' : sip 
After each period of time oe the string resumes its position of maximum 
0 


displacement; and it assumes the straight horizontal position at the 
successive instants : 
1 1 1 


a ee 
hy ae 47’ ae 


dy 


Other simple vibrations that may be set up occur when, besides the 
fixed points A and B, additional intermediary points remain motionless. 
Some of the situations that may occur when the string suffers its great- 
est distortion are illustrated in Figure 50. These various elementary 


Cc D E = F G 
A B A B A Cc B 
Fia. 50 


vibrations are called the normal modes of vibration, or more simply the 
modes of vibration. The points, such as C, D, E, F, G, which remain 
fixed in the various figures, are called the nodal points. The extreme 
points A and B are, of course, always nodal points. In any one of these 
modes of vibration, the nodal points are equidistant and they divide 
the string into equal parts. The frequencies of the vibrations differ from 
one mode to another, but they are always whole multiples of the fun- 
damental frequency ». For the modes illustrated in the figure, the 
frequencies are 2%, 3%, and 4%. All these modes yield pure sounds. 
For instance, if the fundamental vibration gives rise to the musical 
note C,, the first mode will give the upper octave C, the second mode will 
give the following G, and the third mode will give the second octave C. 
These pure notes are called the harmonics of the fundamental note. 

We may follow for each one of the modes of vibration the method 
outlined for the fundamental mode. Thus the mode of frequency 3¥9 
(the second one in Figure 50) will be expressed by 


(3) Ug = y3(x) cos 21(3v0)t, 
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where w3(x) defines the maximum amplitude from point to point for 
the mode in question. We see from the figure that w3(x) vanishes not 
only at the end points A and B, but also at the nodal points D and E. 
In the general case the string will not be vibrating in a normal mode. 
But mathematical analysis shows that whatever the vibration may be, 
it is equivalent to a superposition of the normal modes, each mode being 
credited with an appropriate amplitude and with a suitable difference 
in phase. In these more complicated cases, the ear detects no longer a 
pure sound, but a superposition of the various harmonics. This pro- 
cedure of viewing a complicated motion as due to the superposition of 
simple harmonic ones illustrates the physical significance of Fourier 
series. 

Let us now examine the problem from the standpoint of the mathe- 
matician. Suppose a disturbance is propagated along a line Ox with 
velocity V; the velocity may be constant or variable. The state of the 
disturbance at any point x will vary with the time ¢t, and at any instant 
t it will depend on the point x. If, then, we assume that the disturbance 
is measured by some magnitude u, we see that this magnitude wu is a 
function of position « and also of time ¢. The partial differential equa- 
tion which the function w(z, t) satisfies is d’Alembert’s equation 

O7u 1 07% 
oa? V2 oe 


Suppose the one-dimensional medium along which a disturbance is 

propagated is a string with fixed extremities. D’Alembert’s equation 

(4) will regulate the motion, the propagatiom velocity V which appears 

in the equation being deter- 

u mined by the properties of the 

string itself. If we assume that the 

string is homogeneous, V is a con- 

stant. We now proceed to deter- 

D mine how the string will be affected 

by a disturbance. In this attempt 

we shall pay no heed, of course, to 

the knowledge we have already 

gained from watching strings vi- 

Fig. 51 brate. In particular, we shall not 

assume from the outset that stand- 

ing waves will be set up. Our purpose is to rediscover all these experi- 

mental results by purely mathematical means. The method of procedure 
is as follows: 
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We first assume that the function (2, ¢), which measures at time ¢ 
the displacement CD of any point x of the string above or below the 
straight line AB (Figure 51), is of the general form 


(5) u(x, t) =p(x)f(t). 


Here y(x) and f(t) are two unknown functions of xz and of ¢ respec- 
tively. The unknown function u, and hence the motion of the string, 
will be determined if the two unknown functions, y and f, can be found. 
We may also note that the equation of the curve defined by the string’s 
position at any specified instant f) is given by 


(6) u=p(x)f (to). 


Next let us discover the two unknown functions, y and f. To do this, 
we observe that the function u(x, t) must be a solution of (4); and 
that, consequently, if in (4) we substitute (5), the equation (4) must 
be satisfied. Making the substitution, we are led to the two following 
equations, of which y and f must be solutions: 


ad? 
(7) Tz t w=), 
&f 7 
(8) eat AV f= 0. 


In these equations, 2 is any constant of arbitrary value. 

First we examine the equation (7), which is the relation that our 
unknown function w(x) must satisfy. As occurs for all differential equa- 
tions, different functions, infinite in number, are solutions; and only if 
additional restrictions are imposed can one definite solution be singled 
out. In the present case the very nature of our problem introduces 
restrictions. Thus the end points A and B of the string are to remain 
fixed during the motion. This requires that when x corresponds to 
the point A or B, the magnitude u (which at any instant measures the 
distance of a point x of the string from the straight line AB) must 
retain the value zero throughout time. For simplicity, we may sup- 
pose that the string is of unit length and that the points A and B corre- 
spond respectively to the values x =0 and x=1. Under these condi- 
tions, when x=0 or «=1, u(z, t) must vanish for all values of 7. 
The formula (5) then shows that the same must be true of p(x). We 
must therefore impose the restrictions 


(9) y(0) =0 and y(1) =0 


on the solution y(a) of the equation (7). These conditions are called 
the boundary conditions for the solution of (7). 
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Further restrictions on the solution function w(x) are imposed by 
the physical nature of the problem. Thus the string is continuous (i.e., 
it has no gaps) ; and since the equation of the curve defined by the string 
at any instant to is given by (6), we conclude that the function w(x) must 
be continuous between x= 0 and r=1. We must also assume that the 
function y(x) is one-valued, 7.e., has a well-determined value for each 
value of x. This last requirement, however, happens to be satisfied auto- 
matically by all the solution functions of the present problem. Finally, 
we shall suppose that the first and second derivatives of the solution 
function y(x) are continuous. This means that there will be no angular 
points in the string during its motion, and that the radius of curvature 
will not change abruptly from place to place. 

We now revert to the equation (7) and seek to discover the solutions 
w(x) which satisfy the boundary conditions (9) and also the conditions 
just imposed. There will always be the solution y(z) = 0, namely, the 
vanishing solution. Physically, this solution corresponds to the string 
remaining at rest; its existence teaches us nothing new, for we know 
perfectly well that the string may remain at rest. Let us, then, consider 
the non-vanishing solutions. Mathematical analysis yields the following 
important conclusions: 

For the equation (7) to admit non-vanishing solutions (a), satisfy- 
ing all our requirements, the arbitrary constant (or parameter) 2 must 
have any one of the values 


(10) ml, Qn? 3272... nen, . 


where 7 is any positive integer. 

In mathematics we often meet with a situation of this kind. Quite 
generally, if a differential equation contains an undetermined para- 
meter, and if the equation admits solutions (on which certain restric- 
tions are imposed) only when particular values are credited to the 
parameter, these values are called the eigenvalues, and the correspond- 
ing solutions are called the eigenfunctions.* In the problem of the 
string, which we are here considering, the numerical values (10) that 
A must receive are the eigenvalues of the equation (7); we refer to 
them in the order written as the first, second, third . . . eigenvalue. 
The nth eigenvalue is 2 = n222. Replacing 4 by this value in the equation 


* The names proper values and proper functions are often used; also the names 
characteristic values and, functions or fundamental values and functions. We have 
preferred to use the German word eigen, so as to draw attention to the importance of 
these values and functions. 
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(7) and solving the equation, we obtain the nth eigenfunetion y, (2). It 
is found to be 


(11) wa) = C sin, 


where C is any constant. 

We now consider the equation (8), the office of which is to determine 
the other function, f(t). In the equation (8), the same parameter / 
appears as in (7). Hence to obtain the solution function f(t) which 
is associated with the nth eigenfunction (11), we must replace A in 
(8) by the same eigenvalue, 4 = n°7?, as before. When this is done 
and we restrict f(t) to be a continuous function, a solution f(t) can 
be shown to be cosnVat. Altogether then, utilizing (6), we have for 
the nth solution w,(a, t) of (4), and hence for the nth normal motion of 
the string, 


(12) Un(z, t) =C sin naz. cos nVat. 
This solution defines a standing wave represented by a harmonic 
vibration of frequency » =n, The first part of (12), namely (11), 


defines the amplitude of the vibration at any point x of the string. In 
other words, it gives the maximum displacement which the point x of 
the string assumes during the vibration. It will be noted that (11) 
contains the arbitrary constant C, so that the amplitude at a point x 
may have any value. This circumstance corresponds to the physical 
fact that, when vibrating in a given mode, the string may be oscillating 
violently or imperceptibly. The points z at which w,(z, t) always 
vanishes, and hence at which sinnaz vanishes, are the nodal points: they 
remain at rest when the string is vibrating in a given mode. The end 
points are always nodal points, and the other nodal points (if any there 
be) are seen to divide the length of the string into qual parts. 

The solution (12) determines the mth normal mode of vibration, 
where is any positive integer. When we give to successive integral 
values, we obtain all the normal modes of vibration. In particular the 
value n=1 yields the fundamental mode. In the fundamental mode 
the only nodal points are the two extremities of the string, and the 
frequency of the vibration is 


(13) ie ae 


Any number of solutions of the equation (4) may be added to- 
gether, and the result will still be a solution. Physically, this implies 
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that the string may be vibrating in its various modes at one and the 
same time; the resultant vibration is then given by the superposition 
of the elementary vibrations. In short, we have obtained by mathe- 
matical means all the results known to us from the experimental study 
of vibrating strings. We have discussed this vibration problem in some 
detail, because it is typical of the more complicated problems that arise 
when, in place of strings, membranes or elastic solids are set into 
vibration. 

Certain features of the more complicated cases may be mentioned. 
Suppose we are concerned with the vibrations of a drum. The edges 
of the membrane, being fixed, will not vibrate and will define so-called 
nodal lines. When the drum is vibrating in its fundamental mode, there 
are no other nodal lines. But when we pass to the higher modes of vibra- 
tion, additional nodal lines appear. These nodal lines are the two-di- 
mensional analogues of the nodal points which we mentioned in 
connection with the vibrations of strings. We may easily demonstrate 
the existence of the nodal lines by sprinkling sand over the surface of 
the membrane: the particles of sand are thrown off the vibrating por- 
tions and cluster along the motionless nodal lines; the positions of the 
nodal lines are thus revealed immediately. Since the rim of the drum 
is one of the nodal lines, we may well imagine that the shape of the 
drum (rectangular, square, round) will affect the disposition of these 
lines. 

Similar problems occur for the elastic vibrations of solid bodies. 
Here also we have nodal regions but they are now represented by sur- 
faces. The mathematical method of determining the various modes 
may easily be understood from our analysis of the vibrations of strings. 
The wave equation in space is the d’Alembert equation 


Ou , 0% , 0% 1 dy _ 
Ox? * Oy? © O22 V2 of a 
in which, for a homogeneous solid, V is a constant characteristic of the 
body. The physical significance of V is to define the velocity with which 
waves are propagated in the medium.* 

To simplify matters, we shall assume from the outset that standing 
waves are formed when the body is set into vibration. This assumption 
implies that the solution functions u(x, y, 2, t) of (14), which repre- 


(14) 


* More precisely V is the propagation velocity; it is the velocity with which a 
disturbance is propagated. Waves are propagated with the wave velocity; and only 
when the conditions of ray-optics are realized, do the propagation velocity and the 
wave velocity coincide. ; 
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sent the state of the vibration at any point x, y, z and at any time ft, will 
be of the form 


(15) u=y(a, y, 2) cos 2art. 


Here y is the frequency and y(z, y, z) the amplitude of the vibration at 
the point x, y, z. If now in the equation (14) we replace « by the 
expression (15), we obtain the ee 


ory , Op , oy 
e) da? dy? | da? + Sry =; 
and our problem will be solved if we can determine the solutions 
w(x, y, 2) of (16). 

Just as in the case of strings and membranes, boundary conditions 
must be considered. For instance, if we agree to hold the surface of the 
body fixed, we must assume that our solution p(z, y, 2) vanishes when- 
ever x, y, z are the coordinates of any point on the surface. For physical 
reasons, we also require that y(z, y, 2) be one-valued and continuous, with 
continuous first and second derivatives. Finally we shall agree to dis- 
regard the vanishing solution, y = 0, which corresponds to the case where 
the solid is not vibrating. As a specific example, we shall suppose that 
the homogeneous solid is a rectangular parallelepiped of sides a, b, and c. 

For the present, the value of » in the equation (16) is undetermined, 
and we shall find that only when »y receives specific values forming a 
discrete set, will our equation have solutions p(z, y, 2) satisfying the 
imposed restrictions. For this reason the privileged values which the 
parameter » must assume are the eigenvalues of the equation (16). The 
solution function py(z, y, 2), which exists when some particular eigen- 
value is given to y in (16), is the corresponding eigenfunction. The 
physical significance of this statement is easily understood. Thus » 
represents the frequency of the vibrations. Hence to say that the equa- 
tion (16) has solutions only when » has privileged values is to say 
that only those modes of vibration which have these privileged fre- 
quencies y can arise in the solid. As for the corresponding eigenfunc- 
tion p(a, y, z) associated with some specific eigenvalue v, it represents 
the amplitude of the vibration from point to point when the solid is 
vibrating in the mode of frequency ». 

We now proceed to obtain the eigenvalues and eigenfunctions of our 
problem. We take as coordinate axes Ox, Oy, Oz the axes defined by 
the edges of the solid. We may assume that the unknown solution fune- 
tion y(2, y, 2), which we wish to determine, can be represented by the 
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product of three functions X(x), Y(y), Z (z), each one of which depends 
on one variable alone. Thus we get 

(18) w(x, y, 2) =X (x) V(y)Z(z). 


We then substitute (18) in the equation (16) and obtain the three fol- 
lowing equations: 


a2x _ 
(19) ee 0 
d2Y 
(20) aye t HY =0 
a?Z 4 2. P4 
(21) — ( ae = A= w)Z=0, 


where 4 and mw are arbitrary numbers. The frequency » of the vibra- 
tions is unknown for the present and hence is left unspecified. 

The restrictions placed on w(x, y, 2) impose similar ones on X(z), 
Y(y), and Z(z). In particular, all these functions must vanish over 
the surface of the solid, and they must be one-valued and continuous. 
With these restrictions taken into account, we proceed to solve the 
equations (19), (20), and (21). We find that (19) can admit non- 
vanishing solutions satisfying our requirements only if A has one of the 
values 
mn? 

az 


(22) i 


? 


where m is any non-vanishing integer. We may suppose without loss 
in generality that m must be a positive integer. The values (22) are 
the eigenvalues of (19) ; and when we introduce one of these values for 2 
in (19), and integrate the equation we obtain the corresponding solution, 
or eigenfunction, X(x). Integration yields 


(23) X(2z) = sin 
Similarly, solving (20), we obtain the eigenvalues 
nn? 
where n is any positive integer. The corresponding eigenfunction is 


(25) Y(y) = sin”. 
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Finally, passing to the equation (21) and setting in it the eigenvalues 
(22) and (24) for A and yu, we find that the expression in the bracket of 


v 


(21) must have as values ae where p is any positive integer. The 


equation (21) thus becomes 
U2 yee pate 
dz? ae 


The eigenfunctions of (26) are 


(26) Z= 0. 


(27) Z(z) =sin a 


We may now derive the eigenvalues » and eigenfunctions p of the 
original equation (16). We have said that, for the equation (21) to have 
solutions satisfying our requirements, the quantity in the bracket of (21) 


oe 
n : alee 
must have the value “> where p is any positive integer. Hence we 


must have 
Any? men? nen? _ pn? 
(28) ve ae pe Pore 
whence we derive for the eigenvalues » of (16) 
bale mn? p® 
cae "=O ee’ 


in which the numbers m, n, and p may have all positive integral values. 
The eigenfunctions of (16), being defined by (18), are given by the 

product of the three expressions (23), (25), and (27). Thus the eigen- 

functions are 

TE: ine sin ; 


(30) p(a, y, 2) = Asin 7 


where A is an arbitrary constant. 

The presence of the arbitrary constant A in the eigenfunctions, or 
amplitudes, (30) indicates that the amplitudes of the vibrations may 
be large or small, and hence that the vibrations may be violent or scarcely 
perceptible. 

Having obtained the expression of y(z, y, 2), we may now derive from 
(15) the expression of the vibratory disturbances. We get 


KP nay 


b 


where the frequency v is the corresponding eigenvalue (29). 


. pnz 
.sin?™ . eos 2art, 
c 


(31) u(2, y, zt) = Asin—— -sin 
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If in (29) and (30), we take in succession all possible combinations 
of positive integers for m, n, and p, we obtain the frequencies and the 
corresponding amplitude distributions in the various modes. Thus, each 
triplet of integers assigned to m, n, and p defines a particular mode of 
vibration. Obviously, there is an infinite number of different modes. 
The fundamental mode is obtained when we set mM=7v=p=1. Its 
frequency of vibration yp) (the fundamental frequency) is 


V 1 1 1 
(32) oe ee 


The nodal surfaces that oceur when the solid is vibrating in a given 
mode (m, ”, p) are determined by the points x, y, 2 at which the vibra- 
tion function (31) persistently vanishes. Hence the nodal surfaces are 
also given by the points at which the amplitude function, or eigen- 
function, (30) vanishes. In the fundamental mode, there are no nodal 
surfaces other than the faces of the solid. In the higher modes, inter- 
mediary nodal surfaces appear; they are planes parallel to the sides of 
the solid, and they divide the solid into a number of juxtaposed equal 
rectangular parallelepipeds. 

When we compare the vibrations of strings with those of membranes 
and solids, several differences appear. With strings, the frequencies 
of vibration of the various modes are always multiples of the funda- 
mental frequency, so that the higher modes of vibration are the har- 
monics of the fundamental mode. This situation no longer occurs for 
membranes and solids. The statement may be verified in the case of 
solids by contrasting the general expression (29) of the frequency of a 
mode with the expression (32) of the fundamental frequency. 

A further difference between strings on the one hand, and membranes 
and solids on the other, concerns the existence of distinet modes having 
the same frequency. With strings, no two normal modes have the same 
frequency. This also is usually true for vibrating membranes and 
solids. For example, if the sides of a vibrating parallelepiped have 
random lengths and hence are incommensurable, the normal modes will 
all differ in frequency. The foregoing statement no longer applies, how- 
ever, if the sides are commensurable, and as a special case if they are 
equal, so that the parallelepiped becomes a cube. In such cases different 
normal modes may have the same frequency. To clarify these points, 
let us consider a cube with sides of length a. The frequencies (29) of 
the various normal modes are then 


(33) Y= V8 Fae Tp. 
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Each triplet of values ascribed to the three integers m, n, and p defines 
a different mode. But we see from (33) that different modes (m, n, p) 
and (m’, n’, p’) will have the same frequency whenever 


(34) m? +n? + p?= m2 +n’? + pl. 


The fundamental mode, m = n = p = 1, is thus the only one that is sin- 
gle. 

The considerations just developed are of considerable importance in 
wave mechanics and also in pure mathematics. Thus we recall that the 
frequencies » of the normal modes are the eigenvalues of the equation 
(16), and that the amplitude functions (30), which determine the am- 
plitudes of the vibrations in the various modes, are the corresponding 
eigenfunctions. Consequently, when each mode has a different frequency 
(as happens in the cases of a string and of a parallelepiped with incom- 
mensurable sides), each eigenvalue is connected with a single eigen- 
function. But when two or more different modes have the same fre- 
quency » (as in the case of a vibrating cube), the eigenvalue » will be 
associated with more than one eigenfunction. In wave mechanics we 
describe this situation by saying that the problem is degenerate.* 

The normal modes of vibration we have discussed are not the only 
motions a vibrating solid may betray. Just as in the case of the vibrat- 
ing string, different normal modes may be superposed. In a vibrating 
string different modes always have different frequencies, and hence, 
when a superposition of modes occurs, the vibration is no longer simple 
harmonic and a pure musical note is not emitted. But in a solid, where 
degeneracy may be present, different modes having the same frequency 
may be superposed. The vibrations of the points of the solid are then 
still harmonic and a pure musical note is heard. The superposition of 
different modes associated with the same frequency entails a consider- 
able change in the nature of the nodal surfaces. Thus in the case of 
the parallelopiped the nodal surfaces which are formed when the solid 
is vibrating in a normal mode are always plane; but when there is 
degeneracy and the superposed modes have the same frequency, the 
nodal surfaces may become curved. 

The most important facts to be retained from this summary treat- 
ment of vibrations are that, when we impose on the vibrations certain 


*In Bohr’s theory, degeneracy was said to occur whenever different energy levels 
of the atom happened to coalesce. In the wave-mechanical treatment of the atom, 
this coalescence of energy levels occurs whenever different modes of vibration 
happen to have the same frequency; and so the word degeneracy is retained in this 
situation (see page 702). 
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conditions required by physical considerations and when boundary con- 
ditions are also specified, the possibility of vibrations occurring is deter- 
mined by the existence of the eigenvalues. These eigenvalues usually 
form a discrete set of magnitudes, and we thus see how discreteness is 
automatically introduced into problems which in the final analysis deal 
with continuous waves. 

The physical problems we have here investigated by mathematical 
means are problems that have attracted the attention of mathematicians 
ever since the eighteenth century. The problem of the rectangular solid 
discussed in the text is extremely simple, but according to the shape of 
the vibrating solid and the boundary conditions imposed, the methods 
of solution vary considerably. For instance, if we are dealing with a 
sphere in place of a parallelepiped, the solution of the problem requires 
the introduction of the functions discovered by Legendre, Laplace, and 
Bessel. When the shape of the vibrating solid is arbitrary, more general 
methods of approach involving the theory of integral equations must 
be utilized. 


CHAPTER XXXII 


SCHRODINGER’S WAVE MECHANICS OF THE ATOM 


WE have seen that de Broglie sought to account for Bohr’s energy 
levels in the hydrogen atom by assuming that the planetary electron was 
associated with waves. The waves advanced normally along the orbit 
of the electron, and the wave motion was stable only if no overlapping of 
wave crests occurred around the orbit (see page 62+). The condition 
of stability was thus expressed by the following requirements: A wave 
erest which, having circumscribed the orbit, is passing through any point 
P on the orbit must coincide with the wave crest that is leaving this 
point. This implies that there must always be an integral number 
of wave lengths set end to end around the orbit. De Broglie’s method 
may be extended to all situations in which an electron undergoes periodic 
motions. When consideration is given to the wave lengths of the waves 
associated with the electron, de Broglie’s stability condition for the wave 
furnishes the following stability condition for the mechanical motion 
of the particle: The Maupertuisian action of the particle, or electron, 
over a cycle of the motion must be an integral multiple of hk. Since this 
requirement is precisely the one expressed in Bohr’s quantizing condi- 
tion, we infer that the quantizing conditions of Bohr and the stability 
conditions of de Broglie are equivalent. As a result, the energy levels 
will be the same in either theory. 

We know, however, from the experimental evidenee that Bohr’s 
quantizing condition does not always furnish the correct energy levels. 
For instance, in the linear harmonic oscillator, we must modify the quan- 
tizing condition by introducing half-inteeral values for the quantum num- 
bers, and in the rotator, still more complicated changes seem to be neces- 
sary. And so we conclude that de Broglie’s theory in its original form, 
by the mere fact that it leads to Bohr’s quantizing conditions, cannot 
always account for the correct energy levels. At this juncture, Schro- 
dinger remarked that de Broghe had oversimplified the problem of 
quantization when he assumed that the conditions of ray-optics held for 
the waves within the atomic volumes. And Schrodinger expressed the 
hope that, if the problem of the wave motions were treated rigorously 
and de Broglie’s oversimplification remedied, the correct values for the 
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energy levels would be obtained. We shall see presently that Schrédinger’s 
hope has been gratified. 

The reason why the conditions of ray-optics cannot be valid within 
the atoms is easily understood. In de Broglie’s treatment the rays of 
the waves lie along the Bohr orbits. The curvature of these rays may 
be ascribed to the varying refractive index of space around the nucleus, 
generated by the nuclear field of force. Particularly for the inner orbits, 
the curvature of the rays must be very great, a fact which implies that 
the refractive index must differ considerably in magnitude from one 
point to another within the atom. Numerical calculation then shows that 
this heterogeneity in the distribution of the refractive index is far too 
great for ray-optics to be possible. It is true that as we pass to the 
outer orbits, the conditions of ray-optics increase in approximation and 
that de Broglie’s simplified theory tends to become correct; but even so, 
if we wish to treat the problem rigorously, we must operate according to 
the methods of undulatory optics. A first point to be noted is that 
Schrédinger’s more refined treatment will deprive the Bohr orbits of 
any precise significance. Thus we recall that de Broglie identified the 
rays of the waves with possible Bohr orbits. But in undulatory optics, 
rays are no longer clearly defined, and so a corresponding degree of 
vagueness must necessarily be communicated to the orbits of the electron. 

Owing to the greater complication of undulatory opties, de Broglie’s 
original method of establishing the stability conditions for the waves 
ceases to be available. Let us, then, investigate how Schrédinger pro- 
ceeded. We consider the case of the hydrogen atom, and we shall suppose 
that the nucleus of the atom is fixed, so that the energy W of the elec- 
tron will also be the energy of the atom. De Broglie’s method of 
associating a wave with the circling electron is retained. But Schrodinger, 
instead of confining his attention to the wave in the vicinity of the orbit, 
considers its distribution throughout space. In this respect, we note 
that there is no barrier preventing the wave from extending in all direc- 
tions, and as a result it fills all space. Certain restrictions, however, 
are placed on the wave for physical reasons; we shall examine them 
later. 

The problem which Schrédinger set himself was: What kinds of 
de Broglie waves, which satisfy the foregoing restrictions, can exist 
permanently in the field of force surrounding the nucleus. Schrodinger 
confined his attention, at first, to standing waves, or vibrations. The 
wave distributions he was seeking constituted therefore the modes of 
vibration of the de Broglie waves in the nuclear field of force. These 
modes represent the stable states of the atom. To obtain the modes, 
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we must start as usual from d’Alembert’s wave equation, which controls 
wave motions generally. 

Let u(r. y, 2. t) be a function of x, y, 2, tf, which defines, at each point 
x,y, 2 of space and at each instant of time f, the state of vibration of the 
wave disturbance. The function w must satisfy the relation expressed 
by d’Alembert’s wave equation 


2 2 2 2. 
(1) ee a 
Oe age oe) (V4 Ot? ; 


where V is the velocity of propagation of the waves at the point z, y, 2. 
To shorten the writing we shall set Af for the sum of the three second- 
order partial derivatives of any function f with respect to the Cartesian 
coordinates z, y, z. With this convention, the wave equation (1) 
becomes 


1 oe. 


(2) Au — eo 


0: 

If now we wish to determine the standing sinusoidal waves that can 
be formed, we must assume that w represents a standing wave and so 
may be defined by 


(3) u=yp(Z, Y, 2) cos 2nvt, 


where » is the frequency of the waves in question. As for nite, me) mit 
defines the maximum swing, or the amplitude, of the vibration at the 
point 2, y,z. As yet the function p(z, y, 2) is unknown, but by substitut- 
ing (3) in (2), we obtain the equation that y must satisfy, namely, 


4 Par 
(4) Ay + s y=0. 


The velocity V in the equation (4) represents the propagation ve- 
locity of the de Broglie waves of frequency », but in order to derive 
Schrédinger’s wave equation we shall have to assume that V represents 
the wave velocity. The approximation involved in this assumption will 
prevent our treatment from being rigorous, but it will be sufficiently 
rigorous for the object we have in view. 

Now the waves which we are considering are associated with the 
planetary electron that is moving in the field of force generated by the 
atom’s nucleus; and we have seen that a de Broglie wave in a field of 
force behaves as though it were propagated in a medium of variable 
refractive index u. The refractive index is determined, at each point 
x, y, 2 of space, by the field of force and by the energy W of the electron 
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with which the wave is associated. The expression of the refractive index 
was given in formula (13), Chapter XXIX. We recall this formula; 
it is 
V [LW = Epoe(a, y, 2) J? — m3 ct 
(5) SS 


where mo is the rest-mass of the electron and Enot(Z, Y, 2) is the potential 
energy which the electron would have, as a result of the nuclear attrac- 
tion, if it were situated at the point «, y, z. This potential energy, which 
varies in value from place to place, serves to define the field. 

On the other hand we know that the wave velocity V is defined by 


h 


of the wave magnitudes, 


“a ; and we also know that the frequency » of the wave is luis Collecting 
BL e 

V2 
which appears in equation (4), in terms of the mechanical categories. We 
find 


all these results we may express the ratio 


(8) Vi er = 1a 


4 
If now we replace = by this expression in the equation (4) we obtain 
Schrédinger’s wave equation in the relativistic form. As a first step, 
however, we may disregard the relativistic refinements and be content 


with the classical approximation. In this ease the expression (6) of 
2 


pr is simplified into 

(7) y? _ 2mo| EH es E vot (2, y, 2) | 

an ae 
where E is the sum of the electron’s potential energy and of its classical 
kinetic energy.* Thus E differs from W mainly in that it does not include 
the rest energy moc?. 
2 
If we substitute the value (7) fon in (4) we get Schrédinger’s 


celebrated wave equation corresponding to the classical approximation. 
Schrédinger’s equation is 


8n2 
(8) Ay + S18 — Byot(a, y, 2) 1p =0. 


Schrédinger’s equation (8) controls the relative magnitude of the ampli- 


* According to the classical approximation we have W = mec? +E, 1f in (6) we 
replace W by the foregoing expression and neglect (EZ — Eno:)? owing to its relatively 
small importance, the result (7) is obtained. 
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tude function y(z, y, 2) of the waves, at each point x, y, 2, when the 
total energy of the electron or atom has the value LE. 

Let us observe that the value of Epo:(z, y,2z) in this equation is 
determined at each point by the nuclear field of force. On the other 
hand, the value of the total energy EF is undetermined, for we are sup- 
posed to have no knowledge of the stable energy levels of the atom. 

We have rendered the derivation of Schrédinger’s wave equation less 
abstract by discussing it in connection with a particular system, 1.e., the 
hydrogen atom. The same equation applies, however, to all systems in 
which the waves are associated with a single electron moving in 3-dimen- 
sional space, but of course the expression of the potential energy, Epo, 
differs from one system to another. If the electron is moving along a 
straight line (as in the linear oscillator), the wave equation will be 
simplified in consequence. 

We must now examine the restrictive conditions which Schrédinger 
imposes on the permissible waves. Physical considerations indicate that 
the amplitude of the vibrations cannot exhibit sudden discontinuities 
from place to place, and that it can never be infinite. Since a solution y 
of Schrédinger’s equation represents the amplitude from place to place, 
we conclude that a solution function must be continuous (as also its first 
and second derivatives) and that it must never become infinite at any 
point in the region occupied by the waves, even on the boundary of this 
region. Furthermore a solution function must have a well-determined 
value at each point, 7.e., it must be one-valued.* This last condition is 
obviously necessary, because otherwise the wave would be indeterminate. 

In the particular case of the hydrogen atom, the region occupied by 
the waves consists of the whole of space, the boundary of this region 
being the surface of an infinite sphere. We shall find that in the hydro- 
gen atom, the waves that satisfy the restrictive conditions not only 
remain finite at spatial infinity on the bounding surface but actually 
vanish there. 

Formally, at least, the problem of determining the modes of vibration 
of the deBroglie waves is similar to those we mentioned in the last chapter 
in connection with the vibrations of elastic solids. For example, the 
problem of the hydrogen atom is analogous to that of determining the 
modes of vibration of an infinitely extended elastic sphere, the surface 
points of which do not vibrate. The hydrogen problem is more compli- 
cated, however, because space behaves as a dispersive medium of variable 
refractive index for the de Broglie waves, so that the wave velocity 
depends on the frequency of the waves and varies from place to place. 


* This condition is equivalent to the one imposed by de Broglie. 
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The method of obtaining the de Broglie modes of vibration is now 
clear. We must integrate the Schrédinger wave equation which corre- 
sponds to the problem of interest, and then retain those solution func- 
tions y which satisfy the restrictive conditions. For the purpose of 
discussion we shall suppose that the waves occur in 3-dimensional space, 
so that the wave equation has the form (8). 

Schrodinger showed that solution functions waz, y, 2) satisfying all 
these requirements are in general non-existent, but that when the par- 
ameter E in the equation (8) happens to have certain privileged values, 
solutions exist, and stable waves can be formed. These privileged values 
which EF’ must assume constitute the eigenvalues of the problem, and 
from a physical standpoint they represent the energy levels of the 
system. The corresponding solution functions y(z, y, z) are the eigen- 
functions. 

The eigenvalues usually form a discrete set 


(9) Ey, Hay bes, «. Eigse, 


but they may also form a continuous range of values. 

When the eigenvalues are obtained, we may derive the corresponding 
eigenfunctions w(z, y, 2). Thus in Schrédinger’s equation (8), we 
replace the parameter E by one of the eigenvalues, e.g., E,. The equation 
is now known to have a solution which satisfies the restrictive conditions. 
This solution function is then the eigenfunction Wn(Z, y, 2) corresponding 
to the eigenvalue E,. The eigenfunction determines the amplitude of 
the de Broglie wave from place to place; and the eigenvalue, or energy, 
E,, determines the frequency of the wave. Consequently, the eigenvalue 
and the eigenfunction, considered jointly, furnish all particulars on the 
corresponding mode of vibration. 

The frequency », of the wave is defined by we where W,, the energy 
of the particle, has as value E,, + moc?. Consequently, the frequency v, 
of the de Broglie wave is given by 


a: En ar MoC? 
= a . 


* 


(10) Vn 


* Sometimes the rest-energy of the particle is dropped, and in this case the 
frequency of the de Broglie wave associated with a particle of energy En (without 


the rest energy) is assumed to be a, instead of Eat moe This change in the 
D D 
frequency credited to the ware does not, however, change its wave Jength A; for 


iS = where p, the momentum of the particle, has the sama value in either case. 
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Finally, then, if yn(z, y, 2) is the eigenfunction corresponding to 
the energy value E, of the atom, the normal mode of vibration of the 
de Broglie waves in the atom is given by (3) and by (10), and thus by 


E, + moc? t) 
ny ees 

In the foregoing discussion, we assumed that there was only one eigen- 
function corresponding to each eigenvalue. But in some problems, not- 
ably in the hydrogen atom, several eigenfunctions are associated with 
the same eigenvalue. This association implies that different normal 
modes of vibration have the same frequency. The system is said to be 
degenerate. A situation of this kind was mentioned in the last chapter 
in connection with the vibrations of an elastic cube. 


(11) an eaepeent) peony se) omen ( 


The Linear Harmonic Oscillator—The considerations we have de- 
veloped for the hydrogen atom apply to any atomic system in which a 
single electron is involved. One of the simplest cases is afforded by the 
linear harmonic oscillator. According to classical mechanics, if a par- 
ticle, abandoned at rest, is attracted towards a fixed centre with a force 
proportional to the distance (elastic force), the particle will vibrate 
with a simple harmonic motion along the straight line passing through 
the centre of attraction. The potential energy of the particle, when 
situated at a distance x from this centre, is 


(12) E pot == Qn? vm, x”, 


where mo is the mass of the particle and vo is the mechanical frequency 
of the vibration. 

Let us see what information Schrédinger’s equation (8) furnishes 
on the energy levels of the oscillator. In the oscillator we must assume 
that the waves are situated solely along the line of motion of the particle. 
We take this line as the Ox axis. Under these conditions the amplitude 
function y is a function of x alone, and the expression Ay in Schrédinger’s 
dy 
a 
equation (8) and insert the value (12) for the potential energy Epor, we 
obtain 


equation becomes If we take this change into account in the wave 


2. 8 2, B 
(13) oe Tae (E — 2a?v2mye?)y = 0. 


This is Schrédinger’s equation for the linear oscillator. In it appears 
the magnitude EF, which represents the sum of the kinetie and potential 
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energies of the vibrating particle and hence the energy of the oscillator. 
The value of F is left undetermined for the present. 

We must now obtain the solutions p(x) of the equation (13). Any 
one of these solutions will give the amplitude of the corresponding stable 
wave from place to place along the line of oscillation. We must remem- 
ber, however, that restrictions are placed on the solution w(x) ; namely, 
the function y(x) must be one-valued, continuous (together with its first 
and second derivatives), and it must be finite everywhere even on the 
boundary. In the present case the boundary is represented by the two 
infinitely distant points to the right and left on the line of oscillation Oz. 

The equation (13) may easily be transformed into an equivalent one 
studied by Hermite and often called Hermite’s equation. Its peculiarities 
are therefore well known. The equation has in general no solutions of 
the type required, but solutions exist when the undetermined constant E 
happens to have any one of the infinite aggregate of values 


hyo 


(14) B= 


+ nhro, or ( +5 )ho, 

where is any positive integer or zero. In particular, there will be a 
single solution for each one of the foregoing permissible values of EF. 
These privileged values of E are what we have called the eigenvalues, 1.e., 
the privileged values for which the problem is possible. As for the 
corresponding solutions y(a), they are the eigenfunctions. 

Passing from the mathematical to the physical standpoint, we recall 
that E is the total energy of the particle and hence of the oscillator. We 
therefore conclude that stable waves are possible only if the energy of 
the oscillator has any one of the values (14). In other words, the 
eigenvalues (14) are the energy levels of the linear oscillator. 

This result is remarkable, for Planck’s original theory, and also de 
Broglie’s method of approach, gave the values 


(15) E=nhy 


h cand 
for the energy levels; the part = was missing. But, to account for 


experimental measurements, notably in connection with the specific heats 
of solids at low temperatures, physicists found it necessary to accept 
the form (14). Accordingly, the modified form (14) involving half-quan- 


tum numbers (n+ was suspected of being correct, though no 


adequate theoretical basis was advanced in support of the modification. 
It is true that Planck subsequently attempted to account for the correct 
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form (14) by assuming that the oscillator could absorb and store energy 
continuously while radiating it by jerks as before. But Planck’s as- 
sumption was in conflict with what was known of the process of absorp- 
tion, for it indicated that all energy states were stable and that the 
so-called stable energy states were merely those for which radiation 
might oceur. Schrédinger’s treatment has the advantage of giving the 
correct energy levels without any additional assumptions. The cor- 
rect form (14) of the energy levels for the linear harmonic oscillator 


shows that the energy can never fall below the minimum value re, in 


particular, it can never vanish entirely. At the absolute zero, where 
the energy should have its smallest value, we must conclude that there 
will still be some energy; this energy is called the ‘‘zero point energy 
1 In the particle picture, the above conclusion implies that even 
at the absolute zero all motion does not cease. 

When our aim is merely to obtain the energy levels, the discovery of 
the eigenvalues solves our problem. But when we wish to investigate 
the nature of the radiations that the oscillator will emit, we must calculate 
the stable de Broglie waves, and hence determine the amplitude functions 
w(x) associated with the various eigenvalues, or energy levels. These 
amplitude functions are the solutions of Schrédinger’s equation (13) 
for the oscillator, and are therefore the eigenfunctions. They are com- 
plicated functions known as Hermite functions; we shall not write them 
out explicitly. If we call y,(x) the eigenfunction that corresponds to 


the nth eigenvalue E,= n+ =) hyo, the corresponding stationary 


de Broglie wave is expressed by 
(16) Un (x, t) = C wa(x) cos 0H, + moc?) t, 


where C is an arbitrary constant. 

The nodal points are determined by the values of x which make y,,(2) 
vanish. It can be shown that all the eigenfunctions vanish at infinity to 
the right and left. In addition, the nth eigenfunction y,(x), which 
corresponds to the nth energy level, also vanishes at n different points 
along the line of oscillation. There are therefore n nodal points at finite 
distance when the oscillator is in the nth energy level. The quantum 
number 2 of Bohr’s theory thus receives a simple interpretation. TInci- 
dentally, we may note that, on account of the presence of the arbitrary 
constant C in (16), the exact amplitude of the wave is undetermined. 
All that is definite is the ratio of the amplitude from one point to another. 
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Schrédinger’s method for deriving the radiation from the stable waves 
will be examined in Chapter XXXIV. 


The Rotator—The name rotator is given to a solid body which can 
rotate about an axis fixed in space. For example, a rotating molecule 
may be viewed as a rotator. Bohr’s quantizing condition shows that, for 
a given rotator, only special rates of rotation, forming a discrete set of 
values, are possible, or at least stable. Each rotational motion is asso- 
ciated with a corresponding energy, and hence Bohr’s theory indicates 
the presence of a discrete set of energy levels. If we call A the solid’s 
moment of inertia about the axis of rotation, Bohr’s energy levels are 


h?n? 
822A’ 


where 7 is any positive integer or zero. But the observation of band 
spectra, which are caused by the rotations of the molecules in a gas, 
showed that Bohr’s energy levels for the rotator could not be quite cor- 
rect, and that a more complicated sequence of energy levels would have 
to be assumed. Bohr’s theory thus failed to furnish correct results. 
Now, if we treat the problem of the rotator by means of Schrédinger’s 
equation, we find that the privileged values which E must assume (the 
eigenvalues) are 


Ou@) E= 


h2 
These values determine the energy levels of the rotator and, in con- 
tradistinction to the levels (17), they are in agreement with the measure- 
ments on band spectra. 


The Hydrogen Atom—The wave equation of the hydrogen atom is 
derived from (8) by ascribing to Ey: the expression of the electron’s 
potential energy in the nuclear field of the atom. Now in the derivation 
of (8), we assumed it permissible to disregard the relativistic refine- 
ments; furthermore, no attempt was made to introduce a possible wave 
counterpart of the electron spin. For these reasons the wave theory 
of the hydrogen atom, which we are about to consider, is the wave 
analogue of Bohr’s original theory in which the relativistic refinements 
were disregarded and in which none of the complications discussed in 
Chapter XXVII were considered. This point being kept in mind, we 
pass to an examination of the wave equation for hydrogen. 
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The potential energy of the planetary electron in the hydrogen atom 
has as value at a point z, y, z 


(19) iat a re 
nae VetyPte rf 


where —e represents the charge of the electron and +e that of the 
proton. The two charges are the same in absolute value but differ in sign. 
The variable r in (19) represents the distance of the electron from the 
proton. Schrédinger’s equation (8) for the hydrogen atom is thus 


(20) Ne eS 0, 
h r 
where uw is the mass of the electron. The magnitude EF in (20) repre- 
sents the total energy of the electron, and therefore of the atom. Its 
value for the time being is left undetermined. 

To solve the hydrogen problem, we must obtain the normal modes of 
vibration of the waves, for these modes will define the stable states of the 
atom. As usual, we are required to determine the amplitude functions 
that are solutions of Schrédinger’s equation (20) and which, in addition 
satisfy the conditions of being one-valued, continuous, and finite every- 
where including the boundary points at spatial infinity. The equation 
(20) is solved by the same general method that was explained in con- 
nection with the equation (16) in the previous chapter. The method 
consists in splitting the equation (20) into three simpler ones, which we 
attempt to solve separately by obtaining solutions that satisfy the 
restrictive conditions. In this way three eigenvalues are introduced. The 
product of three solutions (each one of which is a solution of one of 
the three equations) then defines a solution of the wave equation (20), 
and this solution automatically satisfies the restrictive conditions. When 
we proceed as has just been outlined and obtain from the equation (20) 
the three subsidiary equations, we find that the first of these is exceed- 
ingly simple; that the second is the well-known equation of the associated 
Legendre functions; and that the third is more complicated, but may be 
thrown into the form of an equation studied by Laguerre. The eigen- 
values connected with these three subsidiary equations are integers, which 
we denote by m, 1, and n; we shall find that they are Bohr’s quantum 
numbers for the hydrogen atom. 

Mathematical analysis shows that solutions y of the wave equation 
(20), which satisfy the restrictive conditions, exist only when the 
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parameter EF is credited with certain particular values, the eigenvalues. 
In the present case these eigenvalues are: 


1. All real positive values of E, whether integral or not; 
2. The discrete set of negative values 


(21) Weer ase 


In this formula, n is any positive integer. 

The eigenvalues in our earlier examples formed a discrete aggregate 
of numbers ; the present situation differs in that we now have a continuous 
range as well as a discrete aggregate. This more complicated situation 
often occurs when the regions of space at which the boundary conditions 
are imposed are infinitely distant. The physical interpretation of these 
results is that the various stable modes of vibration of the de Broglie 
waves can occur only when the total energy E of the atom has a positive 
value, or when it has any one of the discrete negative values defined by 
(21). Let us consider the latter values. They define exactly the same 
energy levels as result from Bohr’s theory of the hydrogen atom. Hence, 
we conclude that Bohr’s energy levels are merely the eigenvalues of 
Schrédinger’s equation (20). 

The continuous range of positive values for E also receives a simple 
interpretation. We recall that, according to mechanics, positive values 
of the total energy E indicate that the planetary electron is describing a 
hyperbolic orbit. Inasmuch as only periodic motions were subjected to 
quantization in Bohr’s theory, the hyperbolic orbits were not quantized. 
This implied that all hyperbolic orbits were possible, and that none of 
them was singled out as more stable than the others. Schrédinger’s 
treatment furnishes the same result; for since whenever E is positive, 
Schrodinger’s equation always admits solutions satisfying our require- 
ments, we must conclude that any positive value is permissible for E. 

We now consider the solutions y, or eigenfunctions, of Schrédinger’s 
equation. But first we must recall how Schrédinger’s equation was 
solved. We split the equation into three subsidiary equations, the solu- 
tions of which had to satisfy certain restrictions. An eigenfunction y of 
Schrodinger’s equation was then given by the product of any triplet of 
solutions pertaining to the three subsidiary equations, respectively. Now 
each one of the subsidiary equations contains a parameter which must 
receive appropriate values (eigenvalues) if the equation is to have a 
solution satisfying the imposed restrictions. The parameters of the three 
equations may be designated, respectively, by J, m, and by some other 
letter which we subsequently connect with the n of (21). 
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The first subsidiary equation will have aeceptable solutions only if 
the parameter J has one of the n values 


(22) Pooriee.. 4 (n—1). 


The second subsidiary equation will have appropriate solutions only 
if m has one of the 21 + 1 values 


Comer =—1—(1—1),... —1,0,1,....<. ee ayene, 


As for n, we have seen that it may have any positive integral value. 
If we call a), bm, Cn the solutions of the three subsidiary equations, we 
see that an eigenfunction y, of Schrédinger’s equation will be of form 


(24) Wn = UDmCn- 


Inasmuch as the solutions a, and b,, differ according to the values 
ascribed to 1 and m, there will be different eigenfunctions y, connected 
with the same eigenvalue E,. So as to distinguish these latter eigen- 
functions y,, we shall designate them by Wn,4m, and then ascribe to / and 
m all their permissible values (22) and (23). In this way all the different 
eigenfunctions Wn1m Will be represented. We may easily verify from 
(22) and (23) that there are n? different combinations for the values of 
Land m; hence there are n? different eigenfunctions wn,1,m connected with 
the same eigenvalue E,. All these eigenfunctions vanish at infinity. 

Each eigenfunction wp, defines a possible distribution of the ampli- 
tude of the standing waves from place to place and therefore determines 
one of the normal modes of the de Broglie waves. The standing wave 
connected with an eigenfunction Wn,1,m 1s defined by 


En + moc? F 


(25) Wn,m COS 22 h 


It will be noted that the modes connected with the n? eigenfunctions 
which are associated with the same eigenvalue E,, all have the same fre- 
quency. However, the manner in which the vibrating regions form 
patterns differs from one of these modes to another. 

We now consider the nodal surfaces associated with these modes of 
vibration, 7.¢., those surfaces over which no vibrations occur and therefore 
over which the eigenfunctions of interest vanish. There are three differ- 
ent kinds of nodal surfaces for the normal modes of vibration. These 
are: concentric spheres with centre at the nucleus 0; cones of revolution 
about the Oz axis, having the nucleus O as vertex; and, finally, planes 
passing through the Oz axis. In particular, if we consider the mode of 
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vibration Yam, Where n, l, and m are given definite numerical values, 
we obtain the following results: 


J. There are ~ — I nodal spheres, one of which is always the spherical 
surface at infinity. The existence of a nodal surface at infinity expresses 
the fact that the vibration always dies down at infinity. 

2. There are 1 —|m | nodal cones of revolution having as vertex the 
point O where the nucleus is situated, and the common axis of these cones 
lies along a direction we may call the Oz axis. Here | m | signifies the 
absolute value of the integer m. If 140, one of these cones always col- 
lapses into the Oz axis itself. But if 1=0, we also have m= 0, so that 
al] the nodal cones vanish. 

3. Finally, there are | m | nodal planes variously situated, but all of 
which pass through the Oz axis. If m= 0, no nodal planes will arise.* 
Thanks to these nodal surfaces, we may obtain a graphical description of 
the different modes of vibration represented by the eigenfunctions, or 
amplitude distributions, of type Wn,1,m. 


We must emphasize, however, that when the atom is in the energy 
level E,, the vibration of the de Broglie waves need not be represented by 
any individual one of the independent eigenfunctions Wntym. The vibra- 
tion may very well result from a superposition of these various modes 
occurring simultaneously. The reason is that, owing to the linear form 
of Schrédinger’s wave equation, any linear combination of its different 
solutions (corresponding to the same eigenvalue E,,) is itself a solution 
and is therefore an eigenfunction defining a possible state of vibration. 
The superposition of modes previously referred to is a mere physical 
interpretation of this fact. Suppose, then, that we consider one of these 
more complicated types of vibration associated with the energy level Ey. 
This state of vibration, being due to a superposition of some or of all 
of the simple modes Wn2m, will no longer have the nodal surfaces we 
have just listed. By selecting the combination of modes in a suitable 
way, we may obtain nodal surfaces that are paraboloids of revolution, 
for instance. We may also obtain moving waves and wave packets. We 
mention these points to show that the precise distribution of the de 


* Our mathematical caleulations show that the line we have taken for the Oz axis 
is the axis of the nodal cones and is the line through which all the nodal planes pass. 
But it must be noted that the direction Oz is selected arbitrarily, so that the precise 
erientations of the nodal cones and planes is undetermined, This is, of course, to be 
expected, for since the hydrogen atom is radially symmetrical, there is no reason why 
the axis of the nodal cones should lie in one direction rather than in another. In any 
ease, however, the nodal planes will always pass through the axis of the cones; and 
the relative situations of the cones and planes are thus determined. No ambiguity 
arises for the nodal spheres, because their centres are always at the centre of the 
atom and their radii are well determined. 
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Broglie vibrations or waves, when the atom is in the energy state Ep, is 
not well defined. On the other hand, the frequency of the vibrations is 
always the same; it is defined by (10) and (21). 

Let us contrast Schroédinger’s results with those obtained by Bohr. 
We have already observed that Schrédinger’s present theory does not 
take into account the relativistic refinements or the electron spin. Conse- 
quently, if we wish to compare Schroddinger’s theory with Bohr’s, the 
comparison must be made with Bohr’s original theory in which the above 
complications were likewise ignored. 

Schrédinger’s stable energy levels (21) coincide with Bohr’s. The 
number n of the wave theory thus plays the same réle as Bohr’s quantum 
number n, though its physical significance, which we shall investigate 
presently, is very different. 

In addition to the number n, Schrédinger’s eigenfunctions Wn,tm in- 
volve other numbers, / and m. Since these numbers can assume only 
the values (22) and (23), which are also the values to which Bohr’s 
quantum numbers / and m are restricted, we conclude that the | and m 
of Schrédinger are the wave expressions of Bohr’s quantum numbers 
Land m. 

Bohr’s original treatment of the undisturbed atom necessitated only 
the main quantum number n. But we explained on page 528 that three 
quantum numbers could be introduced if so desired, and that in that case 
the orbits were quantized more completely. These three quantum num- 
bers were n, k, m, but at a later stage Bohr replaced k by 1=k—1; and 
since the wave treatment involves 1 and not k, we shall consider Bohr’s 
theory from the standpoint of n, 1, and m. When these three numbers 
are utilized in the quantizing of Bohr’s undisturbed atom, each energy 
level E,, is seen to be associated with n? different orbits (n, J, m). Conse- 
quently, when the atom is in the energy state E,, the electron may be 
describing any one of these associated orbits. 

If, now, we pass to Schrédinger’s atom, we find that each energy 
level E,, is associated with n? different eigenfunctions, or modes of vibra- 
tion, n,m; and when the atom is in an energy level E,, it will be vibrat- 
ing in one of the corresponding modes (or in a superposition of these 
modes). If we neglect for the present the complication issuing from 
a superposition of modes, we see that the results of Schrédinger and of 
Bohr coincide, provided we view each mode of vibration Wn,1.m, in which 
the atom may be vibrating, as the wave equivalent of each orbit (n, l, m) 
which the electron may be describing. 

Finally let us compare the two atoms from the standpoint of de- 
generacy. We saw that Bohr’s undisturbed atom was degenerate because 
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each energy level E, was associated with several (i.c., 1?) different orbits 
(n, l, m). This same degeneracy is exhibited by Schrédinger’s atom; 
it is expressed by the association of each eigenvalue E, with n? different 
eigenfunctions, or modes of vibration, wWn,1,m- 

The phenomenon of degeneracy is very important in Bohr’s theory, 
because whenever a certain number of energy levels coalesce, the action 
of a perturbing force may affect the various levels differently and thereby 
bring about their separation. The degeneracy is then said to be removed 
in part, or in whole, by the perturbation. As an example, in Bohr’s 
theory of the hydrogen atom in which the electron spin is ignored, all 
sub-sublevels (n, 1, m) connected with the same value of coalesce. But 
if we introduce the relativistic refinements (the effect of which is equiv- 
alent to that of a small perturbing force), those of the sub-sublevels 
(n, l, m) in which the value of 1 differs, are associated with different 
energies and hence appear as distinct. The degeneracy is thus decreased, 
though it is not completely removed, because the sub-sublevels in which m 
has different values coalesce as before. This latter degeneracy may be 
removed in turn by the application of a magnetic field, as in the Zeeman 
effect. We have recalled these points because precisely the same situation 
occurs in the wave theory. Thus a perturbing force will remove the 
degeneracy, in whole or in part, by causing the various modes yn, 1, m which 
have the same frequency (and hence energy) to assume different fre- 
quencies and thereby to become separate. 

The foregoing explanations may be expressed in a different, though 
equivalent, form. We may say that each sub-sublevel (n, 1, m), or each 
mode of vibration Wn1m, is associated with one definite energy value 
Enum. When the degeneracy is complete, all those energy values ens 
in which retains the same value (while 2 and m receive all permissible 
values), have the same magnitude. But when the degeneracy is removed 
in part, or in whole, under the action of perturbing influences, some or 
all of the various energy values E,2.m in which vn is fixed become distinct. 
The frequencies of the various modes waz. connected with the fixed 
value n then undergo corresponding changes. 


The Interpretation of the Quantum Numbers, n, |, m in the 
Wave Theory—In Bohr’s treatment, the quantum numbers n, l, m are 
associated with mechanical magnitudes. In the wave theory, they are 
connected with the wave distributions, and it is of interest to ascertain 
what characteristics of the modes of vibration these quantum numbers 
represent. 
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We first consider the number m. On reverting to our discussion of the 
nodal surfaces, we see that, in any given mode of vibration determined 
by the eigenfunction yn2.m. the absolute value of m, i.c., | m |, defines the 
number of nodal planes. In Bohr’s theory of the hydrogen atom (in 
which the spinning electron is disregarded) the quantum number m is 
associated with the inclination of the plane of the orbit with respect to 
the Oz direction. We now pass to the quantum number J, which in Bohr’s 
theory is associated with the angular momentum of the electron on its 
orbit. To obtain its wave interpretation, we recall that the number of 
nodal cones associated with a mode of vibration is! — | m|. If, then, we 
consider a mode in which m= 0 (no nodal planes), the number of nodal 
cones will be 7. The quantum number 1 may then be interpreted as de- 
fining the number of nodal cones in this mode of vibration. Finally, let 
us obtain a wave interpretation of Bohr’s main quantum number n. The 
number of nodal spheres including the sphere at infinitely is n —l. 
Hence in a mode of vibration for which 1=0 (7.e., the most eccentric 
orbit), we see that there will be » nodal spheres. The quantum number n 
thus receives a wave interpretation. In short, we have obtained wave 
interpretations for Bohr’s quantum numbers. We shall defer for the 
present the wave interpretation of the planetary electron moving on a 
well-defined orbit ; it will be considered in the following chapter. 

An interesting feature of the wave treatment is that it imposes the 
quantum number / in place of Bohr’s earlier number k. We recall that 
in the original treatment of Bohr’s atom, the quantum number k repre- 
sented the angular momentum (in units — of the electron on its orbit. 
According to mechanics the permissible quantized values of k were 


(26) k=0,1,2,..... n. 


The value k =0 implied that the electron had no angular momentum, 
and hence was oscillating through the nucleus. This possibility was 
excluded for physical reasons, and as a result the smallest possible value 
of k was assumed to be 1. We pointed out at the time that the exclusion 
of the value k=0 was unsatisfactory since it was not based on any 
theoretical necessity. Besides it led to difficulties in other cases. 

Subsequently, in order to interpret the multiplet structure, Bohr 
replaced the number *& by the number 1 =k —1, and in this way | and 
not & was seen to measure the angular momentum of the electron. The 
theoretically possible values of J were then 


(27) 1=0,1,2,.....(n—1). 
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Since 1 = 0 was the equivalent of k =1, the possibility of the electron 
oscillating through the nucleus was excluded automatically. Thus the 
introduction of 1 removed our original difficulty. On the other hand, 
the identification of 1 with the electron’s angular momentum was utterly 
incomprehensible from the standpoint of Bohr’s mechanical model, for 
it implied that an electron describing a circle had no angular momentum. 

The wave theory is not confronted with these difficulties, because 
now the number / is introduced quite naturally as an eigenvalue of 
one of the subsidiary equations, and its physical significance is expressed 
clearly by means of the nodal surfaces. To this extent the wave treat- 
ment has the advantage over Bohr’s. 


The Relativistic Hydrogen Atom—If we except the replacing of 
k by l, we see that Schrédinger’s wave theory of the undisturbed hydro- 
gen atom yields exactly the same results as Bohr’s earlier theory: the 
energy levels and the degree of degeneracy are the same in either case. 
We know, however, that the correct energy levels of hydrogen are not 
the simple ones which were obtained by Bohr originally; and so the 
failure of the wave theory to refine Bohr’s earlier results is somewhat 
of a surprise. 

To understand the reason for this failure, we recall that the refine- 
ments finally introduced into Bohr’s treatment of the hydrogen atom 
issued from the application of relativity mechanics and from the hypoth- 
esis of the spinning electron. It was by this means that we discovered 
the sub-sub-sublevels (n, 1, j, m), or (”, 1, m, me), where m, is our former 
m of the previous pages and m, refers to the orientation of the axis of spin 
of the electron. Now Schrédinger’s wave equation (20) is derived from 
the general wave equation (8), and this latter equation is obtained by 
disregarding the relativistic refinements and taking the approximate 
jan 
ye . 
Schrédinger wave equation (20) with which we are here dealing can be 
valid only to the same extent as classical mechanies is valid. 

A relativistic form of Schrédinger’s wave equation may, however, 


be obtained by utilizing, in place of (7), the relativistic value (6) of the 
2 


ratio = When this is done, the wave theory predicts more or less the 


same fine structure of lines that was discovered by Sommerfeld when he 
introduced the relativistic refinements into Bohr’s atom but was unaware 
of the electron’s spin. We know, however, that Sommerfeld’s theory 


semi-classical expression (7) for the ratio For this reason, the 


* See page 690. 
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of the fine structure of lines had subsequently to be revised when the 
spinning electron was accepted. These considerations show that, even 
when Schrodinger’s wave equation is refined so as to be in agreement 
with the theory of relativity, we cannot expect it to furnish the correct 
energy levels of the hydrogen atom until the wave analogue of the spinning 
electron is incorporated into the equation. Pauli was the first to attempt 
this incorporation. The theory has sinee been revolutionized by Dirae, 
who has shown that the electron spin is a manifestation which is a direct 
consequence of the relativistic wave equation when the latter is modified in 
a suitable way.* Thanks to this discovery, Dirae was able to obtain the 
refined theory of the hydrogen atom by means of wave mechanics. The 
doublet nature of the hydrogen spectrum was disclosed, and the separa- 
tions between the sub-sublevels were caleulated. In particular, it was 
shown that the screening levels must coalesce, as mentioned on page 583. 
For the present we shall defer consideration of the more refined treatment, 
and confine ourselves to the results obtained by Schrédinger on the basis 
of his classical wave equation without the spinning electron. 


The Normal Zeeman Effect for Hydrogen—The study of Schréd- 
inger’s wave equation shows that the n? independent eigenfunctions 
Waam (in which » has a fixed value while 7 and m are given all possible 
values) are associated with the same eigenvalue E,. As has been pointed 
out previously, we may express the situation in an equivalent way by 
associating one eigenvalue Ey 1m with each eigenfunction nam, and by 
saying that, for a fixed value of n and all possible values of | and of m, the 
n® eigenvalues Exim coalesce. It is this coalescence which constitutes the 
degeneracy of the problem. Let us now suppose that a magnetic field is 
applied to the atom. Schrédinger’s wave equation is modified in conse- 
quence, and the eigenvalues E,.7.. (in which m receives different values, 
while 1 is fixed and 1 receives all possible values) become distinct. In 
more physical language, this implies that the magnetic field splits the 
energy levels FE, into sublevels Hnm. The separation between the con- 
secutive sublevels depends on the intensity of the applied magnetic 
field and has the same value as was found in Bohr’s earlier theory. Con- 
sequently, the wave treatment yields the normal Zeeman effect for the 
hydrogen atom just as did Bohr’s earlier treatment. We know, however, 
that the effect actually exhibited by hydrogen is the anomalous Zeeman 
effect. But we must not be surprised at the failure of the wave theory to 
predict the correct effect for hydrogen ; for we have seen that this effect is 
intimately connected with the relativistic refinements and with the spin 


* See Chapter XXXIX. 
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of the electron, and in our present wave treatment these complications 
have not been taken into account. 


The Hydrogen Atom when the Motion of the Nucleus Is Taken 
into Account—In Bohr’s semi-mechanical theory, we may assume as a 
first approximation that in the hydrogen atom the proton-nucleus, owing 
to its large mass, remains at rest when the electron cirgles around it. 
But in all rigor, the nucleus, being attracted by the electron, also describes 
an orbit; and the motion of the nucleus should be taken into account. 
When this is done in Bohr’s theory, we obtain the same energy levels (21) 
as before, except that now the mass u of the electron must be replaced by 


uM Bu 
(28) ae , 


where M is the mass of the nucleus. Only a very small change results 
u 
M 

The foregoing refinement may be taken into consideration in the wave 
theory. It must be noted, however, that, if we no longer view the nucleus 
as a fixed point developing a field of force in which the electron is moving, 
we must associate a de Broglie wave with it, just as we did for the 
electron. The correct method of procedure when we are dealing with 
two or more particles that interact is to consider, not a number of de 
Broglie waves in the same 3-dimensional space, but instead a single 
wave in a configuration space. In particular, our hydrogen atom must 
now be associated with a single de Broglie wave in a configuration 
space of 2 x 3 = 6 dimensions. We are thus led to generalize Schrédinger’s 
wave equation, so that it will apply to waves propagated in a configuration 
space. This complication in itself proves the symbolic nature of the waves. 
In the particular case of the hydrogen atom, the solution of the wave 
problem is quite simple, and we obtain the same results as were obtained 
by Bohr on the basis of his mechanical model. 

The energy levels in the Stark effect may also be determined by 
Schrodinger’s method. 


from this refinement, since the value of in (28) is very small. 


Alternative Methods of Obtaining the Wave Equation—We 
mentioned previously that the method employed in obtaining the wave 
equation (8) was not rigorous. Accordingly, Schriédinger devised other 
methods. The first involves a principle of variation and is similar in its 
significance to the principles of Least Action in mechanics. 
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Let us suppose that some magnitude y is distributed thronghout in- 
finite space, so that at each point .r, y, z of space, y has a certain value. 
To make the presentation more concrete we may assume that the square 
of y, t.e., y?, defines at the point z, y, z the density of some gas at this 
point. The distribution is not entirely arbitrary, for we shall restrict it in 
such a way that, if y? is integrated throughout infinite space, the same 
numerical value 1 will be obtained, regardless of the distribution consid- 
ered. In our simile this means that the total amount of gas must be the 
same, regardless of the exact distribution. 

We now consider an appropriate mathematical expression F’, the value 
of which depends on the distribution ascribed to y, and therefore to the 
gas. We then seek to determine the distribution which satisfies our 
previous requirements and which, at the same time, makes F' a minimum 
or rather an extremum. This second condition imposes of course still 
further restrictions on the function y. We find that when the expression 
F is chosen suitably, the function y we are seeking turns out to be a 
solution of a certain partial differential equation which is none other 
than Schrédinger’s wave equation (8). We conclude that Schrodinger’s 
wave equation expresses the restriction that the function y must satisfy if 
an appropriate mathematical expression F' is to be economized. The 
analogy with the mechanical principles of Least Action is obvious. We 
have mentioned this deduction of the wave equation, because it shows 
that the economizing principles of mechanics, which in Maupertuis’ 
opinion revealed some divine guidance, have their analogues in many 
other departments of theoretical physics. No theological interpretation 
ean be placed on these economizing principles, for, by varying our choice 
of the entity F to be economized, we may obtain any result we choose. 

Finally, we must mention still another method of obtaining the 
wave equation, also due to Schrodinger. Suppose we have a particle of 
mass Mp moving in space under the action of a conservative force. The 
total energy E of the particle is given by the sum of its kinetic and poten- 
tial energies. The potential energy Enot(&%, Y, 2) depends on the par- 
ticle’s position z, y, 2 in the field of force. The kinetic energy may 
be expressed in terms of the particle’s momenta pz, Py, Pz In particular, 
we find for the kinetic energy the expression 


1 
2mo 


(29) (ep tp: )- 
The total energy £ is thus 


1 24 pe 
(30) B= 3, (Pe + By + Ps) + Hos(% ¥, 2). 


708 SCHRODINGER’S WAVE MECHANICS 


The function EF of 2, y, 2, Px, Dy, Pz thus obtained is the Hamiltonian func- 
tion, which we discussed in the chapter on analytical mechanics. It is 
usually represented by H(z, y, 2, Dz, Py, Pz) for short. Our preceding 
equation may then be written 


(31) Jel Y; 2, Dz Py, Dz) == 0, 


and as such it expresses the conservation of energy. 
Schrodinger now observes that, if in this equation we replace the 
momenta pz, py, and pz by the operators 


a ae 
2nt Om’ Qn dy’ 2 dz’ 


(32) 


and if we assume that the operator thus formed operates on a function y, 
the wave equation (8) is obtained. Thus, when the calculations are 
effected, the equation 


h o0 ho h O 7 
oe | H(awe, Oni Ox? Bai dy? Qn 5) ~B|v=0 


is found to be the wave equation (8). The method just described for 
obtaining the wave equation is extremely symbolic and appears to have no 
physical interpretation. But we shall understand, when we discuss the 
matrix method, why the symbolic substitution (32) gives the correct 
results. 

We mentioned on a previous page that the wave equation may be 
refined so as to take into account the theory of relativity. To obtain this 
more refined equation, we have merely to replace the classical Hamiltonian 
by the relativistic one in the equation of energy (31), and then proceed by 
the same method as before. In Chapter XX XIX we shall find, however, 
that the relativistic wave equation thus secured must be modified further. 


The Generalized Wave Equation—We revert to Schrédinger’s 
wave equation (8) for a particle of mass mo moving in three dimensional 
space x, y, 2. This equation is 


822m 


(34) Ay ai h2 (E a Poe, Y, z)) Y= 0. 


If we assume that the field of force acting on the particle does not vary 
with time, the expression of the potential energy in (34) will not depend 
on time and will thus be of form E,,:(”,y,2). The equation (84) now 
contains no reference to time, so that its solutions w(x, y, 2) may also be 
independent of time. We know that solutions which are finite, continuous, 
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and one-valued exist only when an eigenvalue is credited to the parameter 
E. These eigenvalues may form a discrete set 


(35) a 


or a continuous set, or both. If the eigenvalues form a continuous set, 
there will obviously be a solution satisfying the restrictions whenever E, 
in (34), is credited with any value within the continuous range of the set. 

Let us suppose that the eigenvalues form a discrete set. The solution 
function corresponding to the nth eigenvalue E£,, is then, say, Pn(Z, Y, 2). 
This solution may, but need not, be unique. In all rigor yn(z, y, 2) 
merely defines the amplitude from place to place of the de Broglie vibra- 
tions; the wave, or the vibration, is represented by (25). If we write 
the wave in the complex form, the mth vibration wu, is 


E,+m,¢c? 
SE oy fe 


(36) Un = re 
We shall drop the rest energy moc” in (36) shall use the minus sign. 
Thus 
— 2ri—— t 
(37) Un = Wne 


The function (37), though it depends on time, is also a solution of the 
equation (34) (provided E be replaced by E,, in this equation). In short, 
the presence of the time factor does not affect results. Hence we may 
write the wave equation 


2, 
(38) Au + oe (E — Epot)u = 0, 


where a solution u(z, y, 2, t) is of form (37) when E£ is E, in (38). 

Suppose now we consider a superposition of different possible waves 
corresponding to different energy values. Such a superposition may be 
expressed by 


U = C1, + Cotte +... + Cntln, 
(39) 


or — 27 —27i —2ri 


1 Pi h 
cyie ” + cae +... + CnWne 


where the ¢;’s are constants. A function of this sort is no longer a solution 
of (38), for the first term is a solution only when E = E,; the second term 
is a solution only when E = E,;and soon. But we can obtain an equation 
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of which the function (39) is a solution. We may derive it by eliminating 
—2i 


—— Et 
EF between (38) and u = we . . When this elimination is performed, 
there results the equation 


z : 
(40) Au — =P rau + Smo SY =o, 
We shall call this equation the generalized wave equation. When we are 
dealing with a superposition of waves, as occurs in a wave packet, it is to 
this equation (40) that we must revert. 

Schrédinger shows how his formal method of substitution gives the 
more general equation (40) directly. He starts, as before, from the 
equation of energy. 


(41) H (z, Y, 2, Pa, Py, Pz) -E= 0, 


and, as before, he replaces p,, py, and p, by the operators (32). But in 
addition, he replaces E by 


h o 
(42) a are 
Altogether then the substitutions to be effected in the energy equation are 
Sh @ a 1 Shee tie 
(43) a Ae Pu Ona oy’ Ps oe = Be re 


Their significance will be understood in Chapter XXXVIII. The op- 
erator obtained is assumed to operate on a function u(z, y, z, t). The 
resulting equation is 


ne) _ 
oa {H(«, Ys 4: on) je’ On By? Oak = 1 EA sift = 0. 
And this is none other than the generalized equation (40). 
The equation (40), like (34), corresponds to the case where the rela- 
tivistic refinements may be disregarded. The relativistic generalized 
equation (in the case of a particle moving in free space) is 


1 07u _ 


4n? 
(45) Au — Fa-mge?u ——s a= 0. 


CHAPTER XXXIII 


SCHRODINGER’S THEORY OF RADIATION 


In Bohr’s theory, the frequencies of the radiations that may be 
emitted from an atom are deduced from the energy levels by an application 
of Bohr’s frequency condition. The particle picture which illustrates the 
process of radiation is represented by an electron dropping from a higher 
to a lower orbit. In Schrédinger’s wave theory of the hydrogen atom, 
the energy levels turn out to be the privileged values which the energy 
of the atom must have if stable de Broglie vibrations (satisfying certain 
restrictive conditions) are to be possible. These de Broglie vibrations 
have nothing in common with the electromagnetic waves which may be 
radiated from the atom; this is seen from the fact that their frequen- 
cies are much greater than those of the electromagnetic waves. The de 
Broglie vibrations, as such, do not therefore furnish the radiation waves ; 
and Schrédinger’s theory, as developed to this point, cannot anticipate 
the radiated frequencies, or even suggest under what conditions radiation 
will oceur. Schrodinger might have pursued the same course as Bohr, 
and utilized Bohr’s frequency condition to deduce the electromagnetic 
frequencies from the energy levels. But the originality of Schrodinger’s 
treatment is that it furnishes the electromagnetic frequencies directly 
from the wave picture without having recourse to Bohr’s frequency 
condition. The theory devised by Schrédinger for this purpose is called 
Schrédinger’s theory of radiation. 

Schrédinger’s radiation theory was advanced before Born’s assump- 
tions were made, and the significance which Schrodinger ascribed to the 
de Broglie waves differs entirely from the one accepted today. The modern 
interpretation of the waves is that based on Born’s assumptions and on 
the views of Heisenberg and Bohr. It is the interpretation which was 
explained in Chapter XXX, and it leads to the assimilation of de Broglie 
waves with probability waves. But although Schrédinger’s original in- 
terpretation of the waves has been abandoned, his theory of radiation has 
the advantage of furnishing a simple explanation of the phenomenon of 
radiation from an atom. Furthermore, without having to rely on the 
correspondence principle, it accounts for the selection rules, for the 
forbidden drops of Bohr’s theory, and also for the polarizations and in- 
tensities of the radiations. These remarks justify our presenting Schrod- 
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inger’s discarded theory. In the next chapter we shall see how the results 
obtained by Schrédinger have been revised in accordance with the views 
of Born, Heisenberg, and Bohr. 

De Broglie, in his treatment of the hydrogen atom, assumed that the 
conditions of ray-optics were valid. This implied that well-defined rays 
were associated with the waves in the atom and that some of these rays 
could define the Bohr orbits. Side by side with the waves, the concept 
of a corpuscular electron accompanying the waves was retained from the 
particle theory. Subsequently, Schrédinger showed that in the interior 
of the hydrogen atom the conditions of ray-optics could not be realized, so 
that the rays, and with them the concept of well-defined Bohr orbits, 
became vague. Furthermore, Schrédinger abandoned the idea of a 
corpuscular electron and sought to interpret the electron by means of the 
waves. To understand how this interpretation was made possible, we must 
recall certain features of the de Broglie vibrations which occur when the 
atom is in a stable state. 

We saw in the previous chapter that, corresponding to each eigen- 
value E,, of Schrédinger’s wave equation, there were n?2 independent 
solutions, or eigenfunctions, {n2m. The n? different eigenfunctions 
were obtained by keeping fixed the value of n in Watm and by giving all 
permissible values tol and m. The physical significance of these mathe- 
matical results was that each stable energy level E,, in which the hydro- 
gen atom might be situated, was associated with n? independent modes 
of vibration of the standing de Broglie waves. All these n2 standing 
waves vibrated with the same frequency 

E,+ moc? , 

(1) aan 
but the modes differed from one another because of the different dis- 
tributions of the amplitudes of the vibrations. In any given mode, the 
amplitude of the vibration at a point P was measured by the numerical 
value of the corresponding eigenfunction yn1.m at that point. Hence the 
eigenfunction determined the amplitude of the vibration from point to 
point throughout space. 

Nevertheless, as the following discussion will show, a considerable 
measure of arbitrariness is connected with the amplitude. Thus, if 
Wnim IS an eigenfunction of Schrédinger’s equation corresponding to the 
energy value £,, then Cyn2m likewise is such an eigenfunction, where C 
is any constant. More generally, if y, wy’, y”, . . . represent different 


* See note page 692, 
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eigenfunctions associated with the same energy level E',, and if C, C’, C”, 
. are arbitrary constants, then 


(2) Cy + Cy’ + Oy" +o... 


is also an eigenfunction connected with the same energy level E,. These 
considerations show that even when the energy level of the atom is speci- 
fied, the amplitude of the wave phenomenon from place to place is not 
well determined; and we may still select the distribution of the amplitude 
in many different ways. The arbitrariness with which we are here faced 
need not disturb us for the present; its significance will be understood 
later. In what follows we shall call y, any one of the eigenfunctions, or 
amplitude functions, which we may have selected for the definition of 
the wave phenomenon when the atom is in the energy level E,. 

A point which might cause confusion should, however, be mentioned. 
The fundamental eigenfunctions Wnzm are the amplitude functions of 
standing de Broglie waves ; but when we superpose various modes belong- 
ing to the same energy level, the resultant wave disturbance may betray 
moving wave crests. In such cases, even though the wave is no longer 
a standing wave, the amplitude from place to place does not vary with 
time.* In short, when the atom is in a definite energy level E,, the dis- 
tribution of the amplitude function remains fixed. This remark will 
be helpful presently. 

Next, we consider the intensity of the de Broglie wave at any point 
z, y, . The connection between the intensity and the amplitude of a 
vibration may easily be understood from the following simple example. 
Suppose a tuning fork is vibrating. The ear detects a pure musical note 
which gradually dies down in intensity without sustaining any change 
in pitch. Now the frequency with which the fork is vibrating does not 
vary, but the amplitude of the vibration decreases progressively, owing 
to frictional resistances and to the communication of energy to the sur- 
rounding air. We conclude therefore that the frequency of the vibration 
determines the pitch of the musical note, and that the amplitude governs 
its intensity. When we are dealing with vibrations of a familiar kind, 
the intensity is proportional to the square of the amplitude. We shall 
assume that the same is true for the de Broglie vibrations. 

Let us, then, suppose that the atom is in the stable energy state Ep, 
and let wn represent the corresponding eigenfunction which we have 


* This permanence of the amplitude distribution occurs because the superposed 
standing waves have the same frequency. If the superposed waves had different 
frequencies, a transference of the amplitude would result. 
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selected. The amplitude of the de Broglie wave phenomenon at a point P 
is measured by the value of y, at this point. The intensity of the 
de Broglie wave at P is therefore proportional to the square of the value 
of y, at the same point. Inasmuch as the eigenfunction y, may be a 
complex magnitude, we must write, in place of the square wpe, the ex- 
pression 


(3) ViPn 


where p> is the conjugate complex of yz. Thus, (3) is proportional to 
the intensity of the wave. 


The Charge Cloud—Schridinger now makes the assumption that 
the whole region of space occupied by the de Broglie wave is filled with 
a continuously distributed charge of negative electrification, the density 
of which at any point is proportional to the intensity of the wave at this 
point. Since we are supposing that the atom is in a given energy state E,, 
the amplitude of the wave at each point does not vary with time. Hence 
the intensity of the wave disturbance is also permanent, and so then is 
the distribution and the density of the electrified cloud. The density 
of the cloud, being proportional to the intensity of the wave disturbance 
must necessarily vanish over the nodal surfaces where the intensity of 
the wave is zero. In particular, the cloud vanishes at spatial infinity. 

According to Schrédinger, this electrified cloud, or charge cloud, will 
take the place of the corpuscular electron of Bohr’s theory. The total 
charge of the cloud in the hydrogen atom must therefore be —e, the charge 
commonly attributed to a corpuscular electron. Schrédinger next sup- 
poses that the density p of the charge cloud at any point P (when the 
atom is in a stable energy state E,) is equal to —e times the intensity 
yy, of the de Broglie vibration at this point. Thus we have 


The total electric charge of the cloud is obtained when we integrate 
the electric density p over the whole region of space where the cloud is 


present (t.e., over infinite space). Since the total charge of the cloud 
must have the value —e, we must assume that we have 


(5) eff fv wr dadyde =—e, and hence [/ vy, vadadydz = 1. 


Our eigenfunction y,, being any one of the eigenfunctions connected 
with the value EH, of the energy, does not necessarily satisfy the rela- 
tion (5). But we may always multiply y, by an appropriate constant C, 
so that by taking Cy, as eigenfunction in place of yy, the relation (5) 
will be satisfied. In what follows we shall assume that an eigenfunction 
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is always so modified as to fulfill this condition. In mathematical 
language the eigenfunction is said to be normalized to 1.1 

In the foregoing exposition we have been concerned with the amplitude 
functions wy, but we may, if we prefer, utilize the wave functions w. In 
order to simplify matters, we shall assume, as before, that the de Broglie 
wave is a standing wave. Now, quite generally, a harmonic motion 
of frequency » and of amplitude A can be represented by the complex 
magnitude 


(7) Agteirt 


Here A is a real quantity. When we are dealing with a region of space 
undergoing vibrations, the amplitude A may be a function of position, 
and hence of z, y, z. The de Broglie vibrations which arise when the 
atom is in the energy state EZ, have the frequency » defined by (1) ; and, 
if we utilize (7), we see that they are expressed by 


Qari (E + “te 
—_— n m, 
(8) Un = We i a 
where y, is the amplitude function (assumed normalized). The vibra- 
tions are of course real, whereas (8) is complex; but, in writing (8), 
we are supposed to consider only the real part of this expression. We 
see immediately from (8) that 


(9) UgUn = PaPn? 
so that u,u* can be taken to define the intensity of the de Broglie vibra- 
tions. Also, from (4) we see that the density p of the charge cloud at 
any point P is 

(10) p=—ey, p= —eu, us. 
Obviously u,u*, like y vi, when integrated over all space, yields the 
value 1. The vibration function up, defined by (8) (in which y, is nor- 
malized), is itself said to be normalized. 


+ If Yn is a solution of Schrédinger’s equation, so also is Cn, where C is any 
constant, real or complex. Suppose, then, that when the intensity Y,¥eis integrated 


over all space, the value obtained is K, ‘.e., 


(6) SSIv, ve dadydz = UG 
If we take as new eigenfunction i in place of Yn, the value of our integral with 


the new eigenfunction will be 1. It is this new eigenfunction which will be taken in 


i 


Schrédinger’s theory. The factor ra thanks to which the new eigenfunction has 


been obtained, is called the normalizing factor, 
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Our formule show that, although a vibratory condition exists 
throughout space owing to the de Broglie vibrations, no motion is appar- 
ent in the charge cloud. The fact is that the density of the cloud, being 
given by (10), does not involve time; and so the cloud, though differing 
in electric density from place to place, remains permanent. Now, accord- 
ing to classical electromagnetism, if the charge cloud were to be in a 
state of vibration, electromagnetic radiation would occur, whereas no 
radiation could be expected if the charge cloud were to remain fixed. 
From this we see that when the atom is in a given energy state E,, so 
that the charge cloud remains permanent, no electromagnetic waves can 
be emitted. 


Radiation—Schridinger’s theory, so far, seems unable to account for 
the phenomenon of radiation. To overcome this defect, Schrodinger 
assumed that the atom might vibrate at one and the same time in two 
or more different modes which differed in frequency. In other words 
a superposition of modes might occur. Elementary theory shows that 
in this case the charge cloud would be set into vibration, with the result 
that radiation would be emitted. But before examining Schrédinger’s 
assumption further, we must mention an obvious objection to it. 

In the ordinary theory of elastic vibrations, an elastic solid may very 
well be vibrating with different frequencies simultaneously. But in 
the wave theory of the hydrogen atom, where each mode of vibration is 
associated with a definite energy level, Schrédinger’s superposition of 
modes implies that the atom must be situated simultaneously in different 
energy states. This conclusion is in conflict with Bohr’s theory and 
with experimental results, according to which an atom is in one energy 
state at a time. Such objections, however, did not disturb Schrédinger, 
presumably because he felt that the new wave theory might open vistas 
undreamed of in the older particle theory. Indeed, as subsequent events 
have proved, the superposition of states postulated by Schrédinger is 
valid, though the modern interpretation placed on this phenomenon is 
that of Born, Heisenberg and Bohr; and it differs entirely from Schréd- 
inger’s. 

Let us accept the hypothesis of a superposition of states and see how 
it will account for the Bohr frequencies radiated from the atom. We 
consider two modes of vibration associated with the distinet energy 
levels E,, and Ey’, vi2Z., 

ont Qari 
(11) ye” ae and eo ae 
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In these expressions the amplitude functions y, and yn, are, as usual, 
normalized eigenfunctions. If one of the two modes of vibration occurred 
alone, the vibratory motion would be given by one of the two functions 
(11). But, when both modes occur simultaneously, we must superpose 
the two vibratory motions. The resultant motion, however, is not 
obtained by merely adding the two expressions (11) ; instead, for reasons 
which will appear presently, we must first multiply these expressions 
by appropriate constants C, and C,. These constants, which may be 
real or complex, are in a large degree arbitrary ; but they are not en- 
tirely arbitrary, for they must satisfy certain restrictions (see (15)). 
The analytical expression of the resultant vibration is thus 


ant 


2ri 
(12) aan + mc") ¢ a (Ba + m,0*)¢ 


w= Cyne + Cn pre 


The superposition (12) indicates that the amplitudes of the two 
constituent waves are now Crin and Cyn’, in place of pn and pn’. Since 
the intensities of the constituent waves at a point P are given by the 
squared amplitudes at this point, we obtain for the expression of the 
intensities 


(18) CCTV Yn and Cy On Pn Pre 


As for the intensity of the resultant wave at a point P, it is determined 
by the value of wu* at this point. The resultant intensity wu*, in contra- 
distinction to the intensities (13) of the constituent waves, varies with 
time. The reason for this variation may readily be understood when 
we note that, at the point P, the two superposed de Broglie vibrations 
have different frequencies, so that the vibrations will sometimes be in 
phase and thus reinforce each other, whereas at other instants they will 
be opposite in phase and will tend to cancel. The intensity of the 
resultant de Broglie wave at a point P will thus rise and fall periodically. 
It can be shown that the frequency of this vibration is defined by the 
difference in the frequencies of the two constituent vibrations. 

A phenomenon similar to the one just described occurs in acoustics; 
it ig known under the name of beats. If two piano chords, vibrating 
simultaneously, emit very nearly, but not exactly, the same musical note, 
we notice a periodic rise and fall in the intensity of the sound. The 
consecutive maxima of the intensity are referred to as ‘‘beats.’’ The 
frequency of these beats is equal to the difference in the frequencies of 
vibration of the two chords. Obviously, the rise and fall in the intensity 
of the resultant sound is a phenomenon of the same nature as the rise 
and fall in the intensity of our resultant de Broglie wave. 
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Suppose, then, that we are dealing with the superposition (12). 
Schrodinger applies his general relation (10), which connects the density 
p of the charge cloud at a point P with the intensity of the wave at this 
point. In the present case this intensity is uwu*, where u is defined by 
(12). Thus 


(14) p=—euu*. 


As in the simpler case, the charge cloud is supposed to represent the 
electron, and hence the total electric charge of the cloud must be equal 
to the charge —e commonly attributed to the electron. We conclude 
that when the intensity is integrated over the whole of space, the value 
of the integral must be 1; «.e., the resultant function u of (12) must 
be normalized. The normalization is brought about by crediting appro- 
priate values to the two heretofore arbitrary constants C, and C,.t 

We shall leave in abeyance the significance of the constants C,and Cy. 
What we wish now to examine is the behavior of the charge cloud. When 
we were dealing with a single mode of vibration, we noted that the 
density p of the cloud at any point P was given by (10) and that it did 
not vary with time. The charge cloud thus remained motionless. But 
when we are dealing with superposed modes, the density p at a given 
point is defined by the expression (14), in which wu* varies with time. 
Consequently, the density p also varies with time and the charge cloud 
no longer remains permanent. As was explained in connection with the 
phenomenon of beats in acoustics, the intensity vibrates with a frequency 
defined by the difference in the frequencies of the two constituent de 
Broglie waves. Since the frequencies of the two constituent monochro- 
matic de Broglie vibrations are 


2 Z 2 
(17) sipstitocs Ts a Aut Mot 
their difference is 
E, oS a oe ni fn’ 
(18) Sn Moe By = moet AP = 


t As will be explained in the next chapter, the normalizing condition imposed on uw 
requires that cn and on should satisfy the relation 


(15) 0, OF + 6.0%, = 1, 
The condition (15) shows that we cannot assume ce — Cn = 1, 80 that constants 
differing from 1 must be introduced in the expression (12). We may, however, assume 
that cn and ¢a are equal by setting 
1 
v2 ° 


(16) Cn = Car = 
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At any given point, the intensity wu* and the electric density p will 
therefore vibrate with the frequency (18). 

Now, the frequency (18) is precisely the one furnished by Bohr’s 
frequency condition for the electromagnetic wave when the atom drops 
from the energy level E, to the level Ew. We conclude that when 
de Broglie waves are vibrating in two different modes simultaneously, 
corresponding to the two energy levels E, and E,,, the density p of the 
charge cloud, at any point, will vibrate with the Bohr frequency (18). 

Schrédinger’s interpretation of radiation may now be understood. 
He views the charge cloud and its vibrations or wave motions from place 
to place as physically real, at least as a working hypothesis. He then 
assumes that the classical electromagnetic laws apply to the charge 
cloud. It follows that the vibrating electric cloud should emit electro- 
magnetic waves having exactly the same frequency as the vibrations of 
the cloud. 

Summarizing these results, we see that, when the de Broglie waves 
are vibrating in two different modes connected with the energy values 
E,, and E,,, the atom will emit electromagnetic radiations having the 
Bohr frequency (18). This frequency is the one which, according to 
Bohr’s corpuscular theory, is emitted when the electron drops from the 
energy level E, to the level Ey. Thus, in Schrédinger’s theory, the 
coexistence of two modes of vibration pertaining to two different energy 
levels is the wave picture of a drop of the electron from one energy level 
to another. On the other hand, when the de Broglie waves are vibrating 
in a single mode, the charge cloud remains motionless and no radiation 
arises. We have here the wave analogue of the non-radiating atom of 
the corpuscular theory, in which the electron is describing some stable 
orbit and is not dropping to a lower level. 

The possible frequencies of the radiated light are thus accounted 
for in Schrédinger’s theory, and so also is the fact that the atom does 
not radiate when it remains in a given energy level. The new theory 
is superior to Bohr’s, because Bohr’s frequency condition is no longer 
imposed as a separate hypothesis, but instead appears to be a necessary 
consequence of the original postulates. Schrédinger’s theory has also 
other advantages; these concern the selection rules and the calculation 
of the intensities and of the polarizations of the radiated light. 

We know that the various spectral lines are not equally intense and 
that some of the lines, theoretically possible according to Bohr’s theory, 
have zero intensities and so do not arise at all. These are the lines, or 
radiations, that would be emitted during the forbidden energy drops if 
such drops were possible. Furthermore, the various radiations emitted 
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by an atom may have characteristic polarizations, and here also Bohr’s 
theory can yield no information. In Bohr’s theory these defects were 
remedied by an appeal to the correspondence principle, according to which 
the intensities and polarizations of the radiations had to be calculated 
classically. The results thus obtained were then utilized to supplement 
the deficiencies of the quantum treatment. We pointed out at the time 
that this procedure did not yield rigorous results in the matter of the 
intensities, and that, besides, Bohr’s appeal to the classical correspondence 
principle was unsatisfactory, for it showed that his quantum theory was 
not self-sufficient. 

One of the triumphs of Schrédinger’s wave theory is that it permits 
the calculation of the intensities and polarizations of the emitted radia- 
tions without introducing new postulates. To understand how this infor- 
mation can be obtained, we must revert to the vibrating charge cloud. 

Classical electromagnetism shows that, at a sufficiently distant point, 
the waves emitted by a vibrating electrified cloud are the same in fre- 
quency, intensity, and polarization as the waves which would be emitted 
by a hypothetical charged particle fixed to the mobile centre of charge 
of the cloud, the particle having a charge equal to the total electric 
charge of the cloud. In the case of Schrédinger’s charge cloud, which 
we are here considering, the total charge is equal to the charge —e of an 
electron, and the centre of charge of the cloud is the analogue of the 
centre of mass of an extended massive body. The net result is that the 
radiation to be expected is the one which would be emitted by an elec- 
tron attached to the vibrating centre of charge of the Schrédinger 
charge cloud. The rule we have just given for obtaining the radiation 
due to the vibrating charge cloud is valid only when the wave length 
of the light radiated is considerably greater than are the linear dimen- 
sions of the region of space in which the density of the electric charge 
is appreciable. In all the examples we shall discuss, this situation will 
be realized. 


The Selection Rules—We have said that the vibrating charge cloud 
radiates as would a corpuscular electron attached to the centre of charge 
of the cloud. It follows that whenever for some reason or other the 
centre of charge remains motionless, no radiation can occur. The centre 
of charge of course remains at rest in the trivial case where the atom 
is in a given energy state E,, for we know that in this ease the entire 
cloud is motionless. We have here the wave expression of the fact that 
an atom which remains in a stable energy state does not radiate. But 
even when modes of vibration corresponding to two different energy 
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levels Ey, and E, are superposed, so that the cloud is vibrating with 
the frequency (18), the centre of charge may still remain motionless, and 
hence no radiation oceur.* The situation here contemplated is the wave 
analogue of the particle picture in which the electron cannot drop from 
the higher orbit EF, to the lower one E, and emit radiation. We are thus 
dealing with a forbidden drop. Now Schrédinger’s theory enables us 
to determine under what conditions the centre of charge will or will not 
vibrate. Consequently, we see that it will allow us to anticipate the for- 
bidden drops without having recourse to the correspondence prin- 
ciple. 

Let us apply these considerations to the hydrogen atom. We recall 
that in Bohr’s theory, when the relativistic refinements and the spinning 
electron were disregarded, the levels » of the atom were subdivided into 
n? coalescing sub-sublevels (n, l,m). Exactly the same results are obtained 
in Schrédinger’s theory, as was explained in Chapter XXXII. In Bohr’s 
theory we also saw that during an energy drop the quantum number 7” 
might decrease from any one of its values to any other, and that the 
quantum number | always changed by +1. Finally, as was made clear 
when we studied the Zeeman effect, the quantum number m either changed 
by +1 or else remained fixed. Inasmuch as these selection rules, derived 
from the correspondence principle, appear to be in agreement with the 
facts observed, we must demand of Schrédinger’s theory that it yield 
the same results. 

Let us, then, assume two modes of vibration which correspond to the 
two Bohr sub-sublevels (n, l, m) and (n’, l’, m’), 1.e., the modes defined 
by Yam and by ynijm. We find that when these two modes occur simul- 
taneously, the centre of charge remains motionless, unless m and m’ differ 
by +1, and unless 1 and I’ differ by +1 or else do not differ at all. We thus 
obtain exactly the same results as were obtained from the correspondence 
principle, so that Schrédinger’s theory furnishes the correct selection 
rules, or what comes to the same, it tells us what drops are forbidden. 

Similar successes are registered with the oscillator and the rotator. 
In the case of the linear oscillator, the charge cloud is no longer spread 
through infinite space; it is distributed along the line of oscillation and 
vanishes at infinity in either direction. In spite of this difference, the 
general procedure is the same, and, to account for radiation, we must 
assume that the de Broglie waves are vibrating simultaneously in two 
different modes of energies E,, and Ey. We then find that the centre of 
charge of the charge cloud does not move unless the quantum numbers 


*It would be as though the radiations from the different parts of the vibrating 
cloud cancelled by interference. 
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nm and n’ differ by +1. This implies that, in the oscillator, only drops 
between consecutive energy levels are possible. We thus obtain the same 
results that were derived from an application of the correspondence 
principle. Since the wave treatment also gives the correct energy levels, 
we see that the required selection rules and the correct energy levels for 
the oscillator are both obtained in Schrédinger’s theory. The application 
of the charge-cloud method to the rotator also gives correct results, for 
we find that, as is the case with the oscillator, only transitions between 
contiguous energy levels are possible. 


The Polarizations—Next we examine what is to be expected when 
the centre of charge moves. It will always be found vibrating with the 
frequency of vibration of the charge cloud, so that light will be radiated 
with the required Bohr frequency. But the vibration may be of different 
kinds: rectilinear or circular. In the former case the light radiated will 
be plane polarized, and in the second case circularly polarized. 

If we apply these considerations to the linear oscillator and to the 
rotator, we find that, for the oscillator, the radiation will be plane 
polarized, and that, for the rotator, the polarization will be circular. 
These are precisely the results obtained in Bohr’s theory when the cor- 
respondence principle is applied. We may also consider the polarizations 
for the hydrogen atom. The charge-cloud theory shows that when the 
quantum number m does not change during a drop, the centre of charge 
vibrates along the Oz axis, so that the radiation is plane polarized. On 
the other hand, when m changes by +1, the light is circularly polarized 
in one sense or the other, with the plane of the vibration perpendicular 
to the Oz axis. But we must remember that when we examine the radia- 
tions emitted by hydrogen gas, we are dealing with an emission from a 
large number of atoms; and since the Oz direction is arbitrary, the radia- 
tions will not manifest definite polarizations. We may, however, make 
the polarization conspicuous by imposing a common direction for the 
axes of the various atoms. This may be done by applying a magnetic 
field, as in the Zeeman effect. In this event, the polarizations given by 
Schrédinger’s theory are in agreement with those derived from the cor- 


respondence principle and are verified by experiment in the normal 
Zeeman effect.* 


The Intensities—Finally, we must examine what information 
Schrédinger’s theory furnishes for the intensities of the electromagnetic 


* Throughout this discussion, we are treating the hydrogen atom without intro- 
ducing the spinning electron (or indeed without any of the relativistic refinements). 


For this reason, the polarizations that hold for the normal Zeeman effect are the ones 
to be expected. 
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radiations emitted. The intensity of the radiation is defined by the 
amount of energy that is emitted from the radiating system per unit time. 
Now we have seen that the radiation from the atom is the same as would 
be generated by an electron of charge —e vibrating with the centre of 
charge of the cloud. Hence we have but to apply the classical formula 
which gives the intensity of the radiation emitted by a vibrating electron. 
It can be shown that if A is the amplitude of the vibration of the centre 
of charge, and » the Bohr frequency with which the centre of charge is 
vibrating, the intensity radiated is 


2ayv)* 

19 Aas 2, 

(19) ea 4 

Schrédinger’s theory thus allows us to calculate the intensities of the 
spectral lines without utilizing the correspondence principle. 


The Electron in Schrédinger’s Theory—In Schrédinger’s theory 
of radiation, the particle picture of well-defined Bohr orbits described by 
a corpuscular electron is lost sight of entirely. Nevertheless, it is possible 
to obtain wave representations which suggest this picture. We first con- 
sider the wave representation of the Bohr orbits. 

When the hydrogen atom is in a stable state E,, the electron in the 
particle picture is describing some orbit (n, 1, m). In the corresponding 
wave representation, a de Broglie wave is vibrating throughout infinite 
space with the amplitude n,m from place to place, the numerical values 
to be assigned to the quantum numbers 1, J, and m in the eigenfunction 
n,m being the same as in the definition of the orbit. Thus, to each Bohr 
orbit, corresponds a definite mode of vibration of the standing wave. In 
the wave theory we may also consider a wave resulting from the super- 
position of two or more of the n? amplitude functions Pn,1m associated with 
the same energy level Ep. The amplitude function thus obtained is still 
an eigenfunction of Schrédinger’s wave equation and is connected with 
the eigenvalue E,; hence it determines a possible wave phenomenon when 
the atom is in the stable state E,. In Bohr’s particle theory, this condi- 
tion of the atom would be represented by associating the electron simul- 
taneously with different orbits of the same energy E,. An association 
of this sort would of course be incomprehensible. We must remember, 
however, that the undisturbed atom is totally degenerate, so that consid- 
erable latitude is afforded in the choice of the exact arrangement of the 
orbits; and if we modify the orbits in a suitable way (by utilizing the 
principle of adiabatic invariance ) it may be possible in certain cases 
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to obtain a simple particle representation of the foregoing superposed 
modes. 

Our present aim is to obtain the wave analogues of the various particle 
pictures of Bohr’s theory. We shall therefore set aside the wave pictures 
of the more complicated type just mentioned and confine our attention to 
the normal modes 2m, which are the analogues of the Bohr orbits 
(n, l,m). In particular, let us examine the wave pictures of the circular 
orbits. According to Bohr’s theory, one, and only one, circular orbit is 
connected with every main energy level (at least if we do not establish a 
distinction between the various possible orientations of the plane of the 
orbit). The circular orbits are those for which l= n— 1, while m may 
have any one of its permissible values. The modes of vibration correspond- 
ing to the circular orbits are determined by the same allotments of quan- 
tum numbers; and so we may single out the modes which correspond to 
the circular orbits. 

Bohr’s lowest orbit (1 =1;1=0; m= 0) is a cirele, and the cor- 
responding mode of vibration 1. is characterized by the absence of 
nodal surfaces other than the sphere at infinity (which is always a nodal 
surface). The amplitude of the standing de Broglie wave does not vanish 
at finite distance; it is greatest at the centre, where the proton nucleus is 
situated, and it decreases when we move away from the nucleus. Since 
the intensity of the vibration, and therefore the density of the charge 
cloud, is proportional to the square of the amplitude, the electric density 
of the charge cloud in the lowest stationary state will also be greatest at 
the nucleus and will decrease progressively in all directions, finally vanish- 
ing at infinity. Now it can be shown that the lowest circular orbit of 
Bohr’s theory lies in a region where the intensity of the vibrations, and 
hence the density of the charge cloud, has a mean value contained between 
the maximum value at the nucleus and the zero value at infinity. This 
region may then serve to indicate the position of the orbit. On the other 
hand, even a vague connection between the wave picture and the particle 
picture ceases to become apparent when we seek to link the wave repre- 
sentation to that of a corpuscular electron circling on the orbit. The 
wave picture in this case affords no means of representing the particle. 

We now pass to the higher circular orbits, say the mth (n>1). The 
mode of vibration is here characterized by the vanishing of the amplitude 
at the nucleus and at infinity; the amplitude assumes a maximum value 
over the surface of a certain sphere whose centre is the nucleus. Conse- 
quently, the density of the charge cloud is greatest over this sphere. 
Calculation shows that the radius of the sphere is approximately the 
same as that of the nth circular Bohr orbit. In other words, Bohr’s cir- 
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cular orbit lies very nearly along an equator, or great circle, of the sphere. 
Except for the fact that Bohr’s orbit is assumed to be a definite circle, 
whereas the region of greatest density for the charge cloud is a spherical 
surface, we seem here to have a wave interpretation of a Bohr orbit. Let 
us note that the conflict between a sphere and a circular orbit is not as 
important as it might appear, for the orbit may have any orientation and 
may therefore be any one of the great circles of the sphere. 

We next inquire whether we can obtain a wave picture of the 
planetary electron moving along an orbit. The only way to secure a wave 
picture which simulates a corpuscle is to construct a wave packet of tiny 
dimensions. This requires that we superpose a large number of de Broglie 
waves differing only slightly in their wave lengths and frequencies. In 
free space, we can always construct a wave packet because no restriction 
is placed on the de Broglie waves which we may utilize. But in the 
hydrogen atom, the only waves available are those which are associated 
with the various energy levels, 7.e., the waves which constitute the various 
modes of vibration; and the differences in the frequencies of the consecu- 
tive modes may be too great to permit the construction of packets. This 
is precisely the situation which occurs in the lower orbits, and for this 
reason we cannot construct a wave packet simulating a corpuscular elec- 
tron on a lower orbit; the nearest approach to a corpuscular electron 
that the wave picture can furnish in this case is a more or less extended 
wave disturbance moving around the nucleus. 

However, as we pass to the higher orbits we find that the frequencies 
of the waves associated with consecutive energy levels differ by progres- 
sively smaller amounts, so that wave packets can be constructed. In 
particular, if we superpose in a suitable way the vibrations associated 
with a high energy state E, and with other energy states slightly higher 
and slightly lower than E,, we can obtain a wave packet which will 
follow very approximately the nth Bohr orbit with the motion prescribed 
to the planetary electron in Bohr’s theory. Furthermore, since the 
resultant intensity of the wave motion is non-vanishing only within the 
packet, the charge cloud will be concentrated inside the packet, and so 
the packet will carry the charge —e commonly attributed to a corpuscular 
electron. Thus a satisfying wave picture of the circling corpuscular 
electron would appear to be obtainable for the higher orbits. 

It must be observed, however, that the construction of a wave packet 
involves a superposition of modes belonging to different energy levels, 
so that the atom must be assumed to be in different energy states simul- 
taneously. This unsatisfying conception of a superposition of states 
is not new, for we encountered it when we examined Schrodiager’s 
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interpretation of radiation. Nevertheless, it seems strange that the 
possibility of constructing a wave picture of a corpuscular electron should 
be denied us when the atom is in one definite energy state. Besides, 
we have seen that, in any case, the wave representation of the corpuscular 
electron becomes vaguer and vaguer as we pass from the higher to the 
lower orbits. 

At the time Schrédinger was developing his theory, he did not view 
this conflict between the wave picture and the particle picture as an argu- 
ment against the wave theory. Instead, he claimed that it merely proved 
the particle picture to be untenable. According to Schrodinger the waves 
were the only physical reality, and the electric charge carried by the waves 
was a wave manifestation; the electron, whether it betrayed the cor- 
puscular aspect or not, was essentially a wave phenomenon. In the 
higher energy levels and to a still greater extent outside the atom, the 
wave theory showed that the charge cloud might condense into a packet 
and simulate a corpuscular electron. But in the lower levels near the 
nucleus, the corpuscular aspect was impossible. In short, there was no 
such thing as a corpuscular electron, but only a more or less diffuse 
charge cloud accompanying the de Broglie waves. 

Schrédinger’s ideas are not necessarily incompatible with the ex- 
perimental results which seem to reveal the electron as a corpuscle, for 
in physical experiments we are always dealing with electrons situated 
well outside an atom; and in such eases Schrédinger’s theory shows that 
the charge cloud will be condensed into a tiny volume and hence will 
have the appearance of a corpuscle. As for Schrédinger’s conception of 
a diffused electron in the immediate neighborhood of the nucleus, it is 
not in contradiction with experiment since the electron in the innermost 
regions of the atom is inaccessible in practice. 

Schrédinger’s views appear plausible when we recall that, according 
to wave mechanics, the classical conceptions tend to become valid only 
when the conditions of ray-opties are fulfilled. Now in the atom, the con- 
ditions of ray-optics are far from being realized in the lower orbits, but 
they tend to be realized when we pass to the outer orbits. We may there- 
fore reasonably suspect that if revolutionary revisions are required in our 
classical concepts, these revisions will be needed more particularly in the 
lower orbits. Bearing this in mind, we need not be surprised to find that 
the corpuscular aspect of electrons may lose its validity in the lower orbits. 

When we examine the problem from the standpoint of the atom’s 
radiation, Schrodinger’s views also appear consistent. Thus, in our dis- 
cussion of Bohr’s atom, we saw that the frequency of the radiation emitted, 
though always given by Bohr’s frequency condition, tended nevertheless 
to approximate to the mechanical frequency of the electron on its orbit 
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when the higher orbits were considered. The higher the orbit, the better 
was the approximation. This observation constituted one of the founda- 
tions of the correspondence principle. Now in the wave picture, the possi- 
bility of representing the electron by means of a charged wave packet 
is enhanced as we pass to the higher orbits, and in such cases the charge 
cloud becomes a circling packet of electric charge. The centre of charge 
of the cloud coincides with the centre of the wave packet, and hence, ac- 
cording to Schrédinger’s theory, the radiation emitted should have the 
frequency of the packet describing the orbit. Since the packet moves as 
does the corpuscular electron in Bohr’s theory, the frequency radiated is 
the mechanical frequency of the electron, so that we obtain results which 
are in agreement with Bohr’s particle picture. On the other hand, when in 
Bohr’s theory the electron is describing a lower orbit and the frequency 
radiated differs considerably from that of the electron’s motion, the wave 
theory leads to no inconsistency, because it is now impossible to construct 
a wave packet, and the centre of charge of the cloud no longer moves as 
Bohr supposed the electron to move. Accordingly, the wave theory clarifies 
the reason why in this latter case the mechanical frequency of Bohr’s elec- 
tron is no longer the same as the frequency of the radiation emitted. 

The ubiquitous influence of Planck’s constant h is obvious in Sehréd- 
inger’s theory. If h were to have a considerably smaller value, the 
eigenvalues of Schrédinger’s wave equation, and hence the energy levels, 
would differ by smaller amounts. We could then construct a wave packet 
simulating a corpuscular electron even in the lowest orbit: the electron 
would always have the appearance of a corpuscle, and the frequency 
radiated would always be the classical frequency of the electron’s motion. 
Thus the classical concepts would be correct. 


The Objections to Schrédinger’s Theory—Schriédinger’s theory 
of radiation, based on the conception of the continuous charge cloud, is a 
great advance over Bohr’s treatment of the atom. Not only does it furnish 
Bohr’s frequency condition, instead of compelling us to introduce this 
condition as a separate postulate, but in addition it yields the polarizations 
and the intensities of the emitted radiations. Inasmuch as radiations of 
zero intensity are those that cannot occur, Schroédinger’s theory auto- 
matically determines the forbidden energy-transitions. All this informa- 
tion is obtained directly from the postulates of the theory, and we need 
not appeal to the correspondence principle. 

But there are numerous objections to Schrédinger’s charge cloud. 
One of these was mentioned in Chapter XXX: it concerns the spreading 
of wave packets. A wave packet, and hence the charge it contains, 
eventually spreads all over space and does not betray that degree of 
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permanence which is essential if we are to mistake a charged wave packet 
for a corpuscular electron. Schrédinger did not at first realize this 
tendency of wave packets to spread, because in the particular example 
which he submitted to mathematical analysis (the oscillator), the packet 
happens to remain coherent. Heisenberg proved later that the example 
of the oscillator was an exception, and that the reason its wave packets 
remained coherent was that the successive energy levels of the oscillator 
happened to differ by equal amounts. Heisenberg then showed that the 
majority of wave packets, especially those in the atom, must spread 
very rapidly, This discovery showed that Schrédinger’s wave-packet 
representation of a corpuscular electron in a higher orbit was untenable, 
even over a relatively short period of time. 

Other objections to Schrédinger’s theory may be mentioned. For 
instance, in his wave equation there enters a perfectly definite expression 
for the potential energy of the electron at a point 2, y, z. So long as we 
assume that an electron is an electrified particle occupying at each instant 
a definite position in space, no objection can be raised against our specify- 
ing a well-defined potential energy. But when the electron is replaced 
by a diffuse charge cloud, we cannot readily understand how a precise 
value of the electron’s potential energy can be defined at each point of 
space. Besides, if the charge of the electron is diffused throughout space, 
why not also its mass, its energy, and the other magnitudes connected 
with it? 

A further difficulty concerns the degree of physical reality that we 
should attribute to the de Broglie waves and:hence to the charge cloud. 
Schrodinger, in his radiation theory for the hydrogen atom, treats the 
charge cloud as though it were physically real. Nevertheless, when he 
deals with a system of N degrees of freedom, he assumes that the waves 
and the charge cloud must be represented in a configuration space of N 
dimensions. So long as N does not exceed 3, the representation can be 
made in ordinary space, but for all greater values of N, a hyperspace must 
be considered. Strictly speaking, this situation occurs even for the hydro- 
gen atom, because the hydrogen atom has three degrees of freedom only 
when we agree to disregard the motion of the nucleus ; in reality, there are 
six degrees of freedom, and the waves and the cloud should be represented 
in a 6-dimensional space.* In any case, when we pass to the higher atoms 
with their several electrons, the introduction of the hyperspace cannot be 
avoided. 

Now a hyperspace is obviously a mathematical fiction ; and waves that 
can be represented only in a fictitious space must themselves be unreal. 


* See page 706. 
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Under these conditions, we must suppose that even when the problem we 
are considering has three degrees of freedom (so that the waves and the 
charge cloud may be represented in ordinary 3-dimensional space), we 
should still view the waves and the cloud as fundamentally symbolic. 
That the de Broglie waves are symbolic is not a new discovery, since it 
has already been impressed on us on other oceasions. But the symbolic 
nature of the charge cloud is more disturbing, for Schrédinger, in his 
interpretation of the process of radiation from the hydrogen atom, treats 
the cloud as though it were physically real. However, the possibil- 
ity of an unreal charge cloud generating the effects to be expected from 
a real one cannot be said to furnish an argument against Schrédinger’s 
theory. Rather does it afford one more illustration of the conflicting 
notions to which the wave theory leads. 

Schrédinger’s theory is in conflict with experiment on another score. 
According to his theory, we must suppose that an atom which is emitting 
radiation is at one and the same time in two different energy states; a 
monochromatic radiation is then emitted. But if we grant the possibility 
of this superposition of states, there is no reason why the superposed 
states should be limited to two. Indeed, when we discussed the forma- 
tion of a wave packet simulating an electron in the atom, we had to 
assume that the superposition involved several different states. Now if 
more than two states are superposed, Schrédinger’s theory would require 
that a corresponding number of different radiations be emitted simul- 
taneously by the atom. We are here in conflict with Bohr’s theory, 
according to which only one radiation can be emitted at a time; and on 
this point Bohr’s theory appears to be corroborated by experiment. 

Difficulties of this sort led to the conclusion that something was 
radically wrong, not only in Schrédinger’s interpretation of his theory 
of radiation, but also in the theory itself. Ina certain sense this conclusion 
is not surprising, for the idea of a charge cloud emitting radiation ac- 
cording to the laws of classical electromagnetism does not seem convincing 
in view of the revolutionary changes which the quantum theory has intro- 
duced in the classical ideas. Guided by past experience, we know that 
the classical conceptions tend to yield correct results only under limiting 
conditions, and it is therefore reasonable to suppose that Schrédinger’s 
semi-classical theory is in the nature of an approximation. This view has 
since been vindicated by the more refined theores of radiation developed 
by Dirac and others. Nevertheless, in spite of its defects Schridinger’s 
theory of radiation is of considerable value as a first approximation, and 
the idea of the charge cloud is often retained in a formal capacity as a 


working hypothesis. 


CHAPTER XXXIV 


BORN’S INTERPRETATION OF SCHRODINGER’S 
THEORY 


The Atom in a Stable State—Let us first suppose that the hydro- 
gen atom is in the energy level EZ, and that no radiation occurs. A stand- 
ing de Broglie wave is then vibrating throughout space with a frequency 


E,, + moc? 
h ? 
and the amplitude of the vibration from point to point is defined by one 
of the nth eigenfunctions y, (normalized). The vibration itself may be 
represented by the wave magnitude 


2ri 
——(E#,, + mc*)é 
(1) tn = pre * 
According to Schrédinger, the density p of the charge cloud at any 
point P is defined by —e times the intensity U,un, or py, y*, of the wave at 
this point. Thus, 


(2) p= =e CP n (at Pye 


If drdydz represents a tiny volume enclosing the point P, then pdzdydz is 
the electric charge contained within this volume. In terms of the wave 
magnitudes, we thus obtain 


(3) pdxdydz = — eu u* drdydz = — ey ,p* drdydz. 


In these formulae (2) and (3), the wave functions Wn and Un are assumed 
normalized to 1; and we recall that Schrodinger introduced this normal- 
ization in order that the total electric charge of the entire cloud be aes 
Next, we examine how Schrédinger’s interpretation must be revised 
when Born’s assumptions are accepted. According to Born, the 
probability that the electron will be found in a tiny volume daxdydz sur- 
rounding a point P is proportional to the product of the volume and the 


intensity u,u*, or v,V,» of the wave at the point P. Thus 


(4) U,, uy dxdydz, or wp Px dxdydz, (at P) 
is proportional to this probability. 
730 


THE ATOM IN A STABLE STATE 731 


Let us determine under what conditions the expression (4) will define 
the exact probability of the electron being located in a given volume 
dzdydz, instead of merely defining a quantity proportional thereto. To 
obtain this information, we note that the electron is necessarily situated 
somewhere in space, and hence that the probability of our finding it in 
some volume dzdydz is a certainty. This implies that when the prob- 
ability is integrated throughout space, the integral must have the value 1. 
Consequently, for the expression (4) to measure the probability itself, 
the amplitude function y, must be chosen in such a way that we have 


(5) Sf feat dedyde = 1. 


We recognize in this restrictive condition (5) the normalization condition 
imposed by Schrédinger for other reasons. We are thus led to the 
following conclusion: When Born’s ideas are accepted and the normalized 
eigenfunctions are utilized, the probability that the electron will be found 
in a given volume dzdydz about a point P is equal to the product of the 
volume and the intensity of the wave at the point P. Thus (4) expresses 
the probability provided uw, and wn be normalized. 

Schrédinger’s expression (2) for the electric density p of the charge 
cloud at a point P may likewise be interpreted on the basis of Born’s ideas. 
The interpretation differs according to whether or not we accept the 
views of Heisenberg and Bohr. We first assume the correctness of these 
views. We must then suppose that, before a position observation is 
made, the electron is diffused throughout the region occupied by the 
waves, This conception of the electron appears similar to Schrédinger’s, 
and indeed the two interpretations have much in common if we suppose 
that, in Heisenberg’s picture, the diffused electron is distributed in the 
same way as in Schrédinger’s charge cloud. In this event, Schrédinger’s 
expression (2) of the electric density p of the charge cloud also gives the 
density of charge of Heisenberg’s diffused electron. However, the views 
of Schrédinger and of Heisenberg are far from being the same in all 
respects. Thus in Schrodinger ’s conception, the charge cloud is a physical 
reality which endures. But according to Heisenberg and Bohr, the diffuse 
picture of the electron is a temporary manifestation, which arises from the 
impossibility of picturing events with precision in the space-time frame, 
prior to the position observation. After the observation, the electron 
becomes a corpuscle, and the charge cloud ceases to exist. 

Next let us suppose that the Heisenberg-Bohr conception of a diffused 
electron is rejected and that we view an electron as corpuscular under all 
conditions. An interpretation of Schrédinger’s density p consistent with 
Born’s ideas may still be given, provided we ascribe a statistical sig- 
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nificance to Schrédinger’s theory. Thus we assume that the charge cloud 
and the de Broglie wave describe a condition which characterizes the 
hydrogen atom, not at a single instant, but throughout a protracted 
period of time. In other words, the charge cloud represents the average 
picture which would result from the superposition of a number of snap- 
shot pictures taken at consecutive instants. Suppose, then, an experiment 
be repeated time and again with a view of determining whether the 
electron is in the particular volume dxdydz. We assume that before each 
successive observation is made, the atom is brought back to the same 
energy level E,. The observations will show that on certain occasions 
the electron is situated in the volume of interest, but that in the majority 
of cases this volume is unoceupied. In the first ease, the volume will 
contain an electric charge —e (i.e., the charge of an electron), whereas 
in the second case it will have no charge. Taking the average charge 
within the tiny volume after a large number of experiments have been 
performed, we shall obtain the value (3), so that p defined by (2) is the 
average, or probable, density of charge at the point P. 

When Schrédinger’s charge cloud is interpreted in this statistical 
way, its existence at an instant is deprived of physical reality. It becomes 
a mere probability cloud which defines the probability that, as a result 
of continual rapid circlings, the electron will be found at one or at another 
point of space. Nevertheless, if we consider even a short period of time, 
we may suppose that the electron has passed through the various points 
of space, so that over this period of time the charge cloud may be credited 
with some measure of physical reality. 

Another statistical interpretation, also consistent with Born’s ideas, 
may be given to Schrédinger’s charge cloud. We suppose that the cloud 
describes conditions at an instant, not for a single hydrogen atom, but 
for a large aggregate of non-interacting atoms in the same energy state. 
If we follow this interpretation, we must reason as though each atom were 
situated in a space of its own, with the result that, by a definite tiny 
volume dxdydz, we now mean the aggregate of volumes similarly situated 
with respect to the various atoms. Let us select such an aggregate of 
volumes drdydz, and let us suppose that we perform position observations 
simultaneously with a view of locating each electron in each atom. For 
some of the atoms the corresponding volumes dxdydz will be oceupied by 
the respective electrons at the instant considered, and hence will contain 
the common charge —e. For the majority of atoms, the corresponding 
volumes will be unoccupied. The average density of charge in all these 
volumes will then define Schrédinger’s density p. 
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We now pass to Born’s second assumption, and we shall suppose that 
we are dealing with a single atom. Born’s second assumption requires 
that, in a wave picture formed by the superposition of different waves, 
the probability that the electron will be found to have the energy and 
the momentum corresponding to one or another of the waves should be 
proportional to the respective intensities of the individual waves inte- 
grated throughout space. Since in our present wave picture there 1s 
only one wave, Born’s assumption requires that if an energy observation 
is made, the electron will always be found to have the energy correspond- 
ing to this wave. Consequently, if the intensity u,u*, ory, pr, is inte- 
grated throughout space, the value of the integral should be 1. Now, this 
restriction is none other than the normalization condition (5), which has 
already been imposed. Hence, when the amplitude function wn is normal- 
ized, the wave picture of the hydrogen atom, in an energy state E,, 
furnishes the exact probabilities of the electron’s position, and it also 
determines the electron’s energy. 

Let us verify that the wave picture in the hydrogen atom is in agree- 
ment with the uncertainty relations. The frequency of the vibrations 
being well determined, the energy of the associated electron is well known. 
But then, according to the uncertainty relations, time becomes uncertain, 
and hence the position of the electron at a given instant must be com- 
pletely indeterminate. The wave picture confirms this expectation since 
the wave disturbance fills all space. 


The Electron—Having discussed the significance of the waves and 
of the charge cloud when Born’s assumptions are accepted, we now pass 
to the electron itself. Suppose that the atom is in the lowest energy state 
and that we wish to observe the position of the electron at any instant. 
The intensity of the de Broglie wave is greatest in the immediate neighbor- 
hood of the nucleus, and it has a non-vanishing value even at distant 
points; it vanishes only at infinity. Interpreting these results on the 
basis of Born’s assumptions, we conclude that the electron will most 
probably be found near the nucleus, but that there is a non-vanishing 
probability of our finding it at any point of space. As we mentioned in 
Chapter XXX, this conclusion entails a paradox, for according to the 
principles of mechanics, the electron, having the energy which corresponds 
to the lowest state of the atom, must necessarily be situated within a 
certain tiny sphere surrounding the nucleus. The explanation of the 
paradox was obtained when we took into account the disturbance gener- 
ated in the electron’s momentum and energy by the position observation. 
We shall, however, examine the matter further. 
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To simplify the discussion, we shall accept the particle picture as a 
working hypothesis. According to this picture, the electron is describing 
the lowest orbit, and hence at any specified instant it will be situated 
somewhere on this orbit. If, then, our position observation is to yield 
more precise information, this observation must be refined enough to de- 
termine on what particular segment of the orbit the electron is situated 
at the instant considered. We may attempt to locate the electron by 
illuminating it, as was done in the experiment of Heisenberg’s micro- 
scope. A photon is shot against the electron; and if, subsequently to 
its collision with the electron, the photon enters our eye, the position of 
the electron will be observed. Optical theory shows that, for this il- 
lumination to yield the position of the electron with an accuracy sufficient 
to locate it on a definite segment of its orbit, the wave length of the 
radiation associated with the incident photon must be considerably less 
than the diameter of the orbit. Since Bobr’s theory furnishes the diameter 
of the orbit, we can evaluate the order of magnitude of the wave length 
which the illuminating radiation must have. 

The foregoing conclusions may be presented in another form. Thus, 
in order that the incident light should reveal the position of the electron 
on a small segment of the lowest orbit which it is describing, the process 
whereby this position is disclosed must oceur with such rapidity that the 
electron will not have time to circumscribe the orbit. Now the process 
referred to involves a period of time measured by the time taken by the 
incident light to execute a complete vibration; and this time is the inverse 
of the frequency of the incident light. On the other hand. Bohr’s theory 
informs us on the time required by the electron to describe the lowest 
orbit. We may thus compute immediately the frequency which the in- 
cident light must have if it is to disclose the position of the electron on its 
orbit. Either one of the two methods suggested shows that, for the 
hydrogen atom in the lowest energy state, the incident light that must be 
utilized is of the X-ray variety. 

In our discussion we have assumed the correctness of Bohr’s particle 
picture as a working hypothesis. We know of course that the particle 
picture illustrated by Bohr’s atom is incompatible with the wave picture. 
Wor instance, the particle picture indicates that the position observation 
should always locate the electron somewhere on Bohr’s lowest orbit, 
whereas the wave picture shows that the electron may be found at any 
point. However, though Bohr’s atomic model is too crude, the minimum 
frequency it has enabled us to assign to the incident light in the previous 
discussion is correct. 
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Let us then direct .Y-rays against the unexcited hydrogen atom so 
as to locate the electron. The light will ionize the atom, and the electron 
will be ejected with an energy which exceeds by a considerable amount 
the energy it had in its lowest orbit. Our position observation may quite 
weil locate the electron outside the tiny sphere mentioned previously, 
and no paradox will be involved thereby since the electron now has a 
greater energy than it formerly had. 

Suppose now that we perform the same experiment when the electron 
is moving along a highly excited orbit, say, the orbit E1090. Owing to 
the larger dimensions of the present orbit, it will be possible to illuminate 
the electron with light of lower frequency. Calculation shows that the 
electron will no longer be removed from the atom entirely; instead it 
will merely be displaced to some neighboring orbit comprised, say, be- 
tween E959 and Ejos9. The position of the electron will be more or less 
accurately known as a result of our observation, this position being repre- 
sented by a small region limited by the two extreme orbits E950 and Fjoso. 
Finally, the energy of the electron will be uncertain within the energy 
range of these two orbits. 

Next, let us construct the wave picture which describes our knowledge 
of the electron’s position and energy. To obtain this picture, we must 
superpose monochromatic de Broglie waves having frequencies corre- 
sponding to the range in the possible energy values of the electron, 7.e., 
the quantized energy values between E50 and Eyos0. The superposi- 
tion must be performed in such a way as to yield a wave packet occupying 
the tiny volume within which the electron has been located. Now this 
wave packet, is none other than the one which Schrédinger believed to 
constitute the electron in the orbit E1000. Our present understanding of 
the packet is entirely different, however. The packet is now seen to be 
a mere probability packet, which represents our more or less exact 
knowledge of the electron’s position, momentum, and energy at the 
instant following the observation. The rapid spreading of the packet 
implies that our knowledge of the electron’s future behavior rapidly 
becomes vaguer and vaguer at successive instants of time. Another result 
of importance which is revealed by this analysis is that, in a superposition 
of states, the atom must not be viewed as being in different energy states 
simultaneously. Instead, a superposition of two or more energy states 
is now seen to indicate that the atom is in one or in the other of these 


states. 


Schrédinger’s Superposition of States—According to Born’s in- 
terpretation, which is today generally accepted, a superposition of states 
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for an atom indicates that the atom is in one or in another of these states, 
and to this extent the superposition is a symptom of uncertainty. Several 
points which were mentioned incidentally in the preceding chapter will 
now be examined with greater attention. 

We first recall some of Schrédinger’s results. When the atom is 
vibrating, say in the kth mode, the vibration of the de Broglie wave at any 
point P is represented by 


SC + myc?)t 
(6) Ux = re (at P), 
in which y;, is a normalized eigenfunction. When we are dealing with 
a superposition of states (e.g., the states E1, Ez, Es, . . .), the resultant 


wave disturbance, at a point P and at the time ¢, is expressed by 


2ri 
Ee + m,c*)t 


’ 


(7) U = Lexy = Doxpre 
k k 


computed at this point P. The constants c;, may be real or complex, and, 
except for a certain restriction to be explained presently, they are arbi- 
trary. Their office is to determine the relative intensities of the various 
component vibrations. For instance, the intensity of the kth mode at a 
point P is 


(8) C,CxU, ur, or ¢C.crp ys (at P). 


It will be noted that these intensities do not vary with time. On the 
other hand, the intensity of the resultant disturbance at a point P, namely, 
the value of uu* at the point P, does vary with time. Calculation gives 


wu = Se,cku,Ur+ de, CFU, uF 
k y 


(ED) Qri 
* * * ao (Br By)t 
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k yj ’ 


where 2’ implies that, in the summation, the values l=j are to be ex- 
cluded.t The second term in (9) expresses the variation with time of 
the intensity wu* at the point P. 


t If we represent the modulus of a complex quantity » by | z |, we may write (9) 
in the following equivalent way: 


2 
(9') a | On |? | px |2 + ni | on f+ oy |] ye |] ys | cos 5 [(Ei — Ey)t — 313). 
a) 
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Schrédinger assumes that the density p of the charge cloud at a point 
P is defined at any instant by the value at P of —euu* at this instant. 
Thus, 


(10) p=—euu* hae 22) 


Obviously, the density p now varies with time at a given point, so that the 
charge cloud is no longer permanent. Schrédinger further assumes 
that the charge cloud represents the electron. Consequently, the density 
p when integrated throughout space must have the value —e. This con- 
dition requires that the wave function w should satisfy the relation 


(11) ii uu*dadydz =1. 


In other words, the wave function u must be normalized to 1. 

Let us examine what restrictions this normalization will entail. If we 
integrate the expression (9) throughout space and take into considera- 
tion the normalization and the orthogonality + of the functions yx, we 
obtain 


(12) uu*dadydz = XCr.e% Sh peri: 
fff xdydz Beez, or ZI] ex| 


Consequently, the normalization of w requires that the constants ¢;, which 
are otherwise arbitrary, should satisfy the condition 


(13) De,c*%= 1. 
k 


The constants c, are then said to be normalized to 1 

We must now reinterpret these results in terms of Born’s assump- 
tions. According to Born’s first assumption (see page 731), when w is 
normalized to 1, 


(14) uu*dxdydz (at P and at time ¢) 


t The eigenfunctions of Schrédinger’s wave equation exhibit a property which is 
expressed by the statement that the functions are orthogonal, By this is meant that, 
if we consider the product of any cigenfunction and of the conjugate complex of 
another eigenfunction pertaining to a different eigenvalue, or energy Jevel, and if we 
integrate this product throughout space, then the integral will vanish. Thus 


(15) SISO YT dadydz = 0, wheneve. & # I. 
In the particular case of Schrédinger’s wave equation for the hydrogen atom, the 


eigenfunctions are real, so that the distinetion between an eigenfunction and its 
conjugate complex no longer arises. The orthogonal property (12) now hecomes 


(16) SISb,Y, dadydz = 0, whenever k 7 l. 
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is the probability that, as a result of a position observation at the instant 
t, the electron will be found in the volume dzdydz surrounding the point P. 
Equivalently, we might say that the intensity wu* gives the density of 
the probability. 

Born’s second assumption is expressed by the statement that the elec- 
tron will be found to be associated with one or with another of the super- 
posed modes. The probability that the electron will be associated with 
the kth mode, and hence have the energy E, + moc?, is proportional to 
the value obtained when we integrate the intensity of the kth mode 
throughout space. Now the intensity of the kth mode is 


(17) Cy CLY We. 
If we integrate this intensity throughout space, we are left with 
(18) C,.C%. 


(owing to the normalization of wr). We conelude that c,¢ is propor- 
tional to the probability that the electron will have the energy E;, +moc?. 
In point of fact, (18) is not only proportional to this probability, but 
is equal to it. To see this, we note that according to Born’s assumptions 
the electron necessarily has the energy corresponding to one of the com- 
ponent modes. Hence, if we add the probabilities of all the various modes, 
we must obtain the value 1. The result is that (18) will be equal, and not 
merely proportional, to the probability provided the constants c; be such 
that 


(19) Se,o= 1, 
k 


7.€., provided they be normalized to 1. Since this condition was already 
imposed in (15) to secure the normalization of u, we obtain the follow- 
ing conclusion : 

The expression (18) represents the probability that, in a superposition 
of states, the electron will be associated with the kth mode and hence 
will have the energy E,.+ Equivalently, we may say that (18) measures 
the probability that, in a superposition of states, the atom will be found 
to be in the energy state E,,. 


The Statistical Interpretation of a Superposition of States —As 
we observed on an earlier page, Born’s assumptions enable us to place 
a statistical interpretation on Schrédinger’s theory and to suppose that 


t We have omitted tho rest energy moc”, and shall continue to do so in the future, 
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the wave picture describes average conditions holding for a large aggre- 
gate of non-interacting similar atoms. When this statistical view is 
adopted, a superposition of different standing waves, pertaining to differ- 
ent energy levels E,, E2, E3,...E, ..., implies that some of the 
atoms of the aggregate are in the energy state E, others in the state Eo, 
still others in the state H3, and soon. According to Born’s second assump- 
tion, if an atom is selected at random from the aggregate, the probabil- 
ity that it will be in the state FE, is equal to the value obtained when we 
integrate the intensity of the corresponding wave y; throughout space ; 
and this value, as we have seen, is c,cy. If, then, we assume that all 
stable energy states have the same a-priort probability, we must suppose 
that the probability just considered is proportional to the number of 
atoms in the state E,. Collecting these results, we conclude that, when 
the statistical interpretation is accepted for a superposition of states 
(7), the magnitude c,c*is proportional + to the number of atoms in the 
state H,. 

One of the difficulties which confronted Schrédinger’s interpretation 
of the process of radiation is removed by the present statistical interpre- 
tation. Thus we noted in the previous chapter that, according to 
Schrodinger, a superposition of more than two different states should 
occasion the simultaneous emission of different frequencies from a 
single atom. We pointed out that this simultaneous emission conflicted 
with the accepted idea that an atom could emit only one radiation at a 
time. Thus, a contradiction was involved. But if we apply Born’s sta- 
tistical interpretation and assume that a superposition of states refers 
to an aggregate of atoms in different energy states, the contradiction 
no longer appears. We have but to suppose that the simultaneous emission 
of different radiations is due to the various atoms undergoing different 
drops and emitting thereby different monochromatic radiations at more 
or less the same instant. 

There are, however, other objections to Schrodinger’s theory of radia- 
tion, which the present statistical interpretation is unable to answer. 
Thus according to Schrédinger, radiation cannot occur unless we are 


tIn our former treatment the constants c, Were normalized to 1. But, if we 
wish oo, to be equal to the number of atoms in the state Ey instead of merely 
proportional thereto, we must normalize the constants ¢, to N (where WN is the total 
number of atoms in the aggregate). The new normalization is expressed hy the 
restriction 
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dealing with a superposition of states. On the basis of our statistical 
interpretation, this implies that an aggregate of excited atoms cannot 
radiate when all the atoms are in the same state. To take a particular 
example, we may suppose that the wave picture indicates a superposition 
of the two states F,, and E,, so that some of the atoms of the aggregate 
are in the state #’, and others in the state H,. If we assume that the level 
E,, is the higher, the atoms in this level will drop to the lower state E;, 
emitting radiation of frequency ae 
the precise lower state E;,, because other lower states are not represented 
in the wave picture.) The intensity of the radiation emitted is, according 
to Schrédinger, proportional to the squared amplitude of the vibrating 
centre of the charge cloud, and can be shown to be proportional to 
c,cnc,cy. In Born’s statistical interpretation, the intensity of the 
radiation is thus proportional to the product of the numbers of atoms 
in the two states, E, and E,, between which the drops oceur. We are thus 
Jed to the conclusion that when all the atoms are in the same state E,,, no 
radiation can arise. 

All these expectations are in conflict with facts, for experiment shows 
that the intensity of the radiation emitted is proportional solely to the 
number of atoms in the higher state, and hence to c,¢*. Obviously. 
something is fundamentally wrong in Schrédinger’s theory of radiation, 
even when it receives the statistical interpretation. Dirac has since 
remedied Schrédinger’s treatment. In Dirae’s analysis the intensities 
of the radiations emitted by an aggregate of atoms are proportional to 
the numbers of atoms in the higher states whence the drops oceur. The 
numbers of atoms in the lower states do not affect the radiation, so that 
in an aggregate of atoms all of which are excited to the same higher 
state, the atoms will fall to lower states and will radiate. Thus, the 
difficulty mentioned is removed entirely. Dirac’s theory, which we shall 
not elaborate here, is a highly abstract mathematical scheme; it cannot 
be interpreted in terms of familiar notions. 

The waves and the superpositions of waves considered to this point 
were discussed in connection with the hydrogen atom. But the general 
conclusions we have derived, and the normalizations we have imposed, 
will be retained in all eases where we are dealing with a superposition 
of de Broglie waves, whether the superposition yields diffuse regions or 
concentrated wave packets. 


(Drops ean occur only to 


The Various Probabilities—In the last few paragraphs we stressed 
the statistical interpretation of a wave picture, and so we connected the 
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waves with a swarm of atoms, electrons, or particles. In the following 
pages we shall revert to our original method of connecting a wave picture 
with a single particle. Both methods are acceptable, and, except for 
minor changes in terminology, the conclusions derived from the appli- 
cation of one method remain valid when the second method is applied. 

Several subtle points must be mentioned in connection with a wave 
picture. Some of these were explained in Chapter XXX. We remarked 
that a wave picture furnishes the probability that the particle will be 
found at a given instant in a given volume dzdydz, and that the picture 
also yields the probability that the particle will be found to have the 
momentum and energy corresponding to this, or to that, component wave. 
But we stressed that the two kinds of information were never valid simul- 
taneously. Thus, if a position observation is performed at a specified 
instant, we shall find that the position of the particle is in agreement with 
the requirements of the wave picture; but, in this event, the information 
the picture gives on the momentum and energy of the particle becomes 
incorrect (and vice versa). We traced this situation to the disturbance 
which measurements generate. A further point, that was mentioned re- 
ferred to the difference between a measurement which is observed and 
one which is not observed. We noted that the disturbance suffered by 
the wave picture was not the same in the two cases. We shall now 
examine these points in greater detail. 

Let us revert to the wave phenomenon depicted in (7). It represents 
various stationary de Broglie vibrations having different frequencies, 
and also various intensities from place to place. According to the 
rules given by Born, 


(20) uu*drdydz (at P and at t) 


is the probability that the particle, or electron, will be found at time ¢ 
in the volume drdydz surrounding the point P. The explicit expression 
of uu* for the wave superposition (7) is given by the formula (9). Ac- 
cordingly, the probability (20) is 


ate, = Bye 
"baie. ie 
(215) | Sexckvavt+ Dechnivye : [asduae. 
k j 


The manner in which this probability at a given point P varies with time 
is expressed by the last term mea er 

The probability (21) is correct, however, only when no measurements, 
whether observed or not, are performed on the electron prior to the posi- 
tion observation. All such measurements would necessarily disturb the 
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original wave picture (7) and would compel us to reject it in favor of a 
new one constructed in an appropriate way. The original picture (7) 
could then no longer be utilized for the purpose of computing proba- 
bilities. 

As a particular illustration of a disturbance imposed on the wave 
picture (7), let us suppose that we perform an energy observation and 
find that the electron has the energy Ex. Our observation disturbs the 
original picture and we must replace it by a new one. The new picture 
is easily constructed when we take the uncertainty relations into account 
and recall that c,c% is the probability that the electron will be found to 
have the energy E,. According to the uncertainty relations, an energy 
measurement does not disturb the electron’s energy. Hence we may be 
sure that if a second energy measurement is repeated immediately, the 
same energy E, will still be found. The new wave picture must therefore 
express the fact that the value HE, for the energy of the electron is a 
certainty. This requires that the value of c,c% in the wave picture be 
1, 1.e., the expression of a certainty. If we assume that the constants c 
are real, this condition implies ¢,= 1. Also, since the probability that 
the energy of the electron has a value EF; differing from EF; is zero, we 
must set c, cf = 0, and hence c,=0. In short, the new wave picture will 
be one in which c; = 1 and all the other constants vanish. 

We also note that, according to the uncertainty relations, an energy 
observation disturbs solely the magnitude which is conjugate to energy 
(7.e., time) ; in particular, it does not disturb position. As a result, the 
energy observation will not modify the various amplitude functions 
y(x, y, 2) which appear in the wave expression (7), and which are inde- 
pendent of time. The value of the time ¢ in (7) will, however, become 
uncertain ; but this last feature does not affect the problem we have in 
view. Collecting these results, we conclude that the new wave picture 
will be obtained from (7) by setting ¢,=1 and by cancelling all the 
other constants. The new wave picture is thus 


2ri 


(E,, + m,e?)t 
(22) U = p(x, y, 2)e : 


The symbol w is taken for the wave function in place of w, so as to stress 
that the wave pictures (22) and (7) are not the same. 

From the new wave picture, we obtain the probability that the electron 
will be found in a volume dxdydz about a point P. According to Born’s 
assumptions, this probability is 


(23) wi*dedydz or p,ytdxdydz (at P). 
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In contradistinetion to the probability (21), the present one does not 
depend on time. 

The physical significance of the two probabilities (21) and (23) is 
entirely different. Thus (21) expresses the probability that the electron 
will be found in the neighborhood of a point P at time t, when only 
probable values of the electron’s energy (as illustrated in the wave pic- 
ture) are known. On the other hand, (23) determines the probability 
that the electron will be found in the neighborhood of the point P at any 
instant when we know that its energy is Ex. 

A third kind of probability which also deals with the electron’s posi- 
tion may be mentioned. To understand how it arises, we must recall 
a few elementary notions of the calculus of probabilities. Suppose that 
one among a number of different events A, As, As, ... Ay is certain 
to occur; and suppose that a second event B may, but need not, arise 
after one of the events A has taken place. The event B is thus not certain 
to occur, though there is a certain probability that it will occur. We 
represent this probability by b. 

Let a, @2, . . . dn be the probabilities of the events A;, Ao, ..~. An 
and let by, bo, ... b, represent the probabilities of B taking place 
after A, or Az or... or A, has oceurred. In other words, 7f we know 
that the event A, has occurred, the probability that B will arise is ),. 
But suppose we do not know whether or not A; has occurred. Since this 
event has a probability a, of taking place, the caleulus of probabilities 
entitles us to assert that a,b; measures the probability that A, will occur 
and be followed by B. Since one of the events A necessarily precedes B 
in any case, we conclude that the probability of the event B taking place, 
regardless of which of the events A has preceded it, is given by the sum 
of the previous probabilities of type axb;. This probability is of course 
none other than the probability b of the event B taking place. We thus 
obtain the equality 


<=? 
(24) b= AxDx. 
k=l 
Let us apply these considerations to the wave picture (7). We have 
seen that the expression (21) measures the probability that the electron 
will be found in the neighborhood of a point P. We now propose to 
obtain the same probability in a different way by following the method 
just outlined. Thus we have already shown that if the electron is found 
to have the energy E,, the probability that it will be located in a given 
volume dzdydz is (23). Since the probability that the electron will be 
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found to have the energy E;, is known to be c,c{, the probability that it 
will be found to have the energy EF, and also be situated in the volume 
dxdydz about the point P is given by the product of c,cfand (23). 
The probability is thus 


(25) c, chp, pi dadydz (at P). 


Hence, according to the general probability considerations mentioned in 
the preceding paragraph, the probability that the electron will be located 
in the volume dzdydz, regardless of the value that may have been found 
for its energy, is 


(26) De, cry, pydadydz (at 2). 
k 


On reverting to the example of the events A and B, we note that the 
probability b there considered is the analogue of the probability (21), 
and the probability Za,b; the analogue of (26). The equality (24) 

k 


therefore entails the equality of the two probabilities (21) and (26). 
But a mere inspection of these two expressions shows that they are 
different. In particular, (26) lacks the last term of (21). Thus, we 
appear to be faced with a contradiction. The paradox is easily ex- 
plained, however, for we shall find that the situations contemplated in 
the calculations of the two probabilities (21) and (26), though equivalent 
from the standpoint of classical science, are different in the quantum 
theory. This prompts us to examine more carefully the significance of 
the probability (26). ; 

Let us suppose that we start from the wave picture (7) and that an 
energy measurement is made. The result of the measurement is observed, 
and we find that the energy of the electron is Hy, for instance. The wave 
picture must then be modified, and the picture (22) is obtained. But 
suppose that when the energy measurement is made, we happen to be 
looking in some other direction. As we have no idea of what value the 
energy may have, we no longer obtain the picture (22). On the other 
hand, the measurement necessarily disturbs the picture (7). According 
to the uncertainty relations, its effect is to render time uncertain. Since 
no other modification is entailed we conclude that, after the energy 
measurement has been performed, we shall still be left with the original 
wave picture (7), but that in this picture the value of the time variable t¢ 
is now uncertain. 

Let us apply Born’s first assumption to this wave picture (7) in 
which time is uncertain. According to Born’s assumption, the proba- 
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bility of the electron being found in a volume dadydz is uu*dxdydz, 
where ww* is the intensity of the wave in the above picture. Since the 
new picture is the same as (7), except for the uncertainty in time, we 
might expect the probability just written to be the same as (21). But 
this is not so, for as a result of the uncertainty in time the new proba- 
bility is determined not by (21), but by (21) averaged over a long 
period of time. The average value of the last term of (21) is zero, and 
so the average value of (21) is simply the first term—and this first term 
is precisely the probability (26). We conclude that the expression (26) 
measures the probability that the electron will be found in a volume 
dxdydz after an energy measurement which has not been observed, has 
been performed on the electron. 

We are now in a position to compare the meanings of the probabilities 
(21), (26), and (23), each one of which is claimed to define the proba- 
bility that, as a result of a position observation, the electron will be 
located in the tiny volume drdydz surrounding the point P. 

I. The probability (21) apples to the case where no energy measure- 
ment is performed. 

II. The probability (26) applies to the case where an energy measure- 
ment is made, but is not observed. 

III. The probability (23) corresponds to the situation where an en- 
ergy measurement is not only made, but is also observed. 

The only difference between the situations I and II is that, in the lat- 
ter, an energy measurement (unobserved) is made. We conclude that 
the physical disturbance caused by this measurement is responsible for 
the difference in the two wave pictures, and hence in the two probabilities. 
In the situations II] and III, exactly the same energy measurement is 
made, so that the difference in the two wave pictures does not arise from 
the measurement; it arises solely from the fact that, in II, the energy 
measurement is observed. This observation, and therefore the cognitive 
act, entails the difference in the two corresponding wave pictures, and 
hence in the two probabilities. The foregoing illustrations bring out 
clearly the different meanings that must be ascribed to the various changes 
in our wave picture, i.e., to those changes generated by the disturbing 
effects of a measurement as such, and to those entailed by an observation 
of the measurement, namely, by a cognitive act. 

We have seen that the change in the probability, when we pass from 
the situation I to the situation II, is due entirely to the physical disturb- 
ance generated by the energy measurement. On the other hand, this 
change in the probability is expressed in the wave picture by a change 
which we obtain by applying the uncertainty relations (as between energy 
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and time) to the original picture (7). Thus, the wave form of repre- 
sentation, supplemented by the uncertainty relations, affords a self- 
contained scheme for calculating the probabilities. We need no added 
correction to allow for the disturbances due to the measurements; these 
disturbances are automatically taken into account when we apply the 
uncertainty relations to the wave picture. 

The intrusion of probability considerations in the interpretation of 
physical phenomena is not peculiar to the quantum theory, for probabili- 
ties were also utilized in classical physics. In the quantum theory, how- 
ever, these probabilities are regarded as essential, whereas in classical 
science they were viewed as makeshifts introduced to overcome our 
ignorance of the fundamental processes. But we now propose to establish 
a comparison between the probabilities of the two theories from a totally 
different point of view.: 

We recall that in classical physics a measurement, as such, could 
have no disturbing effect on the course of events. Physicists recognized, 
of course, that a measurement performed in a clumsy way would occasion 
a disturbance; but a disturbance of this kind was regarded as casual, and 
the accepted belief was that by exercising sufficient care, we could reduce 
it to a vanishing point. On the other hand, it was admitted that if a 
measurement were observed, the added knowledge derived from the 
observation would affect the probabilities we could assign to future 
events. The classical view may be summarized by the statement that 
a measurement which is unobserved can exert no effect on the probabili- 
ties, but that a measurement which is observed will affect them. 

These considerations show that, from the classical standpoint, the 
situations I and II are equivalent and should be associated with the same 
value of the probability. Since, in the quantum theory, these two situa- 
tions and their attendant probabilities are different, the classical and 
the quantum theories are in disagreement. The situation III need not 
detain us, for both theories recognize that the observation of a measure- 
ment injects a new element and must modify the probability. Thus, the 
main difference between the classical and the quantum theories resides 
in the distinction which the quantum theory establishes between the 
situations I and II. 

We are thus led to inquire which of the two quantum probabilities 
(21) and (26) is the one most in harmony with classical anticipations. 
As we shall see, the classical probability is furnished by (26), whereas 
(21) is revolutionary and incomprehensible from the classical standpoint. 
The reason for this statement becomes clear when we examine the wave 
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pictures more attentively. But first we must recall the acoustical problem 
of ‘‘beats,’’ mentioned in the last chapter. 

Suppose we place side by side two diapasons vibrating with fre- 
quencies »; and v2 respectively. Each diapason emits sound waves, so 
that the two wave trains issuing from the diapasons are superposed. At 
any given point P, the waves of the two trains may happen to be in 
phase at the instant considered, and in this event the resultant amplitude 
due to the superposition of the two waves will be a maximum. But since 
the frequencies 7; and v2 of the two sets of waves are not the same, the 
concordance in the phases cannot last, and after a certain time the phases 
at the point P will be opposite. The resultant amplitude is then a 
minimum. A simple calculation shows that the resultant vibration is 
harmonic, that its frequency is the mean of the frequencies », and 9, 
and that its amplitude oscillates with frequency-|»1—2| between its 
maximum and its minimum values. In acoustics the intensity of a 
musical note is proportional to the square of the amplitude of the vibra- 
tion. Hence at the point P, the ear will detect a periodic rise and fall in 
the intensity of the sound. The phenomenon is particularly noticeable 
when the frequencies »; and 72 differ only little. At any instant the 
regions of space where a reinforcement of the sound occurs define con- 
centric spheres having as centre the point where the diapasons are 
situated. As time passes, these spheres expand with the group, or the 
amplitude, velocity. 

The phenomenon of beats which we have just described illustrates a 
wave manifestation, and we might therefore be tempted to expect its oc- 
currence for optical waves. Thus, if two monochromatic point-sources 
emitting light of different color were to replace the two diapasons, the 
superposition of the two wave trains might be expected to give rise to 
luminous and obscure spherical surfaces which would alternate and would 
expand from the point occupied by the sources. A sheet of paper placed 
in the region of interference would then be covered at any instant with 
brilliant and with dark bands. The bands would, however, be moving 
across the paper, so that the interference pattern produced would be a 
mobile one, and hence would differ from the permanent pattern mentioned 
in connection with Young’s optical experiment. The bands would move 
with tremendous speed, but by giving a suitable inclination to the sheet 
of paper, we could reduce this speed and the mobile bands might be 
observed. 

If the two wave trains emitted from the two point-sources were 
regular (i.¢., without abrupt changes in the phases), the interference 
phenomenon just described could be realized. But, as we mentioned when 
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discussing Young’s experiment (Chapter XIX), wave trains emitted 
from a point-source invariably present discontinuities owing to the phases 
of the waves undergoing sudden jumps. Because of these abrupt jumps, 
the interference bands will not advance with uniform motion across the 
paper, but will be subjected to shifts thousands of times every second, 
so that only a uniform illumination will be observed. The intensity of this 
uniform illumination will have an average value, which will be a com- 
promise between the brillianey of the bright bands and the obscurity of 
the dark ones. Thus, in practice, the interference effect is destroyed by 
the abrupt changes in the phases,t and the wave attributes of light cease 
to be conspicuous. As we shall now see, the phenomena we have just 
discussed also occur for superpositions of de Broglie waves of different 
frequencies. 

Let us revert to the original wave picture (7) in which de Broglie 
vibrations of different frequencies are superposed. The vibrations are 
assumed regular, 1.e., they exhibit no sudden changes in their phases. 
This assumption is plausible, since the discontinuities in the phases, noted 
for optical waves, are due to the discontinuity in the emission of radia- 
tion from matter ; whereas de Broglie waves are merely symbolic, and we 
do not have to consider by what process they come into existence. We 
shall also assume that no energy measurement is performed, so that no 
disturbance arises in the wave picture. 

The intensities of the individual monochromatic stationary waves at a 
point P are defined by the values of the various expressions yy; at this 
point. Obviously these intensities do not vary, with time. But the super- 
position of the different monochromatic waves will generate the inter- 
ference phenomenon of beats, so that the resultant intensity wu* of the 
superposed waves will vary with time at any fixed point. This variation 
of wu* is expressed analytically in the formula (21). It is true that the 
present interference phenomenon is more complicated than the one we 
discussed in the acoustical case, because we are now dealing with a large 
number of superposed de Broglie waves instead of only two; the nature 
of the phenomenon is essentially the same, however. 


t In discussing Young’s experiment in optics, we saw that the abrupt jumps in the 
phases of the superposed waves did not necessarily preclude the formation of an 
interference pattern. All that was required for an interference pattern to be produced 
was that the abrupt jumps in the phases of the two superposed vibrations at a common 
point P should occur simultaneously and be the same. In Young’s experiment we 
were dealing with superposed waves having the same frequency. But when we pass 
to the phenomenon discussed in the text, where the frequencies of the superposed waves 
are not the same, the situation is different, and an interference pattern can arise only 
when the two superposed wave trains are regular, 
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When we recall that the resultant intensity of the superposed de 
Broglie waves, at a point P, represents the density of the probability that 
the electron will be found at this point. we understand the justification for 
referring to this probability as an interference of probabilities. 

Next let us suppose that an energy measurement is performed but is 
not observed. This measurement renders time uncertain, and hence the 
phases of the vibrations also become uncertain; the measurement does not 
affect the intensities of the individual component waves, for these are 
independent of time. On the other hand, the uncertainty in the phases 
prevents the constituent vibrations from having well-defined phases at 
every instant. It would be as though the regularity of the vibrations were 
destroyed by abrupt jumps in the phases, these jumps occurring at ran- 
dom. The phenomenon of beats no longer occurs, and the resultant in- 
tensity uwu* does not vary with time; instead, it assumes a permanent 
average value at each point, and its mathematical expression is given 
no longer by (21), but by (26). Thus, the interference effect illustrated 
in the beats is destroyed by the energy measurement, and the probability 
(26) does not express an interference of probabilities. 

Now, the revolutionary disclosures of wave mechanics concern the 
wave aspects of matter. Since these wave aspects manifest themselves 
in an interference of probabilities, whereas they cease to be conspicuous 
when the interference effect is destroyed by the disturbances provoked 
by a measurement, we must conclude that the probability (26), not (21), 
is the one which is in closest agreement with classical ideas. 

The foregoing considerations show that the energy measurement, by 
destroying the wave aspect of the probability, has transformed the prob- 
ability into one with which classical thought was acquainted. The circum- 
stance, however, must be regarded as accidental, for the quantum 
disturbances responsible for this transformation were unsuspected in 
classical science. 

In the above examples we have examined the disturbing effect of an 
energy measurement on an interference pattern. All measurements, 
however, generate disturbances of one kind or another, so that in any case 
when a measurement (even unobserved) is performed, the wave picture 
is modified in some important respect. As an example, let us suppose that 
a position measurement is made at some specified instant, but that the 
result of the measurement is not observed. Insofar as we are performing 
a space-time measurement, the magnitudes conjugate to space and to 
time will be disturbed in some unpredictable way. The average values 
of the disturbances are governed by the uncertainty relations, and they 
inerease with the precision of our measurement. The wave picture will 
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thus be modified, the waves being affected in their wave lengths and fre- 
quencies. The original interference effect will be destroyed. Suppose, 
on the other hand, that the position measurement is observed and that 
we locate the particle in a volume dxdydz. The wave picture undergoes 
a more drastic change, for we must now replace it by a wave packet 
occupying the volume dxdydz and formed by the superposition of appro- 
priate waves. 


CHAPTER XXXV 
THE HELIUM ATOM 


OnE of the most important features of the helium spectrum, which 
Bohr’s theory was unable to explain, was accounted for by Heisenberg 
when he applied his matrix method to the theory of radiation. Heisen- 
berg’s findings may be transcribed into the language of wave mechanics 
and it is in this form that we shall examine them here. Their interest 
lies not so much in the solution they afford of a difficulty encountered 
in the helium atom, as in the light they shed on the significance of Pauli’s 
Exclusion Principle. 

Let us recall briefly the theory of the helium atom as we left it in 
Bohr’s theory. In the helium atom two electrons are circling around 
an alpha particle which forms the nucleus. The electrons are assumed 
to be spinning on their axes. The axes of spin may set themselves parallel 
or antiparallel, so that the spins may be in the same or in opposite direc- 


tions. In the former ease, the resultant spin vector s has the value s = 0, 
and the energy levels are single. In the latter case, s = 1, and the levels 
are triple. In the basic singlet level, both electrons are circling in the 
lowest orbit, the four quantum numbers attached to the electrons being 
respectively 


: I 
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But in the basic triplet level, where the spins must be in the same direction, 
Pauli’s exclusion principle prevents both electrons from being situated in 
the lowest level, for if they were, the four quantum numbers connected 
with the two electrons would be the same. We must assume therefore that 
in the basic triplet level one of the two electrons, which in Bohr’s theory 
plays the part of the optical electron, is situated in the next higher level, 
i.e., ©=2. If we refer to the optical electron as the first electron and 
indicate the quantum numbers accordingly, the four quantum numbers 
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associated with each of the two electrons (now spinning in the same 
direction) are 


When the optical electron drops from one singlet level to another, 
spectral lines of the singlet type are produced. And when the drops occur 
between triplet levels, we obtain triplets for the spectral lines or triplets 
with satellites. The spectrum of singlets is referred to as the para- 
spectrum and the spectrum of triplets is called the ortho-spectrum. These 
appellations were coined at a time when the two different kinds of spectra 
were attributed to two different species of the helium atom, 7.e., para-helium 
and ortho-helium. Later it was recognized, thanks chiefly to the intro- 
duction of the spinning electron, that the same helium atom was re- 
sponsible for both kinds of spectra, but the original prefixes para and 
ortho were still retained for the two different kinds of energy levels and 
spectral series. 

A peculiarity of the helium spectrum is that the lines which would 
be caused by drops from a singlet level to a triplet level, or from a triplet 
level to a singlet one, do not occur. Such drops appear to be forbidden. 
This implies that the quantum number s cannot change during an energy 
transition ; and in the particle picture it means that, during a drop, the 
spins of the two electrons must retain their relative directions (parallel 
or antiparallel). Now a satisfactory theory of the helium atom should 
provide a means for anticipating the impossibility of the drops connected 
with a change in the value of s. Bohr’s theory, we recall, relies on the 
correspondence principle to determine forbidden drops. Unfortunately, 
this principle yields no information on the possible changes of the quantum 
number s; it deals only with the quantum numbers / and j, and so is of 
no use in our present problem. We cannot circumvent the difficulty by 
claiming as a general rule that changes in the value of s are excluded in 
principle, for in many atoms such changes are known to occur. One of 
the outstanding successes of the new quantum theory has been to show 
why, in the case of the helium atom, the quantum number s cannot change 
during a drop. 

Before examining the wave-mechanical treatment of the helium atom, 
certain features of configuration spaces must be recalled. In classical 
mechanics, when we are dealing with a system having N degrees of free- 
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dom, we can represent the motion of this complicated system by means of 
the motion of a single point-mass (say, of unit mass) in a configuration 
space of V dimensions. The configuration space may be Euclidean or 
non-Euclidean, i.e., curved. The complexity of the mechanical system is 
thus reduced through the device of the configuration space, but, as against 
this, the number of dimensions of the space in which the motion occurs is 
inereased. 

In mechanics, this procedure is recognized as artificial, though it is 
adopted in theoretical discussion when it simplifies a demonstration. 
But in wave mechanics, the introduction of a configuration space is a 
necessity, for when this course is not followed, incorrect results are ob- 
tained. Of course, when we are dealing with a single particle moving in 
space, and when we assume that the particle is incapable of rotating, so 
that it has only three degrees of freedom, the configuration space coincides 
with ordinary space; in such cases the de Broglie waves are represented in 
ordinary space. This situation is illustrated in the problem of the 
hydrogen atom when we view the nucleus as fixed. There is then but 
one particle (the electron) to be considered, and the de Broglie modes of 
vibration are therefore pictured in ordinary space. On the other hand, 
when the nucleus is no longer regarded as fixed, we have two particles to 
consider ; our system now has six degrees of freedom, and the de Broglie 
waves must be represented in a 6-dimensional configuration space. A 
similar situation is encountered in the problem of the helium atom, for, 
owing to the presence of two electrons, the system has more than three 
degrees of freedom, even when we view the nucleus as fixed. 

We shall investigate the helium problem by a method called the 
‘method of perturbations.’’ The word perturbation is borrowed from 
celestial mechanics. In this science the mechanical problems we are called 
upon to solve are extremely complicated because of the large number of 
planets which exert mutual gravitational attractions. But in many cases 
we may neglect as a first approximation some of the mutual attractions, 
and when this is done, we obtain a problem which can be solved more 
readily. This simplified problem, when solved, serves as a basis for the 
higher approximations. 

For example, let us consider the motions of the earth and of the 
planet Jupiter around the sun; we assume that the sun is fixed, and we 
disregard the presence of the other planets. If it were not for the mutual 
attraction between the earth and Jupiter, the problem of determining the 
motions of the two planets would be an easy one: in this simplified problem 
both planets would describe ellipses around the sun. But because of 
the mutual attraction, the motions are more complicated and the problem 
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is difficult to solve. We note, however, that the mutual attraction is small 
in comparison with the action of the sun on either planet. Consequently, 
the actual motions of the two planets will not differ greatly from their 
elliptical motions in the simplified problem. To obtain the actual motions, 
we therefore start from the simplified problem and then regard the 
mutual attraction between the earth and Jupiter as introducing a small 
perturbation. The actual motions are thus viewed as resulting from a per- 
turbation imposed on the simple motions. For this reason the simplified 
problem is called the unperturbed problem, whereas the problem of as- 
certaining the actual motions is named the perturbed problem. Our aim 
is to determine the effect of the perturbation on the unperturbed motions. 
The precise effect of the perturbation is not obtained immediately, how- 
ever, but only as a result of a series of successive approximations. In 
other words, we pass from one stage of approximation to the next, refining 
our results at each step. This method of solution constitutes the method 
of perturbations. 

In Bohr’s theory of the atom, where the problems to be solved were 
often of considerable difficulty, the method of perturbations was fre- 
quently applied. As may well be imagined, the corresponding problems, 
when treated by wave mechanics, are also extremely difficult ; and it there- 
fore appeared advisable to construct a wave theory of perturbations. A 
wave theory of perturbations was first developed by Schrédinger and at a 
later date by Dirae and others. Schrédinger’s theory of perturbations 
has been of great assistance in the problem of the helium atom. In dealing 
with the helium atom, we shall assume that the alpha particle (nucleus) 
is fixed ; furthermore, we shall treat the problem by means of the classical 
wave equation, all relativistic refinements being disregarded. The spins 
of the two electrons will, however, be taken into account. The omissions 
we are here making do not affect results perceptibly, so that we are not 
simplifying the situation unduly. 

The solution of the helium problem is divided into three steps: 

I. We suppose that the two electrons, which in the particle picture 
circle around the nucleus, exert no mutual repulsions due to their electric 
charges. We also disregard the existence of any spin. This model of 
the helium atom is of course incomplete, but it serves as a first approxi- 
mation. We shall refer to this incomplete atom as the ‘‘unperturbed 
helium atom.’’ 

II. We next supplement our model by taking into consideration the 
mutual electrostatic repulsion between the two electrons; but we still 
disregard the spins. This mutual repulsion is assumed to act as a per- 
turbation on the first model, and so we call our supplemented model ‘‘the 
perturbed helium atom.’’ 
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III. Finally, we assume that the electrons are spinning. The spins 
generate magnetic fields, and the two electrons are subjected to inter- 
actions occasioned by these fields. In this picture the model of the 
helium atom is completed, and we may refer to it as ‘‘the completed 
helium atom.”’ 


The First Step—We call the two circling electrons a and b. Sup- 
pose one of the two electrons is removed, so that, say, the electron a is the 
only one present. The situation is now the same as in the once-ionized 
helium atom. The problem differs from that of the hydrogen atom only 
by the fact that the electrie charge of the helium nucleus is twice that 
of the proton-nucleus of hydrogen. 

If, then, we treat the problem by the methods of wave mechanics and 
disregard the relativistic refinements and also the electron spin, we obtain 
practically the same results as we did for the hydrogen atom in Chapter 
XXNII. The only difference will be that the eigenvalues of Schrédinger’s 
present wave equation will have four times their former values, and this 
implies that the energy levels will have four times the numerical values 
of the energy levels of hydrogen. We shall also find that, corresponding 
to each energy level, or eigenvalue E,, there are n? independent eigen- 
functions wnzm (represented by giving all permissible values to J and to m, 
while the value of » is kept fixed). These eigenfunctions, or amplitude 
functions, determine the distributions of the amplitude of the de Broglie 
waves in the modes of vibration associated with the various stationary 
states. No special peculiarity enables us to differentiate one electron 
from the other; and, if instead of the electron a, we had selected the 
electron b as planetary electron in the ionized helium atom, exactly the 
same energy levels and eigenfunctions would have resulted. Let us 
represent by E* and E> the nth energy level of the ionized helium atom 
when it is the electron a or the electron b which is assumed to be circling 
round the nucleus. Obviously we have 


(1) Et = EY. 
Similarly for the eigenfunctions, we may write 
(2) = Unies: 


We must now consider the wave-mechanical treatment when the two 
non-interacting electrons a and b are present simultaneously in the atom. 
According to the usual methods, we replace our system of two electrons by 
a single point-mass moving in 6-dimensional space; the coordinates of a 
point in this configuration space are, for instance, the Cartesian co- 
ordinates Lay Yay Za Ld» Yo, 2» Of the two electrons in ordinary 3-dimensional 
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space. The Schrédinger wave equation which illustrates this situation is an 
equation controlling an amplitude function in 6-dimensional space. Its 
eigenvalues are merely the sums of the eigenvalues we have just considered. 
Our new eigenvalues are thus 


= m=) 23 oe 

3 THE Se 13 ’ 
(3) i = I 3), abe 
where ” and n’ may assume independently all positive integral values. 
The corresponding eigenfunctions are the products of our former eigen- 
functions, and are therefore of type 


(4) Yrum Pm tm? 


where n and n’ have the same values as in (3), but where J, m, l’, and m’ 
may have all permissible values (as explained in connection with the 
hydrogen atom). 

These results may easily be interpreted in the particle picture in 
ordinary 3-dimensional space. Thus the eigenfunction (4) corresponds 
to the situation where the electron @ is in the orbit (n, 1, m), while the 
electron b is in the orbit (n’, 1’, m’). The energy (3) of the unperturbed 
atom is then the sum of the energies of the two electrons. No additional 
energy comes into consideration, because we are assuming that the elec- 
trons do not interact, and so have no mutual potential energy. The 
various eigenfunctions (4) define the modes of vibration of the de Broglie 
waves in 6-dimensional space for our unperturbed helium atom; hence we 
may also say that the particular eigenfunction (4) determines the mode of 
vibration when the electron a is in the sub-sublevel (n, 1, m) while the elec- 
tron b is in the sub-sublevel (”/’, I’, m’). 

Let us determine what kind of spectrum would be emitted by a helium 
atom constituted as we are now supposing. For simplicity, we shall as- 
sume that one of the two electrons, e.g., the electron a, remains in the low- 
est orbit »=1. The second electron b will be raised to higher orbits. 
Our energy levels are now 

EY + E°, 


(5) 
Ee eS 
FH Mpa 
The lowest of these levels is the one at the base of the column. Let US, 
then, consider the various drops in the energy when the atom drops from 
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the higher levels to the lowest one. According to our scheme, these 
energy drops will be accompanied by the drops of the electron b from the 
various orbits ”’ to the lowest orbit 1 while the electron a continues to 
circle in this lowest orbit. Let us consider the frequencies that will 
be radiated. Since Bohr’s frequency condition is known to give the cor- 
rect frequencies, we may apply it in the present case; and we thus find 
that the frequencies radiated will be 
b — fob — Fru =a rd 
(6) —— BY Ee oi (i= Poa...) 
h h 

Since the energy levels E?, and E? have four times the values of the 
hydrogen levels, the frequencies (6) will be four times greater than are 
those of the corresponding hydrogen series (t.e., the Lyman series). Ex- 
actly the same frequencies would be radiated if we assumed that the 
electron a dropped while the electron b remained on the lowest orbit. 

Our present scheme indicates that the spectral lines of helium will 
all be single, whereas the observation of the helium spectrum shows that 
many of the lines are triple. This discrepancy should not surprise us, 
however, for in our present treatment the interaction between the two 
electrons of the atom has been disregarded. 

We must now draw attention to the degeneracy of the problem. We 
explained in Chapter XXXII that an atomic system is said to be non- 
degenerate if to each eigenvalue (energy level) corresponds only one 
eigenfunction (mode of vibration) ; and that the system is degenerate if 
more than one eigenfunction is association with each eigenvalue. Equiva- 
lently we may say: Whether the system be degenerate or not, only one 
mode of vibration is associated with each energy level; but in the event of 
degeneracy two or more of the energy levels coalesce, so that different 
modes of vibration (having the same frequency) appear to be associated 
with the same level. 

The consequences of degeneracy are particularly noticeable when the 
atomic system is subjected to some perturbing influence; for this in- 
fluence may modify in different degrees the various energy levels, with 
the result that the coalesced levels may become separate. The degeneracy 
is then said to be removed partly or entirely, and the number of distinct 
energy levels is thus increased. On the other hand, in the absence of de- 
generacy, a perturbation, though modifying the energy values, cannot 
increase the number of distinct energy levels. These considerations play 
an important part in the theory of the helium atom, because we shall find 
that our present unperturbed atom is degenerate. 

Let us examine the nature of the degeneracy in the unperturbed helium 
atom (i.¢., when the mutual repulsions of the two electrons are disre- 
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garded). The expressions (3) and (4) show that each energy level 
eg + E*, will be associated with a number of eigenfunctions Lr ae 
(in which n and n’ have the same values as in the energy level). The 
theory of the hydrogen atom shows that there are n? independent functions 
VY" 1m and n’® independent functions PT am! Accordingly, there are 
n*n’? independent eigenfunctions (4) associated with each energy level 
(3). Equivalently we may associate an energy level with each one of 
these n?n’”? eigenfunctions and say that the corresponding n?n’? energy 
levels coalesce. The unperturbed helium atom is thus obviously de- 
generate. 

When we proceed to the second step in the solution of the helium 
problem, taking the mutual repulsion of the two electrons into considera- 
tion, the perturbation generated by the mutual repulsion removes the 
degeneracy in part; and some of the coalesced energy levels are separated. 
Each one of the energy levels Et + E>, will then be split into n?n”? 
sublevels defined by the different values that may be given to the quantum 
numbers l, m, l’, and m’. Consequently, a much larger variety of spectral 
lines may be expected. Calculation shows, however, that the separations 
between the sublevels issuing from the same coalesced level will be so 
small that no perceptible complication of the spectrum can ensue. Under 
these conditions the form of degeneracy we have been discussing might 
as well be inexistent; and in the sequel we shall disregard it and treat 
the levels as though they were single. This simplified treatment implies 
that we are not distinguishing those eigenfunctions y* ae Peo mn! 
for which the numerical values of n and of n’ remain fixed. Accordingly, 
we shall represent the eigenfunctions en yr y?,, the quan- 
tum numbers l, m, l’, and m’ being omitted. In short, with each energy 
level (3), namely, 


(7) Ee, 
is associated one eigenfunction, or mode of vibration, 
(8) Pa Pa 


But there is another type of degeneracy over which we cannot pass 
so lightly. It arises for the following reasons: 
Consider the two energy levels 


(9) He + E*, and HE + E,. 
They are associated respectively with the eigenfunctions 


(10) yry?, and py? yt, 
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As will be explained presently, the two eigenfunctions (10) are differ- 
ent. Consequently, the energy levels (9), with which these eigenfunctions 
are associated, must be viewed as different. On the other hand, the 
equalities (1) show that the numerical values of the two energy levels (9) 
are exactly the same, so that the two levels coalesce. The coalescence of 
the two energy levels (9), assoviated with the two different eigenfunctions 
(10), implies a state of degeneracy. For reasons which will be under- 
stood later, Heisenberg refers to this form of degeneracy as resonance 
degeneracy, or exchange degeneracy. We shall find that it plays a funda- 
mental réle in the theory of the helium atom. 

We must emphasize that we are entitled to view the levels (9) as 
different only because the two corresponding eigenfunctions (10) are 
themselves different. If these two eigenfunctions were identical, the two 
levels (9) would constitute a single level; there would be no coalescing 
of different levels and hence no resonance degeneracy. Let us, then, 
make clear for what reason the two eigenfunctions (10) are different. 

At first sight the eigenfunctions (10) appear to be exactly the same. 
Thus the first eigenfunction (10) expresses the amplitude distribution 
of the mode of vibration when the electron a is in the orbit » and the 
electron 6 in the orbit ”’, whereas in the second eigenfunction (10) the 
electrons are interchanged; and inasmuch as we have no means of dis- 
tinguishing one electron from the other, we might expect the two modes 
of vibration, and therefore the two eigenfunctions, to be identical. Now 
in point of fact, the two eigenfunctions would indeed be identical if they 
were to define amplitude distributions in the same ordinary 3-dimensional 
space. But we have said that the eigenfunctions and waves must be 
pictured in the 6-dimensional configuration space, and, as explained in the 
note, this feature causes the two eigenfunctions to be different.* 

These considerations show that different results are obtained according 
to whether we represent the waves of the two electrons in ordinary space 
or in the 6-dimensional configuration space. Only in the latter case does 


*If we call a, y, 2, x’, y’, 2’ the six coordinates of a point in 6-dimensional space, 
the value of one of the eigenfunctions at this point is 


Yn(a, y, 2) Wn (z’, y', 2’) 3 
whereas the value of the second eigenfunction at the same point is 


on(2’, y', 2 Wn (a, Y, 2). 
These two values differ for the same reason that 53 - 42 differs from 5° - 48. Thus, at 
any point of 6-dimensional space the two functions differ in value and so are different 
functions. The amplitude distributions of the two modes of vibration in 6-dimensional 
space therefore change when the electrons are interchanged. The energy, and hence 
the frequency of the de Broglie vibrations is, however, the same in either case. 
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resonance degeneracy occur. Since the assumption of resonance degen- 
eracy is essential to the interpretation of the helium spectrum, we recog- 
nize that, formally at least, the configuration space must be taken seriously. 
We pointed out in Chapter XX XIII that the fictitious nature of a con- 
figuration space of more than three dimensions deprives of all physical 
reality the de Broglie waves and the charge cloud represented in this 
space. The helium atom affords an illustration in which this symbolic 
nature of the de Broglie waves imposes itself. 

We note that not all the energy levels coalesce in pairs. Thus, if 
n’ = n, the two eigenfunctions (10) are the same, even in the configuration 
space, and their respective energy levels must be viewed as defining only 
one level. 

We may summarize our findings by the following statements : 

The energy levels 


(11) Eo + BP CE es 


are each of them single. 
The energy levels 


(12) Ee. -- BE, = E* + Ee, (n’ Zn) 
are double. 


Corresponding to an energy level (11), there is but one eigenfunction, 
viz., 


(13) yr pe (n=1,2,3...); 


and corresponding to an energy level (12), there are two different eigen- 
functions, viz., 


(14) ve, ye, and we ye, (n’ #1). 


We explained in connection with Schrédinger’s theory of radiation that 
the eigenfunctions must be normalized to 1. In the present case, the 
eigenfunction wy? p’,, for example, will be normalized if the product 
yr p>,pty > integrated throughout the 6-dimensional configuration 
space yields the value]. This normalization can always be secured; and 
we shall suppose that the eigenfunctions (13) and (14) are so normalized. 

We have also seen that, in the case of degeneracy, where two or more 
different eigenfunctions have the same energy value, we may select as 
eigenfunction any linear combination of these eigenfunctions. If we take 
a linear combination of the two different eigenfunctions (14), associated 
with the level (12), we obtain 


Crpiyy + Cove yt, 
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(where C, and C2 are arbitrary constants). According to our former 
statement, this linear combination (15) is also an eigenfunction connected 
with the same energy level. For this eigenfunction to be normalized to 1, 
the constants C, and C, must be restricted by the relation 


(16) C,C#+0,C8=1. 


The relation (16) may be satisfied in many ways; two permissible ways 
are illustrated by 


Tt 1 
17 ae C,=—— 
oD A= A v2 
and by 
YW all 
18 = LSS = 
(18) uate V2 


When these choices are made for the constants C’, we obtain from (15) 
the two normalized eigenfunctions 


il 


(19) a ene + pey*,) 
and 
i 
(20) i (pay?, — phys). 


The eigenfunctions (19) and (20) are mutually independent, though 
they are not independent of the eigenfunctions (14). The new eigen- 
functions are associated with exactly the same coalesced levels (12) as 
the simpler eigenfunctions (14) ; and we may, if we choose, select them 
in place of the eigenfunctions (14). Let us note, however, that if we are 
dealing with the energy level (11), which is single, we have only one 
eigenfunction at our disposal, namely, (13). As a result, the more 
complicated eigenfunctions of type (19) and (20) do not oeeur, and we 
retain the simple eigenfunction (13) as before. In our present un- 
perturbed problem, we need not consider the more involved kinds of 
eigenfunctions, but we mention them here, because they will impose 
themselves when we take into account the mutual repulsion of the two 
electrons. 

The simpler eigenfunctions wy>, may be given an immediate in- 
terpretation in the particle picture represented in ordinary 3-dimensional 
space. Let us see how this can be done. The wave determined by the 
mode of vibration y%y®, extends throughout the 6-dimensional configura- 
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tion space. It has two regions of maximum intensity. When the repre- 
sentation is made in ordinary 3-dimensional space, the two regions of 
maximum intensity are found to lie along two Bohr orbits of quantum 
numbers ” and n’ respectively. The waves exist, however, throughout 
3-dimensional space and vanish only at infinity. Since the intensity of 
a wave at a point measures the probability that a position observation will 
reveal the presence of an electron at this point, we conclude that the mode 
of vibration y*y?, has the following significance : 

If a position observation is made, the electrons a and b may be found 
anywhere in space; however, the electron a will most probably be found 
somewhere on the orbit n, and the electron b somewhere on the orbit n’. 

If we were basing our judgment on Bohr’s theory, where the electrons 
of an atom describe definite orbits, the vagueness of the wave picture 
could not be comprehended; and the nearest description of the present 
wave picture would be to say that the electrons a and b were describing 
the orbits n and n’ respectively. For the sake of convenience, we shall 
accept this inaccurate description of the mode of vibration wey? With 
this understanding, the other mode pry, represents a mere interchange 
in the orbits of the two electrons, and a mode such as yp? indicates that 
the two electrons are in the same orbit n. 

The particle interpretation of the more involved eigenfunctions (19) 
and (20) is not so simple. In these latter functions the electron a is 
associated at one and the same time with the orbit and with the orbit n’; 
and likewise for the electron b. This would seem to imply that each 
electron is at one and the same time on two different orbits—a situa- 
tion which is incomprehensible when electrons are viewed as particles. 
However, we may also suppose that each one of the two electrons occupies 
a single orbit » or n’; but that we have no means of deciding whether it 
is the electron a or the electron b which is, say, on the orbit n. 


The Second Step—We now consider the perturbed problem, in 
which the two electrons exert a mutual repulsion in accordance with the 
known laws of electrostatics. Schrdédinger’s wave equation which corre- 
sponds to this situation is more difficult to solve, and so we shall apply 
the method of perturbations. The eigenvalues and eigenfunctions will 
then be obtained by successive approximations. We shall consider only 
the first approximation, for it suffices to clarify the theoretical points of 
interest. For simplicity, let us suppose that, in the unperturbed problem, 
the only energy levels considered are those in which n’ = 1 while n has 
any permissible value. If the eigenfunctions (14) are taken, the restric- 
tion we are here making implies that one of the two electrons is always 
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in the lowest orbit. The energy levels of the unperturbed problem are 
thus of type E% + E' = E> + Ev, Changing the order of 1 and n for con- 
venience, we may represent the various levels by the table (21). The 
level E¢ + E> at the base of the table is the level of lowest energy. 


Et + E> = K+ Ee 


(21) 5; 

Et + EB? = EP + Es 

Et + E> = E> + Ea 
Et + E® 


The equality signs indicate the levels which coalesce. 

We now consider the effect of the perturbation. The perturbation 
causes each one of the energy levels (21) to undergo a small change, 
and the changes affecting any two of the coalescing levels are 
different. The effect of the perturbation is thus to split the former 
coalesced levels. For instance, the coalesced level Et + E> = E* + Ee 
is split into two slightly different levels, which we shall denote respectively 
by 

E’,, and E7,,. 


The perturbed levels which take the place of the unperturbed ones (21) 
may then be represented by the following table: 


En sy 
(22) 
Es E's 
E\» EY 
Ey, 


We shall understand presently why the basic level E’, is written with 
one dash, like the levels in the left-hand column. 
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We have now to consider the eigenfunctions which correspond to the 
perturbed levels (22). When we follow the method of perturbations, 
the eigenfunctions (and also the energy levels) are obtained by a series 
of successive approximations. To a first approximation we find that 
the eigenfunctions of the perturbed problem are very nearly the same as 
the complicated eigenfunctions (19) and (20) of the unperturbed pro- 
blem. They only differ from (19) and (20) by small additive functions 
which we may agree to neglect; this omission will not affect the major 
results of the problem. The normalized eigenfunctions corresponding to 
the energy levels (22) of the perturbed problem may thus be expressed 
by the table 


1 il 
VE (pip? + piyt) Vay (pop? — pry?) 


(ae) 1 1 
(pis + viys) yas — es) 
V2 V2 
1 1 , 
Gi (pt? + pry) VE (yy) — pov) 


Clepates 
Pri 


Symmetric and Antisymmetric Eigenfunctions—The eigenfune- 
tions of the table (23) are of two kinds. All those placed in the left-hand 
column, and also the one at the bottom of the table, are called symmetric. 
Those in the right-hand column are called antisymmetric. The reason for 
this distinction results from the following considerations: If, in any one 
of the eigenfunctions, we interchange the positions of the two letters 
a and b, the eigenfunctions which we have called symmetric do not 
change. In this sense they are symmetric in the indices a and b, which 
refer to the two electrons. If we perform the same operation on an 
antisymmetric eigenfunction, the function is reproduced, but its sign is 
reversed. The name antisymmetric is thus justified. 

By analogy we may extend the same qualifications of symmetry and 
antisymmetry to the energy levels (22) which correspond to the eigen- 
functions (23). The basic energy level and those in the left-side column, 
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being associated with symmetric eigenfunctions, may be called symmetric 
energy levels, and those in the right-hand column may be referred to as 
antisymmetric. In the table (22), the symmetric energy levels are repre- 
sented by one dash, and the antisymmetric ones by two. Inasmuch as 
these eigenfunctions determine modes of vibration of the de Broglie 
waves (in the 6-dimensional configuration space), we may also speak of 
symmetric, and of antisymmetric, modes of vibration. 

In the particle picture, the physical significance of the eigenfunction 
pry? of the table (23) is that both electrons a and b are in the lowest 
orbit n= 1. But, as pointed out previously, the other eigenfunctions of 
(23), whether symmetric or antisymmetric, are more difficult to interpret. 
The best course is to assume that, for either one of the two eigenfunctions 


wEs (way + pw), each electron occupies one of the two distinct 
orbits 1 and n; but that we cannot specify which electron is on the orbit 1. 

At all events, let us accept the latter interpretation and consider on 
this basis the symmetric and the antisymmetric eigenfunctions associated 
with the orbits 1 and 2 in the table (23). According to our interpreta- 
tion, one of the electrons is on the orbit = 1 and the other on the orbit 
n=2. The two modes are different and are associated with the different 
energy values E’, and E’,. Now we cannot easily understand why the 
energy values should be different, since in either case the two electrons 
are on the same two orbits. Some light is shed on the matter when we 
recall that, if it were not for the mutual repulsion of the two electrons, 
the energy levels would be the same. It is therefore the energy of inter- 
action of the two electrons which must be assumed different in the two 
eases. A simple explanation of this situation in the particle picture is to 
suppose that the relative positions of the electrons on the two orbits are not 
the same when the atom is in the symmetric or in the antisymmetric state. 
However, scant information can be derived from the particle picture, 
and so we shall not pursue the subject any further. 


Radiation and the Selection Rule—When we discussed Schréding- 
er’s theory of radiation for the hydrogen atom, we mentioned that the 
electron was assumed to be spread over space, forming a charge cloud 
of total charge —e. In any definite mode of vibration of the de Broglie 
waves, the electric density of the charge cloud at a point P was then 
defined by —e times the intensity of the de Broglie vibrations at the 
point of interest. The phenomenon of radiation was accounted for by 
supposing that two different modes of vibration were active simultan- 
eously. The superposition of the two modes produced an interference 
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effect, so that the electric density of the charge cloud at a point vibrated 
with a frequency equal to the difference in the frequencies of the two 
modes. The electromagnetic waves which this vibrating charge cloud 
radiated were those which would be radiated by an electron permanently 
attached to the centre of charge of the cloud. If this electric centre 
vibrated at all, it would always be with the frequency just mentioned, 
and the electromagnetic waves would have this frequency. If in spite 
of the vibration of the cloud, the centre of charge failed to vibrate, we 
were certain that no radiation would be emitted by the total charge cloud 
and hence by the atom. When we applied these considerations to specific 
cases, the selection rules were obtained. 

We pursue a similar course in the present helium problem. But 
the situation is more complicated here, for we now have two electrons 
instead of one. Besides, the de Broglie waves occur in the 6-dimensional 
configuration space, and so it is in this space that the charge cloud must 
be represented. However, we may simplify our understanding of the 
situation by appealing to a separate 3-dimensional space for each of the 
two electrons, and by considering two charge clouds, one in each of the 
two spaces. Each electron is thus represented by a distinct charge 
cloud of total charge —e in a distinct 3-dimensional space.* If now we 
assume that the two spaces are superposed, we obtain a single change 
cloud in ordinary 3-dimensional space, and we may then proceed as we 
did in the simpler one-electron problem of the hydrogen atom. These 
general indications suffice to show how the emission or non-emission of 
radiation may be predicted in accordance with Schrédinger’s postulates. 

Calculation shows that, when one of the modes is symmetric and the 
other antisymmetric, no resultant emission is to be expected from the 
two clouds. We conclude that a drop in the energy of the atom from a 
symmetric to an antisymmetric level (or vice versa) is forbidden. This 
result, as we shall see, furnishes the selection rule which accounts for 
the absence of intercombination lines in the helium spectrum (7.e., lines 
that would be generated by transitions between para, and ortho, levels). 
The methods of the correspondence principle, utilized by Bohr, were 
unable to yield the foregoing rule, so that we must view its discovery 
as illustrating a signal success for the new quantum theory. The selec- 
tion rule just mentioned does not prohibit drops between symmetric levels 


* We call a, Yo, Za, Loy Yo, 2» the coordinates of the 6-dimensional configuration 
space, and (2a, Ya, Za, Xt, Yo, Zr) the eigenfunction (normalized). The electric 
density pa of the charge cloud at a point aa, Ya, Za, due to the electron a, is obtained by 
integrating —eyy* over the range of the coordinates b, the coordinates xa, Ya, Za being 
kept fixed. Similarly for the density p» due to the electron b. 
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or between antisymmetric ones. But we must not interpret this state- 
ment as implying that such drops are always possible, for, in addition to 
our former selection rule, others (.e., those connected with the quantum 
numbers / and m) must be taken into account. 


The Exchange Phenomenon—We now propose to investigate how 
the particle picture will express the simultaneous activity of a symmetric 
and of an antisymmetric mode. We mentioned, when discussing the 
particle representation of the individual modes, that if an atom is in a 
given mode, for instance in the symmetric mode of energy E‘,, we may 
assume that the electrons are situated in the orbits 1 and 2 respectively, 
but we cannot determine which of the two electrons is in the orbit 1 or 
in the orbit 2. Similar conclusions hold when we consider the correspond- 
ing antisymmetric mode of energy E’,,. The difference between the two 
modes may be interpreted in the particle picture when we suppose that 
the relative positions of the electrons in the two orbits are not the 
same. 

We now assume that the two modes occur simultaneously. As before, 
we may grant that either orbit contains one electron. But, now, a new 
phenomenon arises: the two electrons no longer remain attached to their 
respective orbits; instead, they exchange positions incessantly with a 
frequency equal to the difference in the frequencies of the two superposed 
modes.* The frequency of the exchange is thus 


sit aa 
h 


Furthermore, as occurs in all quantum transitions, the exchanges are 
sudden. The atom emits no radiation during these exchanges; for while 
energy is released by the drop of one electron from the orbit 2 to the 
orbit 1, the same amount of energy is absorbed by the second electron 
when it is raised from the orbit 1 to the orbit 2. An internal emission 
and an internal absorption thus take place simultaneously and counteract 
each other. The exchange phenomenon we have just described furnishes 
the particle representation of the superposition of a symmetric mode and 
of the corresponding antisymmetric one. It explains why no radiation 
is generated. 

Let us note that the exchange phenomenon would not occur if the 
atom were vibrating in a single mode, whether symmetric or antisym- 


* A more detailed analysis of this exchange phenomenon is given in the Appendix 
at the end of the chapter. 
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metric. The superposition of the two kinds of modes is thus essential. 
Consequently, we may trace the possibility of the exchange phenomenon 
to the existence of the symmetrie and antisymmetric modes. Now these 
modes were obtained when we combined the two independent eigenfunc- 
tions of type (10); and we mentioned that the independence of these 
two eigenfunctions was responsible for the degeneracy of the original 
unperturbed model of the helium atom. Hence to this original degeneracy 
must be as¢ribed the exchange phenomenon just studied. The reason 
Heisenberg qualified this degeneracy by the name exchange degeneracy 
is thus obvious. The name resonance degeneracy which is sometimes pre- 
ferred, results from the analogy between the exchange phenomenon and 
the phenomenon known as resonance in acoustics. If a diapason is set 
into vibration and if an identical diapason which is not vibrating is 
placed near the first, the second diapason gradually enters into vibration 
and necessarily emits the same musical note that is emitted by the first 
diapason. This phenomenon occurs only when the two diapasons are 
susceptible of emitting the same musical note, and for this reason the 
name resonance is given to it. 


The Spectrum of the Perturbed Model—The type of spectrum to 
be expected from our theory of the helium atom (as developed up to 
this point) may be understood when we combine the selection rule with 
the table of the energy levels (22). In this table the lowest of the energy 
levels is the symmetric level E’ , ; it corresponds to the case in which both 
electrons are in the lowest orbit n =1. The lowest of the antisymmetric 
levels is EY,» : 

Suppose, then, the atom is excited to some higher symmetric level. It 
may drop spontaneously to any one of the lower symmetric levels and 
in particular to the lowest one F’,, but it cannot drop to a lower anti- 
symmetric level. If the atom is excited to a higher antisymmetric level, 
it can drop only to lower antisymmetric levels. Since EY, is the lowest 
of the antisymmetric levels, it constitutes the basic level of the antisym- 
metric series. An immediate consequence is that if the atom is in the 
lowest antisymmetric level, it can drop no further, even though this level 
is in reality an excited one. (Incidentally, we have here an illustration 
of a metastable level.) These considerations show that our present per- 
turbed model is consistent with the emission of two distinct series of 
spectral lines, corresponding to drops between symmetric and between 
antisymmetric levels; combination lines caused by drops from one type 
of level to the other will never occur. All the lines will be singlets. 
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Let us compare this spectrum of the perturbed model with the spec- 
trum of helium that is revealed by experiment. The peculiarities of the 
helium spectrum show that there must be two series of levels, called the 
para levels and the ortho levels, the former being single and the latter 
triple. The lowest level of all is a para level. Transitions between para 
and ortho levels do not oceur. If, then, we identify the symmetric and 
the antisymmetric levels of the perturbed model with the para and the 
ortho levels of helium respectively, we see that the perturbed model 
accounts for some of the peculiarities of the helium spectrum. In par- 
ticular it accounts for the impossibility of transitions between para and 
ortho levels; and in this way one of the most mysterious features of the 
helium spectrum is explained. On the other hand, our model yields only 
singlet levels, and hence does not account for the triplet nature of the 
ortho levels. 

We cannot be surprised at the failure of the wave mechanical treat- 
ment to anticipate triplets for the ortho levels. The fact is that the 
triplet levels are intimately connected with the electron spin (as we men- 
tioned in dealing with Bohr’s theory), and in our present wave-mechanical 
treatment. we have disregarded the spins. From this standpoint the 
two separate series of single lines, which wave mechanics predicts at 
this stage for the helium spectrum, represent the spectrum that would 
be correct if the electrons had no spin. 


The Third Step—The wave theory does not suggest at this point 
any reason for supposing that the electrons, in the particle picture, are 
in a state of spin. If, then, we seek a wave analogue for the spins and 
incorporate it into the present theory, our procedure will be just as 
arbitrary as it was in Bohr’s theory. Dirac’s more recent discoveries in 
the wave theory show, however, that when relativistic considerations are 
introduced, a condition arises which can be expressed in the particle 
picture by the statement that the electrons are spinning. The hypothesis 
of the spinning electron thus becomes a necessary consequence of the 
wave theory and ceases to appear as a postulate ad hoc. We shall defer 
a study of Dirae’s relativistic considerations for the present and shall 
merely incorporate bodily the hypothesis of the spinning electron into 
the wave-mechanical treatment so far outlined. This is the procedure 
that was followed by the first investigators in the field. 

We divide the third step into two parts, which we shall call the 
step A and the step B. In th step A we assume that the two electrons 
in our former model are spinning, and that they are subjected to the 
action of the internal magnetic field of the atom. On the other hand, 
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we disregard the mutual magnetic actions which the electrons exert as 
a result of their spins. Calculation shows that each energy level EZ’, and 
E’,, of the former model must be replaced by four levels, but that in 
each quadruplet of levels two of the levels coalesce, so that only three dis- 
tinct levels appear. The problem is therefore degenerate. 

In the step B, we take into consideration the magnetic interaction due 
to the two spins and we view it as a perturbation. The former degeneracy 
is thereby removed and the coalesced levels separate. The net result is 
that each level E’,, and EY, of the original atom is replaced by four 
distinct levels. 

Before proceeding, we recall that, according to the hypothesis of 
Uhlenbeck and Goudsmidt, an electron is assumed, by reason of its spin, 


{o have a half-unit of angular momentum (ie E ) ana a magnetic 


a ere 

moment of one magneton. The rules of space-quantization require that 
a spinning electron placed in a magnetic field should set its axis of spin 
either parallel or antiparallel to the field. The energy of the electron 
in the field is of course different in the two cases. 

We now revert to the step A just mentioned. The two electrons in 
the perturbed model of the helium atom are supposed to be spinning 
in a magnetic field, but we disregard the interaction between the two 
electrons brought about by their spins. Under the action of the atom’s 
internal magnetic field, the axes of the two electrons will then set them- 
selves either parallel or antiparallel to the direction of the internal field. 
Here three situations may arise: 


(a) The north poles of both electron-magnets may point in the direc- 
tion of the field. 

(8) The south poles of both electron-magnets may point in the direc- 
tion of the field. 

(y) The north poles of the two electron-magnets may point in opposite 
directions along the field. 


We note that, whereas the situations (a) and (8) can be realized in 
one way only, the situation (y) can occur in two different ways. Thus 
in the situation (y) it may be the north pole of the electron a, or else 
of the electron b, which points in the direction of the field. 

We now consider the energy states of our former perturbed atom 
when the electron spins are taken into account (the mutual mag- 
netic action of the two electrons being disregarded). Let us suppose 
that, if it were not for the electron spins, the atom would be in the sym- 
metric energy level #’. The action of the magnetic field on the spinning 
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electrons modifies the value of the energy, and the precise change to be 
expected depends on which one of the three situations (a), (8), or (y) is 
realized. If we denote by €q, &g, €&,, the magnetic energies corresponding 
to the three situations respectively, the total energy of the atom has one 
of the three values 


(24) tig 8 SH en ne 


Similarly, if the energy of the atom (without spins) is antisymmetric, 
(24) must be replaced by 


(24”) En as oa a a EB) Bae a ve 


Inasmuch as the situation (y) may occur in two different ways, the last 
energy level of (24) and also that of (24’) must be double; whereas the 
two first levels of (24) and of (24’) are single. The presence of a coalesced 
level indicates that the problem is degenerate. The degeneracy is of 
the same kind that we encountered earlier, namely, a form of resonance 
degeneracy. 

The general results just outlined may be obtained in a more rigorous 
way when we apply the methods of wave mechanics. We first turn our 
attention to the simple problem of two electrons spinning in a magnetic 
field. The electrons are considered independently of the atom in which 
they may be situated, and their mutual magnetic actions are disregarded. 
To investigate the problem, we view the spinning electrons as rotators, 
and we avail ourselves of the restriction postulated by Uhlenbeck and 
Goudsmidt for the angular momentum of spin. Schrédinger’s wave 
equation for the two electrons is found to have the three eigenvalues 


(25) Eq, Ep, Ey. 


These are the three energy levels mentioned previously. The correspond- 
ing eigenfunctions are four in number; we denote them by 


(26) fa, PB, Pry» Pro 


The last two of these eigenfunctions are associated with the same energy 
level e,. Since two independent eigenfunctions are associated with this 
energy level, or eigenvalue, the problem is degenerate. 

Next, let us suppose that our two spinning electrons are those of the 
helium atom. They are then spinning in the atom’s internal magnetic 
field. As before, we disregard their magnetic interaction due to the 
spins. The physical system here considered may be viewed as resulting 
from a simultaneous consideration of the perturbed helium atom and of 
the system of two electrons spinning in a magnetic field. The eigenvalues 
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of the wave equation are given by the sums of the energy values (22) 
and (25). We thus obtain the energy values (24) and (24’). The 
eigenfunctions connected with these eigenvalues are defined by the prod- 
ucts of the corresponding eigenfunctions. Consequently, the eigenfunc- 
tions of (24) are 


1 


sy v2 (VEY TLV Rn) Xb, 0F by OF dy OF dro, 
and those of (24’) are 
il 
Co V2 (pt vn — vo ve) X ob, or bg OF py, OF dyo.™ 


Our present system has more than six degrees of freedom, because now 
we have to take into consideration the degrees of freedom connected with 
the spins. The configuration space in which the eigenfunctions, or modes 
of vibration, (27) and (28) are represented has therefore more than six 
dimensions. But the general results we have obtained through the wave- 
mechanical treatment are seen to agree with those we derived from the 
particle picture. In particular, the same degeneracy noted previously 
occurs here also; it issues from the fact that the two last eigenfunctions 
of (27) and the two last of (28) are associated respectively with the last 
eigenvalue of (24) and of (24’). 

The problem we have just considered may be treated as the new un- 
perturbed problem. In the step B, which we now propose to examine, we 
take into account the magnetic interaction of the two electrons. It is this 
interaction which plays the part of a perturbation. Now the perturbation, 
though scarcely affecting the energy values of type E’ and E”, modifies 
in a marked degree and in different ways the various energy values e. 
As a result, the two coalesced levels E’,, + €, become separate, assuming 
new values H),, +e, and EF}, +. Similarly, the two coalesced levels 
EY, + &, are split into the two different levels E”, + e,and Ey, + 6”. 
The degeneraey is thus removed by the perturbation. If we call e’ and E5 
the energy values into whieh ¢, and ég are changed respectively, the three 
energy levels (24) change, under the influence of the perturbation, into 
the four distinct levels 


(29) Bey Ee & eee te ey ha &”, 
whereas the three energy levels (24’) become 
(30) eis a pari ISS f,, Looe Ae) hie &”. 


“If n=1, (27) is replaced by y°¥? X ga or ge or 1, OF $y; whereas (28) 
vanishes, 


THE THIRD STEP 773 


The eigenfunctions py connected with E{ and EY are not modified 
by the perturbation; but those of type ¢ are affected, and to distinguish 


the perturbed eigenfunctions ¢ from the former ones (26), we denote 
them by 


(31) ¢, $5 ¢,, 5 d,. 


In this notation the functions ¢’ are symmetric and the function ¢” is 
antisymmetric.* The total eigenfunctions corresponding to the energy 
levels (29) and (30) are then, by analogy with (27) and (28), 


1 
(31) Ve vin + peyt) xX ¢! or $% or ¢, or $7 
and 
1 
(32) a IPs — ppt) X of or o, or $1, or dy 


We have here the eigenfunctions for our completed helium atom, in 
which the electrons are spinning and are exerting a mutual magnetic 
action. Now the product of a symmetric and an antisymmetric function 
is an antisymmetric function; and the product of two symmetric or of 
two antisymmetric functions is a symmetric one. Consequently, the first 
three eigenfunctions of (31) are symmetric and the last is antisym- 
metric. Also, the first three eigenfunctions of (32) are antisymmetric 
and the last is symmetric. As before, we refer to the corresponding 
energy levels as symmetric or antisymmetric according to whether they 
are associated with symmetric or with antisymmetric eigenfunctions. 

We are thus led to the following conclusions: The effect of the electron 
spins will be to cause each symmetric energy level H{,, of (22) (n= ee, 
3,4...) to be replaced by three symmetric and one antisymmetric 
energy level; also, each antisymmetric level E{/, of (22) (Sey. 
will be replaced by three antisymmetric and one symmetric energy level. 
If we represent the symmetric eigenvalues by e and the antisymmetric 


*To a first approximation, the new eigenfunctions g and , are equal to the 
sum and to the difference of the original ones by, and oy,° Thus 
= ey. + by, 


and 


” 


oy = oy, = Py 
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ones by =, we may picture the distribution of energy levels by the follow- 
ing table: 


(33) ies 


The table (33) depicts the splitting of the simpler levels which were illus- 
trated in the table (22), these simpler levels corresponding to the case 
where the electron spins were disregarded. 

Whereas the table (22) did not furnish a sufficient number of energy 
levels to account for all the lines of the helium spectrum, the table (33) 
yields too many levels. Hence we conclude that some of the levels of 
(33) must be impossible. To ascertain which of these levels do not 
occur in practice, we compare the spectrum which must be expected ac- 
cording to the table of levels (33) with the helium spectrum which is 
actually observed in the laboratory. 

Let us consider the spectrum which we should expect from the table 
(33). Owing to the spins which we are now attributing to the electrons, 
our completed model of the helium atom has an increased number of 
degrees of freedom. Hence Schrédinger’s charge cloud, which we dis- 
cussed before the electron spins were introduced, must be represented in 
a configuration space having an increased number of dimensions. This 
change in the configuration space does not, however, affect the results ob- 
tained in the simpler treatment. As before, we find that, if a symmetric 
and an antisymmetric mode of vibration occur simultaneously, the charge 
cloud as a whole emits no resultant radiation. Drops between levels of 
opposite symmetry are thus excluded. If, then, (33) gave the true picture 
of the energy levels for the helium atom, we should expect two different 
types of spectra according to whether drops occurred solely between 
symmetric levels or solely between antisymmetric ones. The drops be- 
tween antisymmetric levels —» would yield a spectrum in which the basic 
level was single; whereas the drops between symmetric levels e would 
yield a spectrum in which the basie level was triple. Now the empirical 
observation of the helium spectrum proves that the basie level is single, 
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and we must therefore exclude as impossible all the symmetric levels e of 
the table (33). Our table of energy levels thus becomes 


para ortho 


(34) 


a 
— 
= 
—= 


We appear to have here an allotment of energy levels which is in agree- 
ment with the peculiarities of the helium spectrum, the singlet levels 
being the para levels, and the triplet levels being the ortho levels. 

We have yet to show that transitions cannot occur between the singlet 
and the triplet levels, for we know that this restriction is a characteristic 
feature of the helium spectrum. Inasmuch as in (34) all the levels 
concerned are antisymmetric, our former selection rule would not appear 
to prohibit drops from a para to an ortho level and vice versa. But more 
attentive consideration shows that such drops are necessarily excluded. 
This point is understood when we examine the eigenfunctions which are 
associated with the various levels. 

Thus the antisymmetric eigenfunctions of a para level are of type 


a ”, 
(35) oa (pap? + pope) xX ¢), 


The first factor in (35) is a function which is symmetric in the coordinates 
of the two electrons in the original 6-dimensional configuration space ; 
and the second factor ¢’) is antisymmetric in the coordinates which define 
the orientations of the electronic axes. On the other hand, the anti- 
symmetric eigenfunctions connected with an ortho level are of type 


(36) wa) (yap? —yprps) Xo, Od, OF d, 
Here the conditions of symmetry and of antisymmetry are reversed. 
If, then, we consider the situation where a mode (35) and a mode (36) 
occur simultaneously, we see that the first parts of the functions (35) 
and (36) are of opposite symmetry, and so also are the second parts. 
This opposition in the symmetry excludes the possibility of radiation. 
The theory we have developed is thus able to anticipate the character- 


istics of the helium spectrum. 


Pauli’s Exclusion Principle—An unsatisfactory feature of the pres- 
ent theory is that it affords no theoretical justification for omitting the 
symmetric energy levels. These levels were rejected only because their 
retention would have entailed a more complicated spectrum for helium 
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than is observed in practice. But we shall now see that the rejection of 
the symmetric levels is a consequence of Pauli’s exclusion principle and 
is thereby connected with a large body of facts; it no longer stands as an 
isolated phenomenon. 

We recall that, according to Pauli’s exclusion principle, no two eleec- 
trons in the same atom can be associated with the same quadruplet of 
numerical values for the four quantum numbers nj, 1;, j;, and m,; or, if we 
prefer, for the quantum numbers 7, 1, m), and m,,* The latter choice of 
quantum numbers will be taken in the present discussion. Here n, is 
the main quantum number of an electron, J; its angular momentum due to 
its circling, m,, the projection of this angular momentum along the direc- 
tion of an applied magnetic field, and ms, the projection of the spin vector 


’ ; aul 
( all these angular momenta being expressed in units x): 


Let us revert to the model of the helium atom considered in the first 
step (page 756). In this model, the electron spins were disregarded and 
no interaction between the two electrons was taken into consideration. 
The two electrons were then associated with the quantum numbers n, l,m 
and n’, l’, m’, these numbers being in effect the quantum numbers Niy 
1, mi, of Pauli’s principle (with i =1 and 2). Pauli’s number Ms, did not 
appear because we were neglecting the spins. In our earlier treatment we 
agreed to omit the quantum numbers of type J and m because they were 
superfluous for our purpose; but since we now propose to take Pauli’s 
principle into consideration, we must reinstate these quantum numbers. 
So as to simplify the symbolism, we shall omit the indices 4 and 
represent the quantum numbers of the two electrons by n, 1, m:, m, and 
Tig beats 

We now pass to the perturbed model of the helium atom, in which 
the spins are still disregarded but the mutual electrostatic repulsion of 
the two electrons is taken into account. No change occurs in the signifi- 
cance of the three quantum numbers. The normal modes of vibration 
connected with this model are determined by the symmetric and the anti- 
symmetric eigenfunctions of type (19) and (20). The eigenfunctions 


(19) and (20) (in which the normalizing factor 7 is omitted for sim- 
plicity), may be written ns 
(37) Peat am et Pam aunade 
and 
(38) 


a. b — qo a . 
Prt nt emp Prime nt my ? 


* See note on page 580, 
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the former are symmetric, the latter antisymmetric. These functions 
indicate that the electrons a and b are associated with the orbits (m, 1, mz) 
and (n’, lV’, m’r). 

When the electron spins are taken into account, the eigenfunctions are 
(31) and (32) and hence will now be written 


a b b , ’ , ” 
(39) (Pa tm Pn’ my ov ema at n'y) Xo, OK >, OF it or $,) 


and 
b adie , , , 
(40) PN a recmure Wun iev anip) x Pa or a or $, or ¢, J 


Let us examine the behavior of the eigenfunctions (39) and (40) when 
we assume that the two electrons have the same quadruplet of quantum 
numbers, 7.e. when 


(41) n =n, V =1, m, = m,, mi, =m, 


We first observe that, in view of the last quality (41) (spins in the 
same sense), only those eigenfunctions (39) and (40) which contain 
$, or ¢, need be considered. Accordingly, we restrict our attention to 
the two first eigenfunctions of (39) and of (40). Let us, then, impose the 
first three equalities (41) on these eigenfunctions. We see that the 
functions (40) vanish whereas the functions (39) retain non-vanishing 
values. Now the eigenfunctions define modes of vibration, and the latter 
constitute the wave representations of the various allotments of quantum 
numbers to the two electrons. Consequently, the vanishing of the first 
two eigenfunctions (40), when the equalities (41) are imposed, implies 
that these eigenfunctions are inconsistent with these equalities and hence 
with the allotment of the same quadruplet of quantum members to the 
two electrons. On the other hand, since the first two functions (39) do 
not vanish, they are consistent with this allotment. 

These preliminary considerations show that if we wish to obtain the 
wave representation of Pauli’s principle, we must reject the first two 
eigenfunctions of (39) and retain the first two of (40). We next con- 
sider the four remaining eigenfunctions (39) and (40). Since they 
contain ¢/, and by they correspond to the case in which the electrons 
are spinning in opposite senses. Pauli’s principle does not interfere with 
the presence of the two electrons on the same orbit when they are spinning 
in opposite senses. Hence these eigenfunctions do not appear to be ex- 
cluded by Pauli’s principle. We must remember, however, that our intro- 
duction of the electron spins has been highly artificial, for we have merely 
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postulated the spins as an additional hypothesis, and then sought to in- 
corporate their wave representation into the wave picture.* 

In view of the crudeness of our present procedure, we cannot be 
certain that the remaining four eigenfunctions, mentioned above, should 
be retained ; and so we must be guided by other clues. In this connection, 
we note that the two eigenfunctions which are certainly incompatible with 
Pauli’s principle (7.e. the first two of (39) ) are symmetric; and we may 
assume that their rejection entails that of the symmetric eigenfunctions 
generally. If this assumption is made, the only possible eigenfunctions 
are the antisymmetric ones, represented by the last of (39) and by the 
three first of (40). The wave expression of Pauli’s principle consists 
therefore in the statement that all symmetric eigenfunctions, or modes 
of vibration, must be excluded. Since the exclusion of the symmetric 
eigenfunctions necessarily entails that of the corresponding symmetric 
eigenvalues, or energy levels, we see that in the completed helium atom 
we must retain only the antisymmetric energy levels. We thus obtain 
the same scheme as was required by the spectroscopic evidence. 

In our analysis we have merely accepted Pauli’s principle and ex- 
amined the wave requirements which it entails. This procedure does not 
of course demonstrate the necessity of the principle, for to establish this 
necessity, we should have to show that theoretical reasons oppose the 
existence of symmetric modes in an atom. The interest of the analysis 
lies more particularly in the fact that it has afforded a wave interpretation 
of Pauli’s principle. 

When we discuss the New Statistics in Chapter XL, we shall find that 
Pauli’s empirical principle, originally restricted to the arrangements of 
the electrons in Bohr’s atom, has a far wider significance than was at 
one time suspected. The principle, when generalized, is valid for any 
aggregate composed of similar particles which carry an odd multiple of 
the fundamental electric charge e (Fermi-Dirac statistics). This is 
precisely the situation that holds in atoms containing more than one 
electron. On the other hand, a diametrically opposite principle, repre- 
sented in the wave picture by the retention of the symmetric functions 
and the rejection of the antisymmetric ones (the Bose-Einstein statistics), 
may also be realized in Nature. It will be applicable whenever the 
electric charges of the similar particles are even multiples of the funda- 
mental charge e or, as a particular case, when they have no charge at all 
(e.g., photons or the neutral molecules of a gas). 


* The proper treatment of the spins is afforded by Dirac’s theory of the electron 
(Chapter XX XIX). 


THE EXCIIANGE PIIENOMENON 179 


APPENDIX 
The Exchange Phenomenon 


ConsipER two identical linear harmonic oscillators vibrating with the 
same frequency %. We assume that the vibrating particles are electrons. 
If these two oscillators are so far apart that they exert no mutual actions, 
the vibrations will proceed independently with the common frequency ¥. 
We now place the oscillators side by side. Owing to the proximity of the 
two electrons, their mutual repulsive action ceases to be negligible, and 
each oscillator exerts a perturbing influence on the motion of the other. 
The two oscillators are said to be coupled, the so-called coupling force 
being illustrated by the mutual repulsion of the two electrons. We must 
now view the two oscillators jointly as forming a single system. If we 
disregard the energy loss due to radiation, the system is conservative and 
hence its total energy remains constant during the motion. 

Two particular types of motion corresponding to two normal modes 
may occur. In one of these, both electrons vibrate together with the 
same amplitude and frequency, and the electrons are always moving 
simultaneously in the same direction. We call this mode the symmetric 
mode. In the other normal mode, the electrons are also vibrating with the 
same amplitude and frequency, but this time in opposite directions. We 
call this mode the antisymmetric mode. Calculation shows that the fre- 
quencies and »” of the symmetric and antisymmetric mode, respectively, 
are not the same, and that both frequencies differ from the original fre- 
quency ¥% of the unperturbed motion. The unperturbed frequency % has 
a value half-way between the values »’ and of y’, It ean also be shown 
that the difference »’ — »” in the frequencies of vibration will increase in 
absolute value if the coupling force between the two oscillators is in- 
creased. 

When the two oscillations are started from arbitrary initial conditions, 
neither of the two normal modes occurs. Nevertheless, in any case the 
motion of the system may be viewed as due to an appropriate superposition 
of the two normal modes. From this fact we may anticipate the nature 
of the motion in the general case. As an example, let us suppose that at 
the initial instant the electron @ is at rest at the centre of oscillation, 
while b is oscillating. We shall then find that the oscillation of the 
electron } will gradually decrease, while the electron a enters into oscil- 
lation with its amplitude of swing increasing progressively. Eventually 
the electron b will come to rest at its centre of oscillation, and a will then 
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be vibrating with maximum amplitude. The total energy of the system, 
originally concentrated in the oscillator b, has thus been transferred to the 
oscillator a. After this new state of affairs is realized, the reverse process 
will occur: the electron a, now oscillating violently, will gradually come 
to rest and the electron b will resume its original oscillatory motion of 
maximum amplitude. In short, the energy of the system will be trans- 
ferred back and forth periodically from one electron to the other. The 
frequency of this periodic transference of energy is equal to the difference 
y’—y”” (in absolute value) in the frequencies of the symmetric and of 
the antisymmetric modes. The stronger the coupling between the two 
electrons, the greater the absolute value of »’ — »’, and hence the more 
frequently will the energy be transferred back and forth. 

Instead of supposing that one of the electrons is at rest at the initial 
instant, we may suppose that both electrons are vibrating, but with differ- 
ent amplitudes. The exchange phenomenon will occur as before, though 
in the general case neither of the two electrons will come to rest at the 
centre of oscillation, so that only a part of the total energy will be trans- 
ferred back and forth from one electron to the other. If we call FE, and Es 
the maximum and the minimum energy of one oscillator, the energy 
which will be transferred periodically is E, — Ep. 

The exchange phenomenon we have considered for two coupled oscil- 
lators arises whenever two identical vibrating systems are coupled. Let 
us understand how it applies to the model of the perturbed helium atom 
(2.¢., to the model in which the electron spins are disregarded but the 
mutual repulsion of the two electrons is taken into account). To examine 
the matter, we must first revert to the unperturbed atom, in which the 
mutual repulsion of the electrons is not taken into account. According to 
Bohr’s particle theory, the electrons are describing definite orbits. For 
instance, we may suppose that one electron is describing the orbit 1 and 
the other the orbit 2. In the wave representation, we must differentiate 
between two cases. Thus it may be the electron a or the electron b which 
is describing the first orbit. To these two different situations correspond 
two independent eigenfunctions, or modes of vibration, for the de Broglie 
waves; they are represented by pty? and pops respectively. The two 
modes have the same frequency, which we may designate by 10. 

Each one of these two modes depicts a condition which concerns both 
electrons simultaneously, but in a purely formal way each mode may be 
represented by a single oscillator. The two modes may then be repre- 
sented by two identical oscillators having the same frequency of vibra- 
tion %. When the two modes are superposed, we must assume that the 
two oscillators are vibrating simultaneously. In the model of the helium 
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atom which we are here considering, the mutual repulsion of the two 
electrons is disregarded, so that the two oscillators are uncoupled. But 
if we pass to the perturbed model, in which the mutual perturbation is 
taken into account, we must assume that the oscillators are coupled; and 
the system of the two oscillators will then be in a symmetric mode, or in 
an antisymmetric mode, or in a superposition of the two. From the stand- 


point of the de Broglie waves, the frequency will be y= = in the 


ia 


symmetric mode, and »” = in the antisymmetric one. When these 


two modes are superposed, the exchange phenomenon takes place, and 
energy is transferred back and forth from one oscillator to the other with 
the frequency »’ — »”. 

Let us construct the particle picture of this condition. The two oscil- 
lators portray the original modes pty? and p?y} . Hence, when the 
energy is transferred back and forth from one oscillator to the other with 
frequency » — v”, the respective situations represented by the two in- 
dividual modes must follow each other with this frequency. Since the 
first mode implies that the electron a is in the first orbit, whereas the second 
mode implies that the electron b is in this orbit, we conclude that the two 
electrons will exchange orbits back and forth with the frequency et 
In the quantum theory, only sudden transitions can occur, and so the 
exchanges in the orbits will take place brusquely after recurrent intervals 
of time. 

Our analysis also enables us to understand why the coupling force 
between the electrons splits the two coalesced levels of the unperturbed 
problem. Primarily, the coupling splits the original frequency ¥ of the 
de Broglie waves into the two frequencies » and v”; and since in wave 
mechanics the frequency of the wave determines the energy, the coupling 
automatically splits the original energy level hyp into the two levels hy’ 
and hy” (1.e., Ej, and Ey). 


CHAPTER XXXVI 
MATRICES 


Matrices—The name matrix is given in mathematics to an aggregate 
of magnitudes arranged in a certain order. We shall consider only the 
so-called square matrices. Thus 


G11 Gig Aig 
(1) 21 G22 Q23 


G31 G32 a33 


is a square matrix with three rows and columns. Though the terms aix 
in the matrix stand for numbers (real or complex), the matrix itself is 
not a number in the ordinary sense; it is an array of numbers. 

From the mathematical standpoint, matrices can be given a definite 
significance only when we have agreed on their rules of combination. In- 
asmuch as they are not ordinary numbers, we must not suppose that their 
associative, distributive, and commutative properties are necessarily those 
of ordinary numbers. In fact at the present stage, we may postulate 
any rules of combination we choose (provided they be consistent). 

The introduction of matrices into mathematics did not result, how- 
ever, from a mere desire to construct new mathematical beings exhibiting 
strange properties. Matrices were introduced by Cayley for the definite 
purpose of expressing in condensed form the well-known properties of 
linear transformations. For this reason the associative, distributive, and 
commutative * properties of matrices were imposed from the start. 


Linear Transformations—The linear transformations which lead to 
the consideration of square matrices are of a type called homogeneous. 
These alone will be examined in this chapter. Furthermore, for our 
present purpose, it will be sufficient to consider the transformations of 
the plane. We shall assume that 2, and x2 are the Cartesian coordinates 
of any point P in the plane; and we shall suppose that, as a result 
of the transformation, a point P is transformed into a point P’ of eo- 
ordinates x’ and xi. 


*We shall see that the commutative property does not hold in the case of 
multiplication. 
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The general linear homogeneous (or ‘‘linear’’ for short) transforma- 
tion of the plane may be written 


(i— 
fa = 41,0, + 4,0, 


(2) 
{2 =A, ,%, + Ay%,, 

where the coefficients a; are constants. When the values of these con- 
stants are not specified, the transformation (2) furnishes no definite 
information. We shall suppose therefore that the constants ai, repre- 
sent known real values. 

When the values of the constants a, are specified, the transformation 
(2) supplies us directly with the coordinates £7, Ze of the transformed 
point P’ in terms of the coordinates %1, 22 of P. Thus to each point P 
corresponds a definite point P’. Usually, the reverse is also true, so that 
a one-to-one correspondence is set up between the points P and P’, In 
this case, however, the coefficients a; cannot be entirely arbitrary ; they 
must satisfy the condition that the determinant * of the transformation 
be non-vanishing. When this condition is satisfied, the linear transforma- 
tion is called non-singular. In the sequel, only non-singular trans- 
formations will be considered. 

What is known as the matrix of the transformation (2) is the 
assemblage of coefficients ai, written in the same order as they appear in 
the transformation. We agree to represent this matrix by the letter a. 
The matrix a of the transformation (2) is thus 


° jn oh 


The constants ai, in the expression (3) are called the terms, or the ele- 
ments, of the matrix. Each different transformation is thus associated 
with a corresponding matrix; and since an interchange of the coefficients 
ai, of the transformation (2) would alter the transformation, we con- 
clude that an interchange in the positions of the elements of the matrix 
(3) would modify the matrix. 

It may happen that the constants dix in the transformation (2) have 
such values that when P is any point in the plane, the transformed point 


Gir Ai 


* The determinant is which is a symbolic way of writing @udx2 — dudn. 


, 


Qn Gz 
In contradistinction to a matrix, a determinant has a well-defined numerical value. 
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P’ is always obtained by submitting the point P to a definite rotation 
about the origin O. The linear transformation in this case is equivalent 


to a rotation about the origin; it is called an orthogonal transformation. 
Thus 


oe f 
{ 1 = 2%, cos + az, sin 0 


(4) 

le =—2,sin 6 + x, cos 8, 

in which @ is a fixed angle, is an orthogonal transformation. Its effect 
is to rotate any point P by an angle 6 about the origin in a clockwise 
direction. The matrix of an orthogonal transformation is called an 
orthogonal matrix. Thus the matrix of (4), namely, 


cos™ sin o| 9 


5 
6) —sin@ cosé f 
is an orthogonal matrix. 

For the present we shall be concerned with the general linear trans- 
formation. Suppose, then, we consider a second transformation 


(6) {y=dye, a bint, 
|4=0 zw, +b,.2 


2ilieet: 22°°2° 


Its matrix 6 is 


” set 


If all the corresponding elements a,, and bi, of the two matrices (3) and 
(7) are equal two by two, the matrices are necessarily identical. This 
prompts us to inquire whether two matrices can be equal without being 
identical. Two determinants, for instance, may have the same numerical 
value and hence be equal, and yet the elements in the determinants may 
be different so that the determinants are not identical. Thus the two 
determinants 


uy 
0 


and 


are equal, for their common value is 2 ; yet they are not identical. But 
with matrices, this situation cannot arise, for equality involves ordinary 
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magnitudes, whereas matrices are not numbers in the ordinary sense; 
they express a definite ordering of ordinary magnitudes. The only 
significance that can be attached to the statement that two matrices 
are equal is that the matrices are identical ; 7.¢., that their corresponding 
elements are equal two by two. When, therefore, we write down a 
matrix equation such as 


a=b, 
we mean that the following equalities are satisfied : 
G43 = 011, Gi2= 012, G21=5e1, Gee = boo. 


The features we have just stressed are clarified when we revert to 
linear transformations. For instance, the two transformations (2) and 
(6) are equivalent if the correspondence they establish between points 
P and P’ is the same. A situation of this sort will be realized when, and 
only when, the coefficients which occupy similar positions in the expres- 
sions of the two transformations are equal two by two. But then the 
transformations are necessarily identical since there is no means of dis- 
tinguishing one from the other. We conclude that two transforma- 
tions are either identical or else different. The same conclusions must 
therefore be extended to the matrices which define the transformations. 


The Addition of Matrices—The additive properties of matrices 
may be derived from the properties of linear transformations. Let us 
suppose that (2) and (6) are different transformations. The first trans- 
formation (matrix a) transforms a point P into a point P’, whereas 
the second transformation (matrix 6) transforms the same point P into 
a point P’”. To make the situation clearer, we shall write the transforma- 
tion (6) as 


&Y =b,,0, + bh, 
(8) a 


vs 


b,,%, + b,.4,. 


We now consider the point P’” of coordinates 


et Ma , ita 
G, = 2, ar Ly 
(9) ie 


Ts 


ie ur 
Ly +2,, 


and we wish to determine the transformation which will transform the 
point P into this new pomt P’’. The transformation in question is 
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obviously obtained by adding the transformations (2) and (8). It is 
thus 


ey’ = (a4, + b,,)%, + (a. + b,,)a, 


10) 
wy = (a,, +b,,)2, + (Gg. + bao) ao 


Its matrix is 


fon +biy Gig + nell 
(11) . 
| + boy deg + bea { 


Inasmuch as the two transformations have been added, we will agree 
to say that their respective matrices have been added. Consequently, 
the matrix (11) is the matrix 


(12) at+b. 


We are now in possession of the rule of addition for matrices. It states 
that the corresponding elements of the two matrices must be added. 

A similar rule holds for the subtraction of matrices. The difference 
a — b of two matrices a and 6 is expressed by a matrix the elements of 
which are the differences of the corresponding elements of the two 
matrices. 

In particular, if the two matrices @ and 6 are equal and hence iden- 
tical, their difference is expressed by a matrix in which every element 
is zero. This matrix is called the zero matrix.* Obviously, if the zero 
matrix is added to any matrix a, the result is still the matrix a. 

We see from (11) that the equality 


a+b=bt+a 


holds just as it does for ordinary numbers. Thus matrices exhibit the 
commutative property for addition. They also exhibit the associative 
property for addition, e.g., 


a+(b+c)= (a+b) +e. 


Our next step will be to examine the multiplication of matrices. We 
shall find that the associative and the distributive properties hold, but 
that the commutative property is invalid. 


* The matrix all of whose elements vanish is the only matrix that can be connected 
with the value zero. This fact illustrates one of the differences between matrices and 
determinants, for a determinant may quite well vanish even though all its elements do 


not vanish, ¢.g., the determinant 


2.4 
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The Multiplication of Matrices—Let us revert to the first linear 
transformation (2) of matrix a. It transforms any point P(x, 22) 
into a corresponding point P’(x1, x, ). We now consider a second linear 
transformation which we apply to the former transformed point P’. This 
point will then be transformed to some other point P’ (x7, x7). We 
represent the second transformation by 
fe = b,,2, + 240% 


12° 2 


(14) tid ie , 
EZ =b,,7, +60), 


its matrix is (7), 2.e., 


bi bye 
a a i. a 


We shall agree to express this sequence of transformations by saying 
that the two transformations have been multiplied the one by the other. 

We now propose to determine a third transformation which will 
transform our initial point P directly into the final point P”, without 
causing it to pass through the intermediary point P’. Suppose the re- 
quired transformation is 


Gi SO 6. AP Bog hh 
1 114 122 
16 
ihe) We 23 Oy. 48, AP Copy 
2 2151 22° 2? 
where the quantities c;, are appropriate constants. The matrix of (16), 


which we will call c, is represented by 


fen C12 


(17) c= : 
[ox C22 


We may easily determine from (2) and (14) the values of the constants 
Ci, in terms of the constants dix and by. We find 


C11 = 011011 + Dizde1, C12 = Birdie + b120e2 
18 
_ Co1 = boidia + boeQ21, C22 = bo1A12 + Deedee. 


Since we have agreed to say that the two transformations (2) and 
(14) have been multiplied, we shall extend the same convention to their 
matrices. Consequently, we shall view the matrix c as resulting from 
the multiplication of the matrix @ by the matrix b. 
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If matrices were ordinary numbers, we should obtain exactly the 
same result whether we were to multiply a by 6, or 6 by a; and it would 
be unnecessary to devise a notational scheme defining the order in which 
the multiplication was effected. But when we are dealing with entities 
which, like matrices, are not ordinary numbers, we cannot presume with- 
out further inquiry that the order of multiplication has no importance. 
In other words, we cannot take for granted that the commutative pro- 
perty holds for multiplication. Indeed, as we shall see presently, this 
property does not hold in the case of matrices. Accordingly, we must 
agree on some notational scheme for the multiplication of matrices. We 
shall agree that when a matrix a is multiplied by a matrix b, the product 
will be written ba. On this basis the matrix ¢ mentioned above will be 
denoted by 


(19) c= ba. 


From the standpoint of linear transformations, the equality (19) 
implies that the transformation of matrix a has been applied first, that 
it has been followed by the transformation of matrix b, and that the 
result of the two successive transformations is the same as the one we 
should have obtained had we applied the single 
transformation of matrix c. 

Suppose now we reverse the order of the 
transformations. We first apply the transfor- 
mation of matrix 6 and follow it with the 
transformation of matrix a. We operate ag be- 
fore on the point:P. The transformation 6 
displaces P to some point Q’; and then, if we 
operate with the transformation a on the point 
Q’, we obtain a point Q”. We propose to de- 

Fig. 52 monstrate that, in general, the point Q” differs 

from our former point P”. Our demonstration 

will show thereby that the effect of applying the two transformations 

a and 4, in one order of succession or in the other, does not usually yield 
the same result. 

To prove this statement, we proceed as before by seeking the trans- 
formation which will transform the point P to the point Q” directly. Let 


ve 
fe =d,,2,+4,,2, 


(20) ie 
Ie =d,,¢, + d,,2, 
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be this transformation, of matrix d. The numerical values of the coeffi- 
cients dj, in (20) are given analogously to (18) by the relations 


fax = 41011 + G12b21, dig = Gi1d12 + 42022 


21 
ee | & = q1b11 + Gegb21, dee = daibiz + Aeabo0. 
We observe that the expressions (21), determining the coefficients dix, 
differ from the expressions (18), defining the coefficients cix. Hence 
only under exceptional conditions will the numerical values of the corre- 
sponding coefficients cj, and di, be the same. This shows that only under 
special conditions will a reversal of the order, in which the transforma- 
tions a and 6 are applied, yield the same resultant transformation. The 
two resultant transformations (16) and (20) are thus usually different. 
The difference will betray itself in the graphical representation of 
Figure 52 by the failure of the final points P” and Q” to coincide. From 
the standpoint of matrices, the difference in the two resultant transforma- 
tions will entail a difference in the corresponding matrices c and d. 

The expression of the matrix c in terms of the matrices @ and b was 
given by (19). And since the matrix d is obtained by reversing the 
order of the transformations a and b, we must set 


(22) d=ab. 


The matrices ¢ and d being usually different, we conclude that in gen- 
eral the matrices ba and ab are not the same. Thus, in general 


(23) ba # ab, or ba—ab = 9. 


This feature is expressed by the statement that the multiplication of 
matrices is not usually commutative. 

In special cases, however, matrices may commute. Thus, if the 
numerical values of the constants aix and bi, in (17) and (21) happen 
to confer the same numerical values on the constants ci, and dix, two by 
two, the transformations (16) and (20) will be the same; and the cor- 
responding matrices ¢ and d will be identical. We should then have 
ba = ab, and the matrices a and b would commute. In the graphical 
representation of Figure 52, this situation would be expressed by the 
eoincidence of the transformed points P” and Q”, regardless of our choice 
of the original point P. Other special cases of commutation will be men- 
tioned later. 

Let us examine a simple example in which, according to circumstances, 
two matrices may or may not commute. Suppose we have two plane 
mirrors placed perpendicularly to the page. They are represented by 
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the straight lines OA and OB in Figure 53. Consider any point P on 
the paper. Its image in the mirror A is the symmetrically situated 
point P’, and in the mirror B its image is the point Q’. If we displace 
the point P over the sheet of paper, its image P’ will move, and a 
one-to-one correspondence is set up between the points P and P’. The 
pairs of points are connected by a linear transformation which we shall 
call the transformation of matrix a. Similar arguments apply to the 
point P and to its image Q’ in the mirror B. 
These two points likewise are connected by 
a linear transformation, but it is not the 
same transformation as the previous one. 
We shall refer to the new transformation 
as the transformation of matrix 6. When 
we pass from P to its image P’ in the mir- 
ror A, we are transforming the point P by 
the transformation a; and when we pass 
from P to its image Q’ in the mirror B, we 
are transforming P by the transforma- 
tion b. 
Suppose, then, we consider the reflection 
P’ of any given point P in the mirror A, 
and then take the reflection of P’ in the 
Fig. 53 mirror B. These two reflections are the 
physical expressions of the two transforma- 
tions a@and 6. Thus a is applied to P, yielding P’, and then 6 is applied 
to P’, yielding P’”. The direct passage from P to P” is thus represented 
by a transformation of matrix c, where 


c= ba. 
Let us reverse the order of the reflections. We first reflect P in the mir- 
ror B, obtaining thereby Q’, and then reflect Q’ in the mirror A, obtain- 


ing the point Q”. The direct passage from P to Q” may be accomplished 
by applying the transformation of matrix d, where 


d=ab. 

The figure shows immediately that the points P” and Q” will not 
coincide in general. This implies that the resultant transformations of 
matrices c and d, respectively, are not the Same, so that we have 

ba # ab. 


The two matrices do not commute. 
But we also see from the figure that if the two mirrors happened to 
be placed at right angles, the two points P” and Q” would always coincide 
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regardless of the position of the point P. In this event the two trans- 
formations c and d would always have the same effect and would there- 
fore be identical. We should have ba = ab, and hence the two matrices 
would commute. 

This example shows in an elementary way why matrices do not neces- 
sarily commute, and it warns us that the commutative property, to which 
we have become accustomed through our daily experience with ordinary 
numbers, is by no means a general property which must be expected to 
hold in all situations. Vector analysis furnishes another example in 


_ _ 
which multiplication is non-commutative. Thus, if 2 and y represent 


, —> as »> > 
two vectors, their ‘vector products’’ « X y and y X @ are not the same, 
for we have 


= 


— > os 
rXy=—(yX), 
so that the order in which the multiplication is effected modifies results. 


Diagonal Matrices—A variety of matrix of considerable importance 
in the mathematics of Heisenberg’s method is the so-called diagonal ma- 
trir. In a matrix of this sort, only the diagonal elements extending from 
the upper left-hand corner are non-vanishing. Thus, ¢.g., 


(23) a 0 { 


0 22 il 


is a diagonal matrix. Obviously it is the matrix of the transformation 
= ee a 


ld 

fa te 1 
= 

| = Boo %- 


In the particular case where the elements on the diagonal have the same 
numerical value, a diagonal matrix is called a scalar matrix. If the ele- 
ments on the diagonal have the value unity, the matrix obtained is called 
the unit matrix. The unit matrix is represented by 1. It is defined by 


a Bere ot 


(24) 


(26) is 
i 
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In such a transformation each point P is left unchanged ; or, if we prefer, 
each point is transformed into itself. 

The following commutation rules may be mentioned. Two diagonal 
matrices always commute, and their product is itself a diagonal matrix. 
A diagonal matrix (when it is not a scalar matrix) does not commute 
with a non-diagonal matrix; the product of the two matrices is non- 
diagonal. Finally, a scalar matrix commutes with any matrix a; the 
product of the two matrices is the matrix we obtain when we multiply 
each element of the matrix a by the scalar number corresponding to the 
scalar matrix. 


Inverse Matrices—Suppose we have a transformation, such as (2), 
of matrix a. The transformation establishes a one-to-one correspondence 
between the pairs of values x, and zo, defining a point P, and the pairs 
of values x} and x, defining a point P’. As a result, if P is given, P’ is 
determined, and conversely. Let us first suppose that the point P and 
hence its coordinates x; and 22 are given. The transformation (2) fur- 
nishes immediately the coordinates x, and x, of the point P’. But if 
the opposite procedure is followed, i.¢., if the coordinates a and os are 
given, a certain amount of calculation is required before we can derive 
the corresponding values x, and x2 from the transformation (2). Tt 
therefore convenient to perform these latter calculations onee and for 
all so as to obtain the expression of x1 and Xo in terms of x and az. The 
relations we are led to are of the form 


— , , , , 
J = 44,0, +4,.0, 
— , , , id 
ez = Oy,0, +O,.%5 


in which the a’, ’s are appropriate constants depending on the values of 
the ai,’s in the original transformation. 

The transformation (27) is called the ‘‘inverse’’ of the transforma- 
tion (2).* Usually the coefficients @,, differ in value from the coefficients 
ai, of the direct transformation. Hence the matrix of the inverse trans- 
formation (27), which we may represent by a’, is not the same as the 
matrix @ of (2). The matrix a’ is called the ‘‘inverse’’ of the 
matrix a. 

Suppose, then, that, to a point P of coordinates X1, Le, we apply the 
transformation (2). We thus obtain a point P’ of coordinates ris cen 5) 


(27) 


* We are assuming that the transformation (2) is non-singular and hence that it 
establishes a one-to-one correspondence between the points P and P’. If this condition 
were not realized, the inverse transformation could not be obtained in the form (27). 
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this point P’ we apply the inverse transformation (27). We shall 
obviously be led back to the point P whence we started. Consequently, 
the transformation (2), when followed by its inverse (27), changes 
nothing at all and is equivalent to the identical transformation. Tnas- 
much as the two transformations we have just effected are equivalent 
to a single transformation of matrix 


(28) aa, 


we conclude that (28) is equivalent to the unit matrix 1. Exactly the 
same results would have ensued had we first operated with the inverse 
transformation a’ and then followed it with the direct one. Altogether, 
then, we see that 


(29) a’a=aa'=1. 


The inverse matrix of a matrix a is usually represented by a~'. We thus 
obtain for all matrices the general relation 


(30) a—'a=aa-1=1., 


Obviously a matrix and its inverse commute. 


Orthogonal Transformations—A particular kind of linear trans- 
formation which plays a prominent part in pure mathematics and in 
theoretical physics is the orthogonal transformation. It corresponds to 
a rigid rotation about the origin. An example of an orthogonal transfor- 
mation in the plane has already been mentioned. We shall now consider 
the three-dimensional case. 

Suppose that all points P in space are subjected to the same rotation 
about the origin O. Each point P will be displaced to a corresponding 
point P’, and the origin O alone will remain fixed. If we call 2, v2, £3 and 
, c,, age coordinates of the two points P and P’, these triads of 
coordinates will be related in a definite way in any given rotation. The 
relationship expresses the orthogonal transformation. Instead of sup- 
posing that the points are rotated about the origin O, we may equivalently 
imagine that the points of space remain fixed, but that we rotate the 
coordinate axes rigidly around the origin to some new position. Calling 
Ox;, Ox, Ox the original axes, we shall represent the rotated axes by 
Or, Ox, Om: If this rotation of axes is assumed, a point P of coordi- 
nates £1, %2, £3 in the original system of axes will occupy a new position 
relative to the new axes and will thus have new coordinates 1, 24 a. «As 
before, the two triads of coordinates are connected by an orthogonal 
transformation. In the applications we have in view, we shall find it 
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convenient to interpret an orthogonal transformation as a rotation of 
axes. 

To understand some of the analytical peculiarities of orthogonal 
transformations and of their matrices, we first consider the general linear 
transformation in three variables. We may write it 


—— id , , 
Ly = 844%, +S iyy%y + 843% 


— , , td 
(31) Ly = So, 0, + So9%q + So5%5 


=. , , , 
Ty = S85, + $5.05 + 85525, 


where the coefficients s;, are constants. We have placed the primed 
quantities on the right instead of on the left. This change, however, is 
of no importance, for our transformations merely connect triads of 
coordinates, or points; and it matters not which point we agree to call 
P or P’. 

The matrix of the transformation (31) is 


(32) S= < sar Seo Seog 7° 


$31 S32 S33 
The inverse transformation is obtained from (31) by expressing Di, &, z, 
in terms of £1, 22, 23. The matrix of the inverse transformation is writ- 
ten S~1, In the case of the general linear transformation, the inverse 
transformation is rather complicated, but in the particular case where 
the transformation (31) is an orthogonal one, its inverse has a very 
simple aspect. It is defined by 


eee 
= 8,0, 18,0, +5,,2, 
33 . , — 
(33) @_= $1.0, +8,.0, +8..05 
—— 
a) _ $i3%1 Ba S537, ate $3509 : 


Its matrix is thus 


Sit S21 Say 
(34) S-1= S12 S22 Sgo 


$13 S23 S33 
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We observe that this matrix §~' is merely the matrix S§ with rows and 
columns interchanged. It is called the ‘‘conjugate matrix’’ of S and is 
written §. Hence if § represents the matrix of an orthogonal trans- 
formation, we have 


(35) S=S—*, 
Multiplying both sides before, or after, by S, we get 
(36) SS=SS=1 (since SS-? = S18 =1). 


The relation (35), or (36), is characteristic of orthogonal transforma- 
tions and of their matrices (called orthogonal matrices). The numerical 
values of the coefficients in the matrices § and S—?, or §, will of course 
depend on the particular rotation performed; but, in all cases, provided 
we be dealing with a rotation and hence with orthogonal matrices, the 
general relations (35) and (36) will be satisfied. 

Let us then assume that (31) is an orthogonal transformation. The 
geometrical significance of the constants s, is easily obtained. Those on the 
first line of (32), 7.e., S11, Siz. $13, Measure the cosines of the angles that 
the original axis 0.x, makes with the three new axes Or‘, On. Oxgamra 
those in the first column, namely, s11, S21, $31, are the cosines of the 
angles the new axis Ox} makes with the three former axes 021, 0x2, Ox3.* 
Similarly for the other coefficients. 


* The relations (36) show that the determinant of an orthogonal transformation 
must have the value +1, a fact which signifies that volumes are not altered by the 
transformation. The geometrical reason for this becomes obvious when we note that 
orthogonal transformations represent rigid rotations. The possibility of the deter- 
minant having the value —1 implies that an orthogonal transformation may also 


, %o ve 
a) a! 
1 


Fig. 54 


represent a rotation followed by a reflection. For instance, in the two-dimensional 
case, i.e., in the plane, an orthogonal transformation may rotate the coordinate axes 
as in the first figure. But it may also change the coordinate axes to the positions 
indicated in the second figure. Clearly, no mere rotation can secure the second result. 
This second result may, however, be obtained by executing a rotation and following 
it by a reflection of the axis Ox’, with respect to the axis Oz’. 
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Matrices with Complex Terms—The matrices we have so far con- 
sidered were assumed to contain only real terms. But situations arise 
where our transformations involve complex coefficients, and in this event 
the terms in the matrix are necessarily complex. 

Two complex numbers, such as 


a+% and a—1 


(where a and 6 are real), are said to be conjugate complex. The two 
numbers differ merely in the sign preceding the imaginary magnitude 7. 
By analogy, if a is a matrix containing complex terms, we shall agree 
that when the sign of 7 is changed in all the terms, the new matrix ob- 
tained is to be called the conjugate complex of a. Conjugate complex 
magnitudes are denoted by an asterisk, so that a* will represent the con- 
jugate complex matrix of a. 

Some of the complex matrices exhibit a striking similarity with the 
real orthogonal matrices. In common with the latter, these special 
complex matrices are associated with rotations, but this time in an 
imaginary space. We shall refer to such complex matrices as complex 
orthogonal matrices; and the corresponding rotations in the imaginary 
space will be called complex orthogonal transformations. 

Suppose, then, that (31) isa complex transformation of the orthogonal 
type. It can be shown that if § represents its matrix, the relations (35) 
and (36) must be replaced by the similar ones 


(37) See 
and 
(38) SS§* = §*§ = 1, 


These are the relations that are characteristic of complex orthogonal 
matrices. Let us observe that should our orthogonal transformation S 
happen to be real, the asterisk would lose all significance in the matrices of 
(37) and (38); and the relations (37) and (38) would then pass over 
into the former ones, (35) and (36), that hold for real orthogonal 
matrices. 

All these properties of matrices, whether real or complex, may be ex- 
tended to matrices having any number of rows and columns. Thus, if we 


have a linear transformation connecting a set of n variables Hep Air, ee Ken 
with a set of n variables a, ©, ... x, the geometrical representation of 
the transformation will be a transformation of points P ( oapacage. . mane) 


in a space of m dimensions. The matrix of this transformation will 
contain ” rows and ” columns. 

An illustration of linear transformations in a hyperspace is afforded 
by the special theory of relativity. The Lorentz transformations are 
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linear transformations in 4-dimensional space-time. Indeed, as was shown 
by Minkowski, they are orthogonal transformations and hence correspond 
to rotations of the axes of coordinates about the origin. (This is made 
particularly clear when we render space-time Euclidean by viewing the 
time dimension as imaginary.) The matrix of a Lorentz transformation 
is thus an orthogonal matrix. 

In the quantum theory, we shall have to consider orthogonal trans- 
formations in a space having an infinite number of imaginary dimensions ; 
the corresponding matrices will then contain an infinite number of rows 
and columns (infinite matrices). In passing from the finite to the infinite, 
we must always proceed with caution and verify that extrapolations are 
justified ; however, all that we have said so far in connection with matrices 
holds also for infinite matrices. 


Symmetric Matrices and Quadratic Forms—When the elements 
of a matrix that are symmetrically situated with respect to the diagonal 
are equal, the matrix is said to be symmetric. For instance, the matrix 


Qi1 12 Mg 
(39) G21 G22 28 
Q31 32 G33 
is symmetric if 
(40) Qi2 = 21, G23 — Az2, 431 — A132. 
A symmetric matrix may, if we choose, be associated with a linear 
transformation. But there are other ways of utilizing matrices. Sym- 


metric matrices in particular can be associated with so-called quadratic 
forms. A quadratic form in three variables 21, %2, 3 is 


2 2 2 
(41) f a2 + Ging La + Gyq%3t B90, + bo,%Q%, 


+ dg3%oX3 + Ago%3X2 ce 43103%1 + 413%1%3. 


The coefficients a; are constants, which we shall here assume real. Without 
any loss in generality, we may suppose that the symmetric relations (40) 
hold between these coefficients.* 


* Suppose that in (41) the coefficients ai. are not symmetric. Without affecting 
the value of the quadratic form, we may replace di2t%s + antem by 


We may proceed in a similar manner with the other terms and by this means obtain 
the same quadratic form but with symmetric coefficients. 
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Suppose then that the form (41) be written in three lines as indicated 
below: 


2 
01,0 + Ay,%,%, + 015%, 25 
2 
(42) Fy) %g%1 + Age y+ Ayg Lo ky 
2 
ap Q3,0,2, + Aso %, T+ Re i 


A matrix, associated with the form, now suggests itself immediately ; it is 
the symmetric matrix (39). We conclude that an appropriate symmetric 
matrix may be connected with each quadratic form. If the matrix is 
given, the quadratic form is determined, and vice versa. 

To proceed, it is advantageous to give a geometric interpretation of a 
quadratic form. Let us view the variables 21, 22, x3 as defining the 
Cartesian coordinates z, y, z of a point in space; and let us consider the 
equation we obtain by equating the quadratic form (41) to a constant, 
e.g.,to 1. We shall write the quadratic form briefly La;,2,7;. The equation 
we wish to consider is then 


(43) Laiy.Lily = 1. 


It can be shown that those points P whose coordinates %1, Te, X3 satisfy 
the equation (43) lie on a quadriec surface having the origin as centre. 
The precise nature of the quadrie surface 

<7 depends on the values of the coefficients 

dix. If the ay, are real (as we here as- 

sume), and if the determinant of the 

matrix associated with the quadratic form 

is non-vanishing, the quadrie surface is 

pe an ellipsoid (real or imaginary) or a hy- 

perboloid, situated in ordinary 3-dimen- 

sional space.* The numerical values of 

x the coefficients in the quadratic form en- 
Fio. 55 able us to determine which of the two 

situations is realized. We shall suppose 

that the equation (43) defines a real ellipsoid. This ellipsoid, having the 
point O as centre, will then be represented by some such drawing as is 
indicated in the figure. The principal axes of the ellipsoid are the three 
mutually perpendicular axes of symmetry that pass through the centre 


*This determinant is called the discriminant of the quadratie form. If it 
vanishes, the quadrie surface (43) degenerates into a eylinder of the elliptic or 


hyperbolic type, or else into two parallel planes symmetrically situated with respect 
to the origin. 
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O. These axes are uniquely determined when they differ in length, as 
we shall here assume. 


The Transformation of a Quadratic Form into a Sum of 
Squares by Means of an Orthogonal Transformation—Suppose we 
wish to determine the lengths of the principal axes of the ellipsoid defined 
by (43). These lengths depend on the particular ellipsoid considered and 
hence on the coefficients ai, in (43). But a mere inspection of this equa- 
tion does not enable us to determine the lengths of the principal axes, 
and so we are compelled to resort to indirect methods. We proceed 
as follows: we establish the equation of the ellipsoid in a system of axes 
which coincide with the ellipsoid’s principal axes; the lengths of the 
prineipal axes are then obtained immediately. 

Let us investigate this procedure. The coordinate axes Ox,%2%3 are 
asstumed to be rotated about the origin O so as to coincide with the prin- 
cipal axes of the ellipsoid. If we call O27), x7, the rotated axes, a current 
point P on the surface of the ellipsoid will have coordinates ti Sas of 
in the new axes. The equation of the ellipsoid in the new system of axes 
will be given by some relation linking the coordinates x}, 25, 25. For 
the present this equation is unknown, but we do know that it will be of 
the same general type as (43), and hence that it will be expressed by 
equating to 1 some appropriate quadratic form in 2/, a eather: 
more. since the new axes coincide with the principal axes, we know that 
the ellipsoid’s surface will be symmetrically situated with respect to them. 
This symmetry requires that the quadratic form, which enters into the 
equation of the ellipsoid, should degenerate into a sum of squares, and 
hence that the equation of the ellipsoid in the new axes should be of form 


(44) bee Use t i ie 


Here Dj, bs, b3 are positive constants,* but at this stage their numerical 
values are unknown. For reasons which will appear presently, they are 
called the eigenvalues of the problem. 

Let us assume that the exact equation (44) of the ellipsoid has been 
obtained, so that the eigenvalues bi, be, and b3 are known. The lengths 
of the principal axes, which it was our original aim to discover, are then 


measured by 
2 2 2 
(45) —=, 
Vbi Voz Vb: 


Our problem is thus to determine the eigenvalues bj, by, and b3. 


*The constants bi are certainly positive because our quadrie surface is assumed 
to be a real ellipsoid. 
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The problem we have been discussing is equivalent to that of deriving 
the equation (44) of an ellipsoid, referred to its principal axes, from the 
equation (43) of the same ellipsoid, referred to an arbitrary system of 
Cartesian axes. A more analytical interpretation of this problem will now 
be given. 

The change in the form of the ellipsoid’s equation when we pass from 
(43) to (44) is brought about by rotating the axes of coordinates in a 
suitable way. Now, a rotation of axes is an orthogonal transformation, 
and hence the equation (44) is derived from (43) when we submit the 
coordinates 21, %2, 3 of (43) to a suitable orthogonal transformation. 
The transformation exerts no effect on the number 1 on the right hand 
side of (43) ; it merely transforms the quadratic form Laine;Z, of (43) 
into a sum of squares, such as is exhibited in (44). From this standpoint 
the problem is equivalent to the following one: 

To transform by means of an orthogonal transformation a given 
quadratic form Za,,«;7;, into a sum of squares 


(46) b,x’? + b,w2+ byn’?, 


If we were apprised of the required orthogonal transformation, or 
rotation of axes, we could apply it to the quadratic form, and the sum of 
squares would be obtained immediately. Conversely, if we knew the 
values of the constants b; in the sum of squares (1.e., the eigenvalues), we 
could obtain the orthogonal transformation without difficulty. But for 
the present, we are ignorant of the eigenvalues and also of the orthogonal 
transformation. 

To understand how the problem can be solved, let us suppose that the 
quadratic form Yai.2;2;, is submitted to any arbitrary orthogonal trans- 
formation. For instance, if (31) represents an orthogonal transformation, 
the variables x1, x2, x3 in the quadratic form will have to be replaced by 
their values (31) in terms of ©, £3, x, and of the coefficients sof the 
transformation. When this transformation is performed and the various 
terms are regrouped, we find that a new quadratie form ai, zx, is 
obtained, the new coefficients a,, being appropriate combinations of the 


original ones and of the coefficients s;, of the orthogonal transformation.* 


*The coefficients a;, in the original quadratic form are the components of a 
“‘tensor’’ of the type called ‘‘twice covariant.’’ When an orthogonal transformation 
(or any linear transformation) is applied to the quadratic form, we obtain a new 


, 


quadratic form 2a, a. The tensor components a’ of the new form may be 
a u 


derived, by means of well-known rules, from the original tensor components a;, and 
from the coefficients s;, of the transformation that has been applied, 
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The transformation is most easily expressed in terms of matrices. 
We reeall that the original quadratic form has a known matrix a, and that 
the orthogonal transformation (31) to which we submit it has a matrix 
which we may call §. Now, quite generally it ean be shown that, if the 
transformation (31) were the general linear transformation instead of an 


orthogonal one, the transformed algebraic form would still be quadratic 
and its matrix would be 


(47) SaS. 
But since the transformation (31) is assumed orthogonal, we know, by 
(35), that § =S$-!; and hence the matrix of the new quadratic form 
will be 

(48) S—1aS. 

We wish the transformed quadratie form to be a sum of squares 


iil b, t+ b,%,7. whose coefficients b; are, however, undetermined. 
The matrix 6 of this sum of squares is the diagonal matrix 


b, O O 
(49) b=<0 be O 
0 0 bs 


Consequently, our problem is to select the orthogonal transformation 
of matrix S in such a way that the following matrix equation holds 


(50) S—1aS=b, or aS=Sb. 
To this equation must be added the matrix equation 
(51) §s =1, 


which expresses that S is an orthogonal matrix. 

Tn short, our geometrical problem leads to the matrix equations (50) 
and (51), and it is solved if we can solve these equations. We may, 
however, disregard the geometrical aspect of the problem and concentrate 
on the matrix aspect. From this standpoint our problem may be expressed 
as follows: 

To transform by means of an orthogonal transformation a given sym- 
metric matrix @ in such a way that it becomes a diagonal matrix. 
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This is the problem which is expressed by the matrix equations (50) 
and (51). Now the equality of two matrices, 1.e., a matrix equation, 
implies the equalities of the corresponding elements in the two matrices. 
Hence an equation of type (50) entails a number of equations connecting 
the elements aj, of the original matrix a, the coefficients s,, of the unknown 
orthogonal transformation S, and the unknown elements (or eigenvalues) 
b; of the diagonal matrix 6. We propose to show that the equation (50) 
suffices to determine the unknown diagonal matrix 6, and that the ortho- 
gonal matrix S' may then be derived from (50) and (51). 

To prove this assertion, we revert to the geometrical significance of 
the problem. The orthogonal transformation rotates the coordinate axes, 
bringing them into coincidence with the principal axes of the ellipsoid. 
We have seen that when this rotation is performed so that the equation 
of the ellipsoid becomes (44), the coefficients by, be, and bs in the sum 
of squares are connected by (45) with the lengths of the principal axes. 
These coefficients b; are thus determined by the shape and size of the 
ellipsoid. We conclude that, whatever rotation may be utilized to bring 
the original coordinate axes Ox;x223 into coincidence with the principal 
axes of the ellipsoid, the coefficients bi, bz, and ba in the sum of squares 
will always have the same numerical values. Furthermore, these values, 
being determined by the dimensions of the ellipsoid, will depend on the 
coefficients a,, of the quadratic form of matrix a. 

Suppose, then, we were to impose three arbitrary values for the co- 
efficients 61, be, and b3 in the sum of squares, and we then sought to 
obtain the orthogonal transformation which would transform the quad- 
ratic form into the sum of squares selected. ‘According to what has just 
been said, no orthogonal transformation could secure the required trans- 
formation, and our problem would be impossible. Thus our problem is 
possible only when the coefficients bi, bs, and b3 have appropriate values. 

These results can be translated into the language of matrices. We may 
say: The matrix equation (50), in which a is a given symmetric matrix, § 
some orthogonal one, and 6 some diagonal one, is possible when, and only 
when, the diagonal elements b1, bo, and bg of the diagonal matrix 6 have 
appropriate values, 1.¢., the eigenvalues. These eigenvalues are deter- 
mined in some way (as yet unknown) by the matrix a and hence by the 
elements aj, of this matrix. 

According to the above explanations, we shall know the eigenvalues 
bi, be, bs if we can establish the conditions which render the matrix equa- 
tion (50) possible. Now, it can be shown that these conditions are 
realized when 6, bz, and bg are the three roots of a certain algebraic 
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equation.* The equation is easily constructed, its coefficients being well- 
determined combinations of the elements a;, of the matrix @; the three 
roots of this equation are then the three eigenvalues we are seeking. Of 
course, when these eigenvalues are obtained, the particular sum of squares 
into which the quadratic form will be transformed is known. 

In some cases we may rest content with the discovery of the eigen- 
values, and hence of the diagonal matrix 6 into which the symmetric 
matrix @ can be transformed by an orthogonal transformation. But in 
other cases we may wish to proceed further and determine the orthogonal 
matrix S, which brings about this transformation. From the geometrical 
standpoint, this means that we may wish to determine the rotation of axes 
which brings the original axes 0x1 2223 into coincidence with the principal 
axes of the ellipsoid. A knowledge of this rotation of axes will auto- 
matically apprise us of the angles that the original coordinate axes 
Ox,x2r3 made with the principal axes of the ellipsoid defined by (43). 

The determination of the rotation (or of the orthogonal matrix S}) is 
easily secured, for after we have found the eigenvalues b;, the diagonal 
matrix 6 is known, and hence the only unknown magnitude in the matrix 
equation (50) is the orthogonal matrix §. When account is taken of (51), 
which expresses the orthogonality of the matrix S, the matrix equation 
(50) yields the required matrix S. 

In point of fact there will always be some measure of indeterminacy 
in the orthogonal transformation. It arises from the existence of different 
rotations, each of which brings about the coincidence of the coordinate 
axes with the principal axes of the ellipsoid. For instance, we may rotate 
the coordinate axes in such a way that the new axis Ox’,, coincides with 


* This equation is expressed by equating to zero the determinant 


au — by dye ais 
Gee —b a. 
(52) aa ry 23 
aa Ose Az3 — Dy 


in which Bb; is the unknown magnitude to he determined and the terms ay. are the 
symmetric coefficients of the original quadratic form. It will be noted that the 
determinant (52) differs from the determinant of the matrix a@ solely in that the 
unknown magnitude b; is subtracted from each diagonal element of the latter 
determinant. When the determinant (52) is expanded, we obtain an algebraic 
equation of the third degree in the unknown by. A theorem due to Sylvester states 
that, since the coefficients ai. are real and symmetric, the three roots of our equation 
are always real. These three roots are the three eigenvalues bi, be, bs, which play the 
part of coefficients in the sum of squares. 

Algebraic equations of the kind just discussed are of frequent occurrence in pure 
mathematics, in celestial mechanics, and in physics. 
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one or another of the three principal axes of the ellipsoid, so that the 
three axes Oz, Ox, and Ox, may coincide in different ways with the 
principal axes. Obviously the precise rotation will differ according to the 
way in which we choose to operate. This indeterminacy is, however, of 
minor importance, for the sole effect of the different rotations is to inter- 
change the columns of the orthogonal matrix, and hence also to interchange 
the eigenvalues 0,, be, and b3 in the sum of squares, or in the diagonal 
matrix. But the eigenvalues, as such, remain the same. 

We mentioned on a previous page, that the elements in the kth column 
of the orthogonal matrix § define the cosines of the angles formed by the 
kth axis Ox, of the rotated axes with each of the three original coordinate 
axes Ox, Ox2, Ox3. Similarly, the elements in the kth line of the matrix § 
define the cosines of the angles formed by the kth axis Ox, with each 
of the rotated axes Oz!, Ox, Ox, . Inasmuch as the new coordinate 
axes coincide with the principal axes of the ellipsoid, we are apprised of 
the relative position of the ellipsoid with respect to the original coordinate 
axes. As for the lengths of these principal axes, we know that they are 
given by the expressions (45) in terms of the eigenvalues b;. We are thus 
fully informed of the dimensions and the orientation of the ellipsoid 
defined by (48). 

Thus far we have assumed that the principal axes of the ellipsoid are 
of unequal length. But when two or all three of the principal axes of the 
ellipsoid have the same length (7.e., when two or all three of the eigen- 
values b; are equal), the orthogonal matrix becomes indeterminate. The 
geometric picture enables us to understand the reason for this indeter- 
minateness. For example, if our ellipsoid is‘a spheroid and we rotate the 
axis Ox,, bringing it into a position Oz, which coincides with the axis 
of symmetry of the spheroid, the axes Ox, and Ox, will always coincide 
with two other principal axes, however much we pivot our coordinate 
axes about Ox’. The exact rotation imposed on our initial axes is then 
arbitrary to a large extent, and it is this arbitrariness which betrays itself 
in the indeterminateness of the matrix S. 

In the special example treated, we were dealing with 3-dimensional 
ellipsoids and rotations in 3-dimensional space. But exactly the same 
problem can be considered in a space of any number 7 of dimensions, 
though the geometrical representation now fails us unless we are able to 
visualize ellipsoids and rotations in a space of n dimensions. From the 
standpoint of matrices, the problem consists in transforming a symmetric 
matrix of m dimensions into a diagonal one by means of an orthogonal 
transformation. The diagonal elements of the diagonal matrix are, as 
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before, the eigenvalues, and they are the roots of an algebraic equation 
of the mth degree. 

Hilbert investigated the problem when the matrices contain an infinite 
number of rows and columns (infinite matrices). The geometrical repre- 
sentation must now be extended to a space of an infinite number of dimen- 
sions. Here, as in many cases where we pass from the finite to the infinite, 
a new situation develops. When the number of dimensions is finite, the 
diagonal terms of the diagonal matrix (1.e., the eigenvalues) form a 
diserete set of terms. But when we are dealing with infinite matrices, 
the eigenvalues, necessarily infinite in number, need not form a denumer- 
able set (like the class of all integers) ; they may form a continuous set 
(like the class of all real numbers), or they may form a set, part con- 
tinuous and part discrete.* The name spectrum was given to any such 
aggregate of the eigenvalues, and in the case of infinite matrices the 
eigenvalues were said to exhibit a discrete spectrum or a continuous 
spectrum or both. The word ‘‘spectrum’’ was borrowed from optics. At 
the time these mathematical investigations were taking place, the new 
quantum theory of the atom was unknown; but it so happens that the 
eigenvalues represent in certain cases the energy levels of the quantum 
theory, so that a discrete or a continuous spectrum of eigenvalues entails 


*In the 3-dimensional case we obtained for the sum of squares the expression 
2 i} 12 
ba, a biz, aa b,2, ? 


where the eigenvalues b:, bz, and bs were the roots of an algebraic equation of the third 
degree. When our original quadratic form contains an infinite number of terms, the 
eigenvalues should therefore be the roots of an algebraic equation of infinite degree. 
The consideration of equations of this type requires, however, the introduction of new 
mathematical instruments, such as integral equations. It was as a result of the study 
of integral equations that Hilbert established the possibility of the eigenvalues 
forming a denumerable set or a continuous set or both. 

If the eigenvalues form a denumerable set, the sum of squares contains an infinite 
number of terms and is therefore represented by 


n= @®@ 

Syiack . 
nn 

n=1 


The matrix of this form is a diagonal matrix containing a denumera)le set of 
non-vanishing diagonal terms. 

If there is also a continuous infinity of eigenvalues, we must adjoin to the previous 
sum of squares the integral 


(53) fo(d)x'2(A) ah. 


The diagonal matrix b of the total form is then part continuous and part diserete. 
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an optical spectrum of discrete lines or a continuous spectrum for the 
atoms of interest. Thus, by a curious coincidence the introduction of 
the word ‘‘spectrum’’ in the mathematical theory has shown itself to be 
a singularly appropriate one. 


Hermitean Matrices—Suppose that in the matrix a of (39) the 
terms are complex, and suppose that terms symmetrically situated with 
respect to the diagonal are conjugate complex, the diagonal terms alone 
being always real. In a matrix of this type the relations (40) are replaced 
by the relations 


* — oo * 
(55) G12 = 451, Ag, =Azq, @ 


ig — & 


31’ 


where the asterisk denotes the conjugate complex of a magnitude. These 
matrices are called Hermitean in honor of Hermite who investigated their 
properties. Their determinants are real. 

Quadratic forms with complex coefficients and variables may be 
associated with Hermitean matrices. Thus, in place of the real quadratic 
form written in three lines in the arrangement (42), we consider the 
quadratic form 


* * * 
G0, 7, +A, ¢7¢, +4,,2h2, 


* * * 
(56) + G,,252, + O.05%, + O,,052, 


+ O.000, 1 se a A 
in which the coefficients a,, satisfy the relations (55). The matrix of this 
quadratic form is the Hermitean matrix a just discussed. As we have 
said, the diagonal terms are real, and those situated symmetrically with 
respect to the diagonal are complex conjugate. Hence the sum of all the 
terms in (56) is real, and we may proceed as we did with real quadratic 
forms and equate the form (56) to a real constant, e.g., to 1. 

From a geometrical standpoint, the equation obtained may be viewed 
as defining a quadric surface having the origin as centre and situated in 
an imaginary space. The problem of determining the lengths of the 
principal axes of the quadric surface (e.9., ellipsoid) occurs here as it 
did for real quadratic forms. The method of solution is practically the 
same ; the only difference is that the orthogonal transformation will usually 
be of the more general complex kind. We shall therefore assume that the 
orthogonal matrix S§ is complex. 
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It can be shown that if we transform the quadratic form by an arbitrary 
complex linear transformation of matrix §, the transformed form is still 
a quadratic form, and that its matrix is (analogously to (47) ) 


(57) S*aS, 


where a is the matrix of the original quadratic form. Since, however, 
we are assuming that the transformation is orthogonal, we may utilize the 
relation (37), 4.e., 


(58) 5 Mica Yau 


which holds for orthogonal complex matrices; and the matrix (57) thus 
becomes 


(59) S—1a8S. 


The matrix equation which expresses that the orthogonal transforma- 
tion transforms the quadratic forms into a sum of squares is thus 


(60) S—1aS = b, 


where 6 is some diagonal matrix. The diagonal matrix 6 corresponds to 
a sum of squares; its general form is 

(61) Une, + bgtst, +O, oer,. 
The equation (60) may equivalently be written 


(62) aS = Sb, or aS — Sb =0. 


Hence we obtain exactly the same results as in (50). 

As before, the problem is possible only when the diagonal terms of 
the diagonal matrix 6 have privileged values. These are the eigenvalues 
of the problem and they are the roots of an algebraic equation of the 
third degree. Though we are here dealing with complex magnitudes, 
these eigenvalues may be shown to be real. From the eigenvalues the 
lengths of the principal axes may be deduced ; these lengths are also real. 
Finally, the orthogonal transformation may be obtained. There is there- 
fore no essential difference between the present treatment and the one we 
outlined more fully in connection with real quadratic forms. 

Hermitean matrices are of considerable importance in the quantum 
theory because Heisenberg’s matrices, which afford a means of attack- 
ing the problem of the atom, are matrices of this kind. In addition 
Heisenberg’s matrices are infinite. As such, they may be associated with 
infinite quadratic forms, representing quadric surfaces situated in a space 
having an infinite number of imaginary dimensions (Hilbert space). The 
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same problem of transforming these infinite quadratic forms into a sum 
of squares occurs as it did with real matrices. In particular, when this 
problem is investigated for the infinite Heisenberg matrices, we obtain, 
as noted previously, diagonal matrices the diagonal elements (eigen- 
values) of which may form a discrete or a continuous spectrum or both.* 
In the continuous case the diagonal matrix becomes continuous, 7.e., there 
are elements at all points along the diagonal line. 


A Geometric Interpretation of the Commutation Rules—We 
have said that the multiplication of matrices is not usually a commutative 
operation, but we mentioned that in special cases matrices do commute, 
é.g., when the two matrices involved are diagonal. The general rule 
which determines under what conditions matrices will commute may be 
given a simple geometric interpretation when the matrices considered 
are real and symmetric, or complex and Hermitean. 

Thus let A and B be two Hermitean matrices which we may suppose 
to be 3-dimensional. We associate with each matrix the corresponding 
quadric surface in a space of three dimensions. We shall assume that the 


quadric surfaces are ellipsoids. The geometric commutation rule then 
States : 


Two Hermitean matrices will always commute when the prin- 
cipal axes of their associated ellipsoids coincide. The matrices 
will not commute when these axes do not coincide. 


This rule applies to all Hermitean matrices, whether finite or infinite. 

On page 792 we said that two diagonal matrices always commute; 
that a diagonal matrix (which is not a scalar) does not commute with 
a non-diagonal one; and that a scalar matrix commutes with any matrix. 
Our geometric rule renders these statements intuitive in connection with 
Hermitean matrices. First, we recall that a diagonal matrix ean be 
associated with a quadric surface, say, an ellipsoid, whose centre is 
at the origin and whose principal axes coincide with the axes of co- 
ordinates; in the particular case where the diagonal matrix is a scalar 
matrix, the three principal axes have the same length and the ellipsoid 
becomes a sphere. 

Consider, then, two diagonal matrices. Since the principal axes of 
both ellipsoids coincide with the coordinate axes, these principal axes 


*In this last case the sum of squares (61) is of type 


Zp atx, + Sd(A)a*(A)a(A) ah, 
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necessarily coincide two by two; and hence, according to our geometric 
rule, the two diagonal matrices commute. 

Similarly let us show that a diagonal matrix which is not a scalar 
matrix cannot commute with an arbitrary matrix. A diagonal matrix of 
this type is represented by an ellipsoid of unequal principal axes, and 
these axes coincide with the coordinate axes. The principal axes of the 
other ellipsoid associated with the arbitrary matrix cannot possibly co- 
incide with the coordinate axes, for, if they did, the arbitrary matrix 
would be a diagonal one. Hence the principal axes of the two ellipsoids 
cannot coincide. And so according to our geometric rule the two matrices 
cannot commute. 

Finally, we may understand why a scalar matrix necessarily com- 
mutes with any arbitrary matrix. A scalar matrix is associated with a 
sphere having the origin as centre; and since the principal axes of a 
sphere are defined by any three mutually perpendicular diameters of the 
sphere, a certain triad of these mutually perpendicular diamete:s will 
always coincide with the principal axes of the arbitrary ellipsoid. Since 
the principal axes of the two surfaces always coincide, we conclude in 
accordance with our geometric rule that a scalar matrix commutes with 
any arbitrary matrix. 

We may give an analytical presentation of our geometric rule. Thus, 
since two commuting Hermitean matrices are associated with ellipsoids 
whose principal axes coincide, it will always be possible to rotate our 
coordinate axes in such a way that they will be brought into coincidence 
with the principal axes of both ellipsoids. In other words, it will always 
be possible to apply an orthogonal transformation which will transform, 
at one and the same time, two commuting Hermitean matrices into their 
diagonal forms. Conversely, whenever a simultaneous transformation of 
this sort is possible, we may be certain that our Hermitean matrices com- 
mute. These statements constitute the analytic expression of our former 
geometric commutation rule. 

On the other hand, if two Hermitean matrices do not commute, their 
simultaneous transformation into the diagonal form (by means of an 
orthogonal transformation ) will be impossible; the most we shall be able 
to do in this case will be to transform one or the other of the matrices 
into the diagonal form. As will be seen later, this last statement consti- 
tutes the matrix expression of Heisenberg ’s Uncertainty Principle. 


CHAPTER XXXVII 
THE MATRIX METHOD 


From a mathematical point of view, Heisenberg’s Matrix Method and 
Wave Mechanies are equivalent; they permit the solution of the same 
atomic problems, and the same results are obtained. A choice between the 
two methods is largely a matter of convenience: some problems may be 
approached more easily by one method and others by the other. In 
general, wave mechanics is more adapted to the determination of the 
energy levels, whereas the matrix method is preferable when it is the in- 
tensities and polarizations of the radiated frequencies that we wish to 
consider. For this reason, in the solution of a problem the two methods are 
often combined. 

Though the two methods are mathematically equivalent, they are con- 
ceptually entirely different. Wave mechanics stresses the wave aspect, 
whereas in the more symbolic matrix method this aspect is lost and can 
be revealed only indirectly. The fact that wave mechanics suggests a 
picture which may often be represented in 3-dimensional space, while 
the matrix method defies such a representation, might be thought to give 
wave mechanics the advantage. But this conclusion would be too hasty, 
because in the majority of cases wave mechanics can be pictured only ina 
hyperspace of n dimensions, and in such cases the picture it suggests 
loses its intuitive appeal. Still more important is the fact that for a pic- 
ture to have any physical value, it must describe actual physical occur- 
rences. We have seen, however, that the waves of Schrédinger’s theory 
are regarded today as mere mathematical symbols, so that wave pictures 
cannot claim any physical reality. Moreover, even the formal analogy 
between the de Broglie waves in 3-dimensional space and the waves in 
material media must not be pressed too far, for it would lead to erroneous 
conclusions. For instance, with elastic waves, such as sound waves, the 
absolute amplitude of the waves determines the intensity of the musical 
note and is thus a significant feature of the waves. But with the de 
Broglie waves, the absolute amplitude is of no interest; only the relative 
amplitude from place to place is of importance in determining the 
probability. 

The conclusion to be drawn from the foregoing discussion is that the 
wave treatment must not mislead us into believing that atomic processes 
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can be interpreted by familiar pictures. In this respect the matrix method 
has the advantage, for it eliminates the possibility of any such miscon- 
ception from the outset. The procedure of the matrix method is entirely 
mathematical; it makes no appeal to familiar modes of representation. 
Its technique is difficult, and at no stage in theoretical physics has so 
great a demand been made on the mathematical knowledge and on the 
powers of abstraction of the investigator. The mathematical trend of 
modern theoretical physics first made its appearance with the theory of 
relativity and its 4-dimensional non-Euclidean world. This trend is still 
more accentuated in the matrix method. The result has been that the 
modern theoretical physicist, whether he like it or not, must necessarily 
have a far greater knowledge of advanced mathematics than was required 
of his predecessors. In this connection it is significant to note that the 
recent rapid progress in the new theories of quantum mechanics has been 
attributed to Hilbert’s publication in 1904 of a book in which many of the 
mathematical problems that have since confronted the quantum theorists 
were discussed.* 

A matter of considerable interest is the philosophy underlying the 
matrix method. When we say that theoretical physics must necessarily 
yield conclusions that can be observed, we are stating a truism, because 
if the conclusions are beyond the scope of observation, we cannot test a 
theory. But the matrix method professes to go further; it attempts to 
exclude from its equations all magnitudes which cannot be observed. 
Obviously, we have here a drastic extension of the general requirements 
just noted for any theory of mathematical physics; for not only must 
the conclusions now be observable, but so also must all the intermediary 
magnitudes. That these stringent requirements are not really necessary 
for a theory of mathematical physics to furnish important results is 
suggested, however, by wave mechanics. Wave mechanics, especially in 
its incipient stages, was not restricted by the previous limitations. De 
Broglie was not concerned with the question of deciding whether his 
waves were observable or not; his only reason for introducing them was 
the hope that they would control in an indirect way phenomena which 
were observable. 

Before examining the matrix method in detail, let us consider the 
various magnitudes utilized in Bohr’s theory and see which ones Heisen- 
berg claims to be observable and which ones he rejects as unobservable. 
The position, the orbit, and the motion of an electron in the atom are 
assumed to be unobservable, and so no use is made of such magnitudes in 


*<¢Methoden der mathematischen Physick’? by Courant and Hilbert. 
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the theory. On the other hand, the frequencies, intensities, and polariza- 
tions of the radiations emitted by the atom, as also the energy levels, are 
claimed to be observable. This classification indicates clearly that the 
word ‘‘observable’’ must not be construed here with its commonplace 
meaning. How, indeed, could ultra-violet radiations, which are invisible 
to the human eye, be called observable if the commonplace meaning were 
credited to the word? Ultra-violet radiations are in all truth observable 
only indiréctly by the effects that they produce, and in order to connect 
the effects actually observed with the invisible ultra-violet radiation, 
which is assumed to be the cause of these effects, we must construct a 
theory. Thus, only in virtue of a theory can many magnitudes be classed 
as observable; and this implies that a subsequent modification of our 
theory may cause us to modify our list of observable magnitudes. 

Let us, however, accept the highly sophisticated meaning attributed 
to the word ‘‘observable’’ in the new quantum theory. We must then 
inquire whether Heisenberg has been successful in adhering consistently 
to his program. His success in this matter appears to be far from 
complete. The phases of the vibrations, for instance, play a most impor- 
tant role in the equations of the theory, and yet these phases do not come 
under the category of things observable. As Bohr himself stated at the 
Solvay Congress of 1927: 


“* Although the notion of a phase is indispensable in the caleu- 
lations, it ean scarcely be said that it introduces itself in the inter- 
pretation of our observations.’’ 


Elsewhere Bohr makes the following significant admission : 


‘‘The matrix theory has often been called a calculus with di- 
rectly observable quantities. It must be remembered, however, 
that the procedure described is limited just to those problems in 
which in applying the quantum postulate the space-time descrip- 
tion may largely be disregarded, and the question of observation 
in the proper sense therefore placed in the background.’’ * 


These quotations show that Heisenberg was not altogether successful 
in his attempt to devise a purely phenomenological theory of the atom. 
Heisenberg’s partial failure does not appear to reflect, however, on the 
soundness of his main contention, namely, that, in the construction of 
an atomic theory, the position, orbit, and motion of the electron in the 
atom should not be considered. The fact is that these magnitudes, being 
merely inferred, are necessarily uncertain, whereas the frequencies, inten- 
sities, and polarizations of the radiations can be measured with pre- 


* Atomic Theory and the Description of Nature, page 72. 
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cision; and since furthermore Bohr’s theory shows that the motion of 
the electron plays no direct part in the phenomenon of radiation, it will 
obviously be to our advantage to construct a theory of the atom in which 
the motion of the electron is disregarded entirely. Thus quite inde- 
pendently of the attitude we may adopt towards Heisenberg’s phenomen- 
ological philosophy, we must agree that the magnitudes he rules out on 
account of their unobservability are precisely those which we should 
rule out, if possible, for reasons of safety. 

But the most convincing argument in favor of Heisenberg’s matrix 
method, is that this theory furnishes correct information on the frequen- 
cies, intensities, and polarizations of the radiations, and is thus far 
superior to Bohr’s theory. We shall therefore examine the matrix method 
without further concern for the philosophy which it may embody. 


Classical Preliminaries—If a point P is describing a circle with 
uniform speed, the projection P’ of the point P on any diameter executes 
a vibratory motion which is called simple harmonic. 
The motion repeats itself periodically and for this 


reason is called periodic; the number of vibrations 
occurring each second is the frequency » of the 
vibration. The distance from the centre of oscilla- B 


tion O to the extreme points A and B (i.e., the : 
radius of the circle) is the amplitude of the oscilla- 
tion. 

We call g the distance OP’ at any instant, and R Fig, 56 
the radius of the circle and hence also the ampli- 


tude of the oscillation. The variation in the value of q with time may 
be represented by 


(1) q=Reos2art or FKsin 2avt. 


The first expression implies that the vibrating point P’ is situated at B 
at the initial instant, t= 0. The second expression implies that, at the 
initial instant, the vibrating point is at the centre of oscillation O and 
is proceeding towards the right. We note that the second motion lags 
behind the first by one quarter of the complete oscillation. This fact 
is expressed by the statement that the two vibrations, though of the same 
frequency v and amplitude &, differ in phase by a quarter period. 

In many cases it is necessary to represent harmonic vibrations in which 
the vibrating point P’ is situated at any arbitrary point between A and B 
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at the initial instant. This may be done by combining the two expres- 
sions (1). Thus 


(2) g = a cos 2m0t + Db sin 2art, 


in which a and b are constants, defines a vibration of frequency » and 
of amplitude 


(3) V a? + b?. 
At the initial instant ¢ = 0, the elongation q of the vibrating point from 
the centre of oscillation is measured by a. By attributing appropriate 
values to the constants a and b, we can make the expression (2) represent a 
harmonic vibration of frequency v, which has any amplitude we choose 
and in which, at the initial instant, the vibrating point occupies any 
specified position between its limits of oscillation. 

The expression (2) is sometimes written in a different, though 
equivalent, form: We introduce the imaginary magnitude i= ./— 1, 
and when this is done, we obtain 


(4) q= qiezrivt + q_16— 27H, 


where qi and q_; are two constants. If (4) is to represent exactly the 
same motion as (2), the new constants q; and q_, must be connected with 
our former ones, @ and b, by the relations 


_ a—mb 

a Gi 5) 
aw 

Ql = 9 


From this we see that the two constants q, and q_1 are conjugate com- 
plex.t+ If we represent the conjugate complex of a magnitude by placing 
an asterisk over it, we may write 


(6) q,=4*,, or gf =q_,. 


The amplitude of our vibration in terms of the new constants may be 
deduced from (3) and (5). This amplitude is 


(7) 2\/ Guu, OF 2/4,9". 


In the expression (4), we have assumed that the position of the 
vibrating point is measured from the centre of oscillation. More gen- 
erally we may take any point on the line of oscillation as origin. Thus, 


t The two coefficients qi and gare called the complex amplitudes because, as is 
seen from (7), the amplitude of the motion is 2 mod q:, or 2 mod q-1, 
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if qo measures the distance from our new origin to the centre of oscilla- 
tion, the expression (4) must be replaced by 


(8) G= Got qrerti*t + g_ye— 27H, 


Note that qo, in contradistinction to q; and to q_4, is always real. 

Harmonic vibrations play an important part in physies, because the 
harmonic vibrations of the electromagnetic field and of the air give rise 
to monochromatic radiations and to pure musical notes. When the vibra- 
tions are not harmonic, more complicated effects are produced. In me- 
chanics, a particle executes a harmonic vibration along a straight line 
when it is attracted to a point O on the line of oscillation by a foree which 
is proportional to the distance (elastic force). The centre of attraction 
O is then the centre of the harmonic oscillation. A mechanical system 
of this sort is called a linear harmonic oscillator. If we consider a definite 
harmonic oscillator in which the vibrating particle is attracted to the 
centre of oscillation by a given restoring force, the amplitude of the vibra- 
tion can be shown to increase with the energy of the motion. But the 
frequency of the vibration is characteristic of the oscillating system; it 
remains the same regardless of the amplitude and hence of the energy. 
In the particular case where the vibrating particle is an electron, the 
laws of classical electrodynamics require that a monochromatic radiation 
be emitted from the oscillator, and that its frequency be precisely that 
of the vibrating electron. These laws also require that the intensity of 
the radiation (energy radiated per second) be proportional to the square 
of the amplitude of the vibration, and hence to g,qf (if the form (4) 
or (8) is adopted). 

We next consider the case where the motion is periodic, but no longer 
harmonic. It is then called nonharmonic, or anharmonic. We assume 
that the motion is repeated » times every second, so that » is the fre- 
quency of the vibration. Fourier’s theorem shows that, at any instant f, 
the distance q of the vibrating particle from some point O selected on 
the line of oscillation is expressed by a Fourier series 


fa = do + qietrt a. qoe 27i(2v)t + q3e2ti(3y)t + rare 
(10) ; 
} + = alee + q_ge—2tten)t + q—gse— 2ntt37)E ae ; 
where qo, dn, d-n (N=1, 2, 3...) are constants. The coefficient qo is 


real; it measures the average distance of the vibrating particle from the 
origin O. As for g, and q_n, they are conjugate complex. Thus 


(11) q, =a", 8 Q*=G_, (eel OR aa S 
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When we compare the nonharmonic periodic motion (10) with the 
harmonic one (4), we see that (10) may be viewed as resulting from 
the superposition of harmonic vibrations of type 


(12) Qne2ti(nv)t + G—ne—27t(nv) 2, 


The vibratory motion (12) constitutes a harmonic vibration of fre- 


quency ny and of amplitude 2\/q,q_,, or 2\/q,q%. Hence we may 


say that the nonharmonic motion (10) results from an appropriate super- 
position of harmonic vibrations having the frequencies 


(13) PAO at ol coe Ca oe eas ee 


appropriate amplitudes 


(14) 27 4,T%> 


and appropriate phases. These statements illustrate the essence of 
Fourier’s discovery. 

Nonharmonic oscillations occur in mechanics when a particle is at- 
tracted to a fixed point on the line of oscillation by a force which is not 
proportional to the distance. A mechanical system of this sort is called 
an ‘‘anharmonic oscillator.’’ Let us assume that in such an oscillator, 
the oscillations of which are supposed to be periodic, the vibrating particle 
is an electron. Since the total motion is equivalent to an appropriate 
superposition of harmonic vibrations having the frequencies (13) and 
the amplitudes (14), we infer that the oscillator will emit radiations of 
frequencies (13) simultaneously. The intensities of the radiations will 
be proportional to the squares of the corresponding amplitudes, and 
therefore to expressions of type q,q*. These are the classical conclu- 
sions, and we may summarize them by saying that the radiated frequen- 
cies are the mechanical frequencies of the motion, and that the intensities 
of the radiation are proportional to the squares of the mechanical 
amplitudes. 

There is an important difference between the anharmonic, and the 
harmonic, oscillators. In a given harmonic oscillator, the amplitude of 
the swing increases with the energy of the motion, but the frequency of 
the vibration remains the same. In an anharmonic oscillator, if we 
increase the energy of the motion, not only are the amplitudes of the 
component vibrations increased but in addition the frequencies are 
changed. In particular, the fundamental frequency » becomes, say »’; 
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and in the corresponding Fourier development of the motion, the fre- 
quencies are given no longer by (13) but by 


(15) ey. cues Ate 


In our new Fourier development the coefficients gn, and q_», which are 
connected with the partial amplitudes, must of course also be changed. 
We may represent the new coefficients by g’ and q’_,. The frequencies 
radiated (in the event of the vibrating particle being an electron) are 
the new mechanical frequencies (15), and the intensities of these radia- 
tions are proportional to the new magnitudes g/.q’,, or 9/,q/,". 

Now, we know that the classical anticipations for the radiated fre- 
quencies are incorrect and that Bohr’s theory was devised for the pur- 
_ pose of correcting and refining the classical theory. According to Bohr, 
the anharmonic oscillator can vibrate only with certain energies. Fur- 
thermore, when the oscillator is vibrating with one of the permissible 
energies, the frequencies radiated are derived from the frequency condi- 
tion, and they are not the mechanical frequencies of the motion. We 
might treat the problem of the anharmonic oscillator by Bohr’s methods, 
improving thereby on the classical treatment; but we know that Bohr’s 
theory itself does not always lead to correct results, so that a further 
refinement is required. Heisenberg’s Matrix Method proposes to fur- 
nish the more refined theory. 


The Heisenberg Arrays—The Matrix Method, being a refinement 
of the classical theory and of Bohr’s, is most easily approached when 
we start from classical considerations and refine them progressively. 
Thus, suppose we are dealing with an anharmonic oscillator. In the 
classical theory, the oscillator may have any energy, but we shall here 
avail ourselves of Bohr’s restrictions, which require that only certain 
energy values be stable. For the present we are not concerned with the 
exact values of the stable energy levels and shall merely denote them 
byee®, B@), BG), .... Anethevorder written, each energy level is 
assumed to be higher than its predecessor. 

We now propose to list all the frequencies which may be radiated by 
the anharmonic oscillator when it vibrates with one or another of the 
possible energies. We proceed classically. If, for example, the oscillator 
has the energy EF), the fundamental frequency of the vibration has some 
corresponding value»). The motion of the electron is given by a Fourier 
series of type (10) in which the various terms are associated with the 
frequencies »), 2, 39, 2... nv)... ,%¢., with the fundamen- 
tal frequency ») and its harmonics. Let us then eall vy), v2), (8), 
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.yv™, ,..., respectively, the fundamental frequencies of the 
oscillator’s motion when its energy has the corresponding possible values 
EY, B®, ES)... EM .... The various terms of the Fourier series 
which correspond to the energies FE), FE‘), HS), |. . are listed in the 
table below. 


ipe i qa) 5 a 
oo) ge Dt gerne” yt gene D)t 
gene q Dag emterh Ge tw 
2 2) ,Qrip Qi (2p) 2 (Bp?) 
a ) qi de rip (2)¢ qi e mi (2y)¢ qi ) g2mi(3v ye 
q ea ee q he q (2e —2ri(38y@)t 
ane 


Instead of writing the terms in this order, we shall agree to place them 
in an array, as indicated in the table (16) : 


ont) —2ri (2p 
gi) q'De QrivDt ge ri (2y)t 
qtre2mine q(@?) qidem Brine 
(2pm Qrip® 
(16) gener dt ave iv Dt qi? 
gira )t — giDermi(av)t gq (B)g2mivne 
In the arrangement (16) the constant terms q{), q{”, .... of the 


various Fourier series are placed along the diagonal, and the terms of 
the Fourier series associated with, say, the energy E') are placed below 
the diagonal term go”) and also on the horizontal to the right of it. The 
array gives at a glance the various mechanical frequencies of the oscil- 
lator when the successive energy values are assumed. These frequencies, 
according to classical theory, are also the radiated frequencies. As for 
the classical intensity of the radiation of frequency, say, sy, it is pro- 
portional to g(q™, or gimgin*, 

Now, we know that even if the energy values H™, H®), E®, . .. 
were the correct quantum energy levels of our oscillator, the radiation 
frequencies and intensities expressed in the array would be wrong. For 
instance, we know that if the mechanical frequency y) should happen 
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to be a possible quantum frequency for the radiation, then 27%), 3»), 

. . would not in general be possible radiation frequencies. Heisen- 
berg’s aim is to retain the general form of the array (16) but to replace 
the classical magnitudes which it contains by corrected quantum magni- 
tudes. If this can be done in any particular problem, we shall have an 
array exhibiting all the quantum frequencies of the emitted radiation 
and also the corresponding intensities. It must be emphasized that, at 
this stage of the discussion, we have no idea of the numerical values of 
the quantum magnitudes in any particular problem. Our immediate 
concern does not lie, however, in this direction. All that we wish to do 
for the present is to devise a notational scheme for the quantum analogues 
of the classical amplitudes g‘") and gq‘) and of the classical frequen- 
cies sy), 

To understand the new notation, we shall restrict our attention to 
those terms of the array (16) which are the Fourier terms pertaining to 
the nth energy level. The constant term of this Fourier series is the term 
a. It is situated on the diagonal of the array (16), and it constitutes 
the nth term counted along the diagonal from the upper left-hand corner. 
The other Fourier terms pertaining to this series are situated in the col- 
umn below the diagonal term q‘” and on the horizontal line to the right 
of it. The distribution of these Fourier terms in the array (16) is 
illustrated in the table (17) 


giv) Quen ar ar: SY ata ictiae 


qe 


(17) 


q 


(n)e2ri(av™ Jt 
& 


The classical frequencies are thus 
(18) yi), Qy, ... sv, 2. 
and the corresponding classical intensities are proportional to 


(19) main), ghar}, . . - aM ay.» - - 
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The correspondence principle guides us in our selection of a system of 
symbols whereby to represent the corrected quantum values of the fre- 
quencies and of the amplitudes. Thus we know that, if the energy value 
E™ is high and if s is a small number, the classical frequencies (18) tend 
to become equal to the quantum frequencies which are generated when 
the system drops from the level E™ to the levels E™—*) (s =1,2,3 ...), 
or also from the levels H@+® to H™, 

Let us, then, represent by y(n +s, ») the quantum frequency which is 
emitted when the system drops from the level E™+®*) to the level E™. 
When the conditions of the correspondence principle are realized, we have 


(20) syv™ =y(n+s,n), 
The notation for the frequency suggests that we represent the correct 


quantum value of the amplitude g(") by q(m+,n). When the condi- 
tions of the correspondence principle are realized, we may therefore set 


(21) g™) =q(n+s,n). 
Also, since g( and q) are conjugate complex, we have 
(22) g)= gih)* = g*(n + 8,2). 


From (21) we see that the quantum value of qi is written q(n,n). 
Hence, when the conditions of the correspondence principle are satisfied, 
we obtain 


(23) qo = 4(n, 0). 


Taking all these results into consideration, we have, under the limiting 
conditions of the correspondence principle, 


gy) = q(n,n) 
(24) QhMe2ri(sv™ yt — q(n +s, n) e2tiv (n+a, n)t 
a 
NS ahd ie a = q*(n + cs n)e—2riv(nte, nyt. 


We may modify our notation as a result of the following considera- 
tions: 

We have agreed that when the system drops from the higher level 
(n + s) to the lower level n, the frequency it emits is to be represented by 
y(n +s,n). Suppose, then, the reverse transition takes place, 1.¢., from 
the lower level ” to the higher one (n+). According to our notations 
we should associate this transition with a radiation frequency v(n,n +s). 
Now, during the reverse transition, the system absorbs exactly the same 
radiation it emitted when it dropped from the higher level (n+ s) to the 
lower one n. Hence the two frequencies y(n + s,”) and »(n,n + s) are 
exactly the same in value; the only difference is that the former refers to 
an emission and the latter to an absorption. In a purely formal way, we 
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may regard an absorption as a negative emission, and, under these condi- 
tions, we may set 


(25) y(n,n+s) =—v(n+5,n). 
The last term in (24) may then be written 
g*(n +s, n)ermiv(n, ntsye, 
and, so as to preserve the symmetry of the notation, we shall write this 
(26) a(n, m + 8) e2riv(n, nte)e 
with the understanding that 
(27) g*(n+s,n)=q(n,n+s), or q(n+s,n) = gq*(n, n+ 3s). 
With this change in notation, the terms in the table (24) become: 


| a = q(n,n) 
(28) 


Geo mer ys = q(n +s, n) e2riv(nts, n)t 


qs gaasater™)* = q(n, n+ s)e2riv(n, n+s)t. 


Under the limiting conditions of the correspondence principle, namely, 
m large and s small, the classical terms on the left are equal to the quantum 
terms on the right. But suppose that m is small or s high (or both). The 
conditions of the correspondence principle are no longer fulfilled, and 
the quantum terms on the right of (28) will differ from the classical ones 
on the left. Nevertheless, we shall agree in all cases to represent the cor- 
rected values of the classical magnitudes in (28) by the corresponding 
quantum magnitudes of the same table. 


Effecting the required quantum substitutions in the array (16), we 
obtain the quantum array 


q(1,1) q(1,2) e27 (1.208 q(1,3) e2riv(.3)¢ 
q(2,1)e2™#2De  g(2,2) (2,3) 627i (23)t 


(29) g(3,1letrrGne qg( a2 ez q(3,3) 


where 
(30) q(n,k) =Q*(k,n) and »(n,k) =— (k,n). 
We shall call the array (29) a ‘‘ Heisenberg array.’’ 
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For the present this array is merely an aggregate of symbols; the 
precise numerical values of its terms are unknown. But if by some means 
or other the correct numerical values of the various terms could be in- 
serted for any particular problem, the frequencies listed in the array 
would represent the possible quantum frequencies of the radiations. Also, 
the intensity of the frequency »(n, k) would be proportional to 


(31) a(n, k)q(k, m), t.€., a(n, k)q*(n, k).t 


All that we have done up to this point has been to explain the sym- 
bolism that will be adopted in the Heisenberg arrays. But it must be 
emphasized that when we are dealing with any particular problem, the 
numerical values to be attributed to the various terms of the array are 
completely unknown, so that, for the present at least, the array is a mere 
blank. 


The Coordinate g—When we give the correct values to the terms of 
the Heisenberg array which corresponds to some particular physical 
system, we obtain the frequencies and intensities of all the radiations 
that the system can emit. The method whereby the correct values for the 
terms are secured will be considered later. For the present we shall be 
concerned with other features. Let us suppose, for instance, that we are 


t The classical intensity of the radiation of frequency sv emitted by a vibrating 
electric charge e¢ is 


(nm) 
(32) aL x 4e2q.q, tesa 

We know that when the limiting conditions of the correspondence principle are real- 
ized, the classical expression (32) gives the correct value for the intensity. But we 
also know that when these limiting conditions are departed from, the value determined 
by (32) ceases to be correct. Now the general significance of the correspondence 
principle is to suggest that classical formulae are usually correct, and that their failure 
to yield correct results under all conditions is due to the erroneous values credited by 
the classical theory to the magnitudes entering in these formulae. Guided by these 
considerations, we may infer that the substitution in (32) of the corrected magnitudes 
for sv, qs and q.‘* will yield the correct expression of the intensity under all 
conditions. The corrected magnitudes being represented by v(n +s,n), q(n+s, n) 
and q*(n + s, n), respectively, we obtain in place of (32) the expression 


(33) Lert a) x 462 X q(n-+8, n)a*(n+ 3, n); 


and this expression is assumed to yield the correct intensity under all conditions. 
Since the intensity radiated is equal to the number of quanta of energy hy(n +s, n) 
emitted every second, we have only to divide (33) by this quantum of energy and we 
obtain the @ priori probability of the drop from the level (n +8) to the level n. This 
magnitude is the Einstein probability coefficient of spontaneous emission, Anse,n. 
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dealing with the anharmonic oscillator and with its Heisenberg array. 
Now, we note that the array does not yield any information on the motion 
of the electron. Of course, if the terms in the array were the classical 
ones, we might sum up those terms situated on a horizontal and on the 
associated vertical, and thereby reconstruct the Fourier series which 
defines the motion of the electron when the energy has a corresponding 
value. By this means we could deduce from the array the various quan- 
tized motions which the electron of our oscillator might assume. But we 
have seen that the correct values of the terms in the Heisenberg array 
are not the Fourier values, so that even if the preceding summations 
were performed, they would not yield the electron’s motions. It would 
thus appear that our present theory disregards the motion of the electron 
entirely and concentrates solely on the radiations emitted. 

An important consequence of these considerations is that the co- 
ordinate g of the electron (and also its momentum p) appears to play no 
part in the theory. However, as subsequent results will show, this conclu- 
sion is only partly true, for we shall find that the Heisenberg array of a 
given problem (say, of the anharmonic oscillator), though it primarily 
determines the radiations emitted by the oscillator, also plays the part 
of the classical coordinate q of the vibrating electron at each instant ¢. 
This array, viewed as forming one unit, constitutes, therefore, Heisen- 
berg’s version of the classical coordinate gq. But then it follows that 
Heisenberg’s coordinate must be identified with all the electromagnetic 
radiations which the anharmonic oscillator may emit when it under- 
goes all possible energy drops. Obviously, only by a stretch of the 
imagination can we recognize in Heisenberg’s coordinate q the slightest 
similarity to the classical conception of the electron’s coordinate. In 
addition to the glaring physical difference in the two conceptions of a 
coordinate, a mathematical difference must also be mentioned: in all 
departments of mathematics and physies, a coordinate has heretofore 
been viewed as a mere number, whereas a Heisenberg array is not a num- 
ber. Heisenberg’s identification of a coordinate with an array is there- 
fore revolutionary and, indeed, utterly incomprehensible—at least 
so it would appear at this stage. The justification for Heisenberg’s views 
will be vindicated, however, by subsequent results. The identification of 
the coordinate g of a mechanical problem with a Heisenberg array leads, 
as we shall see, to a similar identification for the momentum p which is 
connected with g. The net result is that in the matrix method the variables 
q and p of classical mechanics will be replaced by Heisenberg arrays. 
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Now, in classical dynamics, all the mechanical magnitudes (energy, 
angular momentum, ete.) can be expressed by suitable combinations of 
the q’s and p’s of the mechanical system considered. The same combina- 
tions are retained in the matrix method, the only difference is that the 
q’s and p’s will now be Heisenberg arrays instead of ordinary numbers. 
But this difference complicates the situation considerably, for whereas the 
rules of addition, subtraction, multiplication, and division for ordinary 
numbers are well established, the corresponding rules for the Heisenberg 
arrays are as yet unknown. For the present we are in complete ignorance 
of the mathematical properties of these arrays; the arrays are mere empty 
symbols and cannot be utilized. The immediate problem is thus to establish 
their mathematical significance and their rules of combination. In this 
attempt Heisenberg, Born, and Dirac were guided by several clues. We 
shall first enumerate these clues and then examine how they were utilized. 


The Clues to the Matrix Theory—The clues to the matrix theory 
may be classed in three groups. 

(a) A first clue is Ritz’s combination principle, which refers to the 
empirically observed regularities in the distribution of the spectral lines. 
Ritz’s principle is accepted as accurate by Heisenberg. We obtain an- 
other clue by noting that although classical anticipations are incorrect 
in the subatomic world, yet, under the limiting conditions of the cor- 
respondence principle, they tend to furnish correct results. This suggests 
that the Heisenberg array and the Fourier series, which represent the 
coordinate q in Heisenberg’s scheme and in classical science respectively, 
should have many properties in common. As will be explained presently, 
these two clues suffice to show that the Heisenberg arrays are infinite 
Hermitean matrices. At the same time we are able to assign similar matrix 
forms to the momenta p. The rules of addition and of subtraction for the 
Heisenberg arrays are thus secured; they are the rules that hold for 
matrices. 

(b) In discussing matrices we mentioned that they do not usually 
exhibit the commutative property for multiplication. This peculiarity 
introduces a vagueness in calculations where matrices must be combined, 
and until this vagueness is removed, no progress can be made. Here 
another clue suggests itself; it is Bohr’s quantizing condition. It is true 
that Bohr’s quantizing condition often gives wrong results, ¢.g., it does 
not even suggest the half-quantum numbers and the more complicated 
relations which are sometimes found to be necessary in the expression of 
the energy levels. Nevertheless Bohr’s theory may be regarded as a first 
approximation, and on this basis we must expect that when the limiting 
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conditions of the correspondence principle are approached, Ileisenberg’s 
more refined theory must pass over into Bohr’s. Finally, when the condi- 
tions of the correspondence principle are fully satisfied, both theories 
must tend to merge into the classical theory. Inasmuch as the gradual 
passage to the limiting conditions is realized when we assume that Planck *S 
constant h becomes smaller and smaller, we see that we have here an il- 
lustration of the progressive merging of quantum science into classical 
science, which accompanies the hypothetical decrease in the value of h. 
Considerations of this sort enabled Heisenberg, Born, and Dirac to 
obtain the refined quantizing condition which would have to replace 
Bohr’s less refined condition. The new quantizing condition plays, how- 
ever, a dual réle. In the first place, its significance is physical since it 
imposes restrictions on the possible energy values of a system. But, in 
addition, it serves a purely mathematical purpose, for it establishes the 
exact commutation rules (for multiplication) which must hold between 
the Heisenberg matrices, and it thereby removes from our calculations the 
vagueness we mentioned previously. Combinations of matrices now yield 
determinate results. 

(ec) Thus far we have been concerned with the mathematical aspect of 
the Heisenberg arrays and with their rules of combination. Other points, 
however, must be clarified. In the classical treatment and in Bohr’s 
theory, the mechanical motion is obtained by integrating the equations 
of dynamics, e.g., Hamilton’s equations. But in Heisenberg’s treatment, 
where coordinates are represented by matrices, we cannot assert a priort 
that the same dynamical equations will be valid. At this point the cor- 
respondence principle once more affords a clue; for since, under the 
limiting conditions of the correspondence principle, the classical me- 
chanical equations yield correct results, we must assume that these classical 
equations express the laws to which the quantum laws will tend when 
the limiting conditions are neared. This suggests that the correct quan- 
tum laws controlling the radiation from mechanical systems will be 
obtained, not by rejecting the classical equations of mechanics, but merely 
by replacing in these equations the classical magnitudes gq and p by the 
corresponding matrices q and p. In this way classical mechanics serves 
as a guide to the matrix method. 

We shall now supplement the foregoing general considerations by 
examining the successive steps in the development of the theory. 


Ritz’s Combination Principle—The first clue in establishing the 
nature of a Heisenberg array is afforded by Ritz’s combination principle. 
According to this principle (explained in Chapter XXV), the various 
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frequencies which an atomic system radiates are connected in such a way 
that they may all be expressed by the differences in the various terms 
of some appropriate aggregate. In Bohr’s theory, the frequency condi- 
tion shows that the Ritz terms are the energy levels divided by h. But 
here we are not availing ourselves of Bohr’s theory, and so this last feature 
will be disregarded. 

In a one-dimensional system (such as the anharmonic oscillator) the 
Ritz terms form a single sequence and may be represented by the terms 


(34) DL ae kgs et eed ase 


We shall assume that these terms have increasing values from left to 
right. According to Ritz’s rule, the frequencies radiated will be of type 


(35) y(n,k) =T,— Ty, 
where n > k. 
The name ‘‘combination principle’’ arises from the fact that if we 


add two radiated frequencies, such as v(n,k) and »(k,s), we obtain 
another possible radiated frequency, v(n,s). This results from the rela- 
tions 


(36) »(n, hk) +(k,s) =7T,—T, +7, —T,=T,—T,=(n,8). 
We also see that 
(37) y(n, k) =T,—T,=— (Th.—Te) =— ¥(k, n). 


(That »(n,k) and »(k,n) are equal, but of opposite sign, has been men- 
tioned on a previous page.) ; 

If the numerical values of the Ritz terms 7 were known, we should 
know the exact radiated frequencies. Of course, Ritz’s principle does 
not give the values of these terms; it merely states that a peculiar relation- 
ship connects the frequencies, so that combinations of the type illustrated 
in (36) hold. 

If we assume the correctness of Ritz’s principle, we are assured that, 
regardless of the particular problem we may be considering, the fre- 
quencies in Heisenberg’s array (29) must satisfy Ritz’s relations (36). 
We have also seen that the coefficients q(n, k) and q(k,”) must be com- 
plex conjugate. 


Heisenberg Matrices—A further point of importance concerning 
the nature of the array (29) is elucidated when we attempt to preserve 
as much as possible the analogy between the new coordinate q and the 
classical one. Thus in the classical theory, if a particle is vibrating with 
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a periodic motion, the classical coordinate q of the particle may be ex- 
pressed by means of a Fourier series of type (10). The square of the 
coordinate q is then expressed by a different Fourier series, but the new 
series contains exactly the same mechanical frequencies as the original 
one. Since, under the limiting conditions of the correspondence prin- 
ciple, Heisenberg’s theory must yield the same results as the classical 
theory (for the latter is correct in this case), we extrapolate and 
assume that, under all conditions the square of a Heisenberg array g must 
be a Heisenberg array containing exactly the same frequencies. 

If this requirement is imposed, it can be shown that, in view of Ritz’s 
combination principle linking the frequencies, the rule for multiplying a 
Heisenberg array by itself is precisely the same rule that holds for 
matrices. We conclude that a Heisenberg array is a matrix. We also 
note that the terms symmetrically placed with respect to the diagonal 
are conjugate complex. Thus 


q(n, k) e2tiv(n,k)é and q(k, n) e2rty(k,n)t 
are conjugate complex, for 
(38) q(k,n) =q*(n,k) and »(k,n) =— y(n, k). 


A Heisenberg matrix is therefore of the type called Hermitean.t Further- 
more, considerations which will be developed presently show that the 
Heisenberg matrices contain an infinite number of lines and columns. 
Thus, they are infinite matrices. This feature appears plausible even at 
the present stage of the discussion, for the Heisenberg array (29) is a 
mere refinement of the Fourier array (16), and the Fourier terms may 
be infinite in number. 

The mathematical status of the Heisenberg arrays is now elarified: 
these arrays are infinite Hermitean matrices; and so we know how to 
add and subtract them. As we explained in Chapter XXXVI, in order 
to add or subtract two matrices, we merely add or subtract their cor- 
responding elements, or terms. The new terms form a matrix which 
represents the sum or the difference of the former two matrices. 

The Heisenberg matrices contain ¢ and hence vary with time. The 
only terms that are always independent of time are the diagonal terms; 
these are real constants. There is no difficulty in obtaining the derivative 
of a matrix q with respect to time.ff/ We have merely to differentiate each 


t See page 806. 
t See note page 832. 
{If q(n, k)e27v(n,k)t is the general term of the matrix q, the general term of 


the derivative q is 
Qriv(n, k)q(n, kb) e2riv(n,k)t, 
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individual term; the constant terms on the diagonal vanish under the 
derivation, since they are independent of time. The new matrix we thus 
obtain from the matrix g is represented by 4, 1.e., by placing a dot over q. 


The Conjugate Matrix »—IJn classical (or relativistic) dynamics, 
a system of f degrees of freedom is a system whose configuration at any 
instant is determined by the numerical values of f coordinates, 


91, Y2, Y3, - - » Qy- 


If we know how these coordinates vary with time in any given problem, 
we know how the system evolves. A magnitude which varies with time is 
a function of time (7.e., of f). Hence we may say that when the f functions 


q(t), qe(t), Oe oD qy(t) 


are known, the motion is determined. For this reason these functions are 
sometimes called the solution functions. 

Corresponding to each solution function q,(t) there is a function 
represented by p,(t). This latter function represents the variation 
through time of a momentum or of an angular momentum associated with 
that part of the system whose position at any instant ¢ is defined by q,(t). 
Tn any given problem, if the f solution functions q(t) are known, the 
corresponding f functions p(t) may be deduced,* so that, in a certain 
sense, to express them is redundant. However, we shall retain the func- 
tions p(t). Under these conditions the f functions 


q(t), ae(t),.... a(t) 


and the f corresponding functions 


pi(t), p2(t), a6 Oo py(t) 


may be regarded as defining jointly the solution functions of the system. 
The functions q(t) determine the configuration of the system at any in- 
stant, and the functions p(t) determine its momentum or angular mo- 
mentum. 

In Chapter XXX, we mentioned that in a system having several de- 
grees of freedom, the corresponding solution functions, e.g., g,(t) and 
pr(t), considered two by two are said to be canonically conjugate, or, 


“If the Hamiltonian function is expressed in terms of the coordinates q and of 
their derivatives q, we have the relations 


Pr == OH (4, q) 
Ode 
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more simply to be conjugate. If our system has only one degree of freedom, 
there is only one solution function q(t) and only one solution function 
p(t). These two solution functions are then necessarily conjugate. As a 
special case of a problem of one degree of freedom, we may consider the 
linear oscillator. Here the solution function q(t) defines the position 
of the vibrating particle at all instants during the motion, and p(t) 
defines its momentum. Since momentum is mass X velocity, the two 
solution functions are connected by the relation 


(39) p(t) =uq(t), 


where uw is the mass of the particle and q(t) its velocity at any instant. 

Let us now consider the matrix theory. The Heisenberg matrices 
q and p contain the variable ¢ (time), so that they vary with time. These 
matrices are thus the analogues of the coordinates q and p not at one 
specific instant, but throughout time. When therefore the correct matrices 
q and p are obtained for a given problem, these matrices are the analogues 
of the solution functions q(t) and p(t) of the classical theory. For this 
reason they may be called the solution matrices of the problem. 

In the case of the oscillator and of similar systems, Heisenberg 
earries over the classical relation (39) into his matrix theory. Thus, if q 
is the solution matrix of the problem, the conjugate matrix p is defined by 
the matrix (39). The matrix p is itself a Heisenberg matrix, and it con- 
tains exactly the same frequencies as the matrix ¢ and therefore also as 
the matrix g. By analogy with the classical solution functions q(t) and 
p(t), we may say that the two solution matrices q and p are canonically 
conjugate. For short, we speak of these magnitudes as conjugate without 
further specification. 


The Commutation Rules—We shall restrict our attention for the 
present to systems of one degree of freedom, so that we have only one 
solution matrix g and only one momentum matrix p. In classical (or 
(relativistic) dynamics, the two conjugate functions q(t) and p(t) are 
mere numbers, and we may express their product by gp or pq indiffer- 
ently. But now that gq and p are viewed as matrices, we cannot accept 
the commutative property for multiplication without further inquiry. 
From what we know of matrices, commutability is a highly exceptional 
condition, and we may reasonably suspect that the two solution matrices 
qand pwillnot commute. Closer inspection shows that these two matrices 
cannot commute, and we must therefore determine the nature of the 
matrix which defines the difference between pq and gp. Unless this in- 
formation is forthcoming, we are unable to proceed. Till now we know 
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so little about our matrices that we cannot, on the basis of mathematical 
considerations alone, determine the value of pqg—qp. Heisenberg and 
Born were thus compelled to resort to other methods of approach; they 
were guided by Bohr’s quantizing condition. 

We consider a mechanical system of one degree of freedom the motion 
of which is periodic. If we call g(t) and p(t) the conjugate solution 
functions of classical mechanics, which determine the motion, the Mauper- 
tuis action over a complete oscillation is 


A pdq, 


where iy expresses that the integration is taken over a complete oscillation. 


In classical (or relativistic) theory, no restriction is placed on the 
numerical value of this action. 

Bohr’s quantizing condition consists in restricting the value of the 
action by stipulating that it must always be some multiple of the quantum 
of action h. We thus obtain 


(40) J pdq=nh (n=1,2,3,....). 


This quantum restriction imposes a physical restriction on the possible 
motions, and hence also a mathematical restriction on the two solution 
functions g(t) and p(t). 

For our present purpose, we find it advantageous to write Bohr’s 
quantizing condition in a slightly different form. Thus suppose we 
consider the successive permissible values of the action (40) when n 
receives successive integral values. The difference in two consecutive 
values of the action is then 


[fof] =n 


We may view the relation (41) as a consequence of Bohr’s quantizing 
condition. 

Let us return to the Heisenberg solution matrices qg and p. Any given 
mechanical problem will be solved in the matrix theory if we can determine 
the solution matrices g and p. Now, we have just recalled that in Bohr’s 
quantum theory the solution functions q(t) and p(t) must be submitted 
to the additional restriction of satisfying the quantizing condition (40), 
or (41). We infer that some similar restriction will have to be imposed 
when we follow the matrix treatment and consider the solution matrices 
q and p. The problem is to determine the nature of this restriction. 

The only information we have to guide us is Bohr’s quantizing condi- 
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tion itself. But it must be emphasized that this condition can only 
serve as a clue, for we know that it does not always yield the correct 
energy levels (e.g., in the cases of the oscillator and the rotator), and 
hence cannot be accurate. However, Bohr’s quantizing condition in- 
creases in accuracy when the energy levels are high, and as a result the 
clue which it affords to the matrix treatment becomes increasingly reliable 
in these circumstances. Incidentally, we recall that for extremely high 
values of the energy we find ourselves in the limiting conditions of the 
correspondence principle. Bohr’s theory then merges into classical theory, 
and his quantizing condition ceases to impose any restriction on the 
solution functions.* 

Since Bohr’s quantizing condition becomes increasingly accurate as 
the energy increases, we conclude that the restriction which will play the 
part of the quantizing condition, in connection with the solution matrices 
q and p, must merge into Bohr’s quantizing condition, e.g., into (41), 
when the energy is high (1.e., large). 

Now, calculation shows that when 7 is high, the matrix analogue of 
Bohr’s quantizing condition (41) is expressed by the statement that 271 
times the mth diagonal term of the matrix pq — gp must have the value h. 


Thus, the higher diagonal terms of this matrix must be equal to a On 


the other hand, Bohr’s quantizing condition fails to throw any light on 
the values of the lower diagonal terms or on the non-diagonal terms 
of the matrix pq — gp, so that the exact nature of this matrix is not 


* This statement may be verified by supposing that, in (40), ” is a very large 
number, €.g., 7 = 1000. The consecutive permissible values of nh are then 


(42) 1000h, 1001h, 1002h,... . 


Each value differs from its predecessor by the same amount h, but the change in value, 
when we pass from one term to the next in (42), is insignificant when contrasted with 
the value of the term itself. The net result is that the discrete sequence (42) 
tends to become indistinguishable from a continuous sequence. Reverting then to the 
quantizing condition (41), we see that when n is very high, the integral may, for all 
practical purposes, be assumed to have any value within a continuous range, so that 
in effect no restriction is placed on its value. The quantizing condition thus ceases to 
impose any restriction, and Bohr’s theory passes over into the classical one. It will 
be noted that this same situation would occur for all values of n provided h were 
infinitesimal. The successive values of nh in (42) would differ as before by h; but, 
with h now assumed to be exceedingly small, the sequence (42) would always approxi- 
mate to a continuous succession of values. In short, if were infinitesimal, Bohr’s 
quantum theory would degenerate into classical science—a feature which is already 
known to us, 
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established. The information gathered on the higher diagonal terms was, 
however, taken as a clue by Born, who accordingly supposed that all the 
4 h : 
diagonal terms should have the same value Oni’ Born further surmized 
that all the non-diagonal terms should vanish. He was guided to this 
assumption by the desire to simplify as much as possible the commutative 
properties of the matrices g and p. His step was of course speculative, 
but it has since been justified by results. Born’s assumptions are sum- 
marized by the statement that the matrix pq — gp is equal to the scalar 


matrix It (where 1 is the unit matrix). We thus obtain the follow- 


ing fundamental relation, usually called the ‘‘commutation relation,’’ 
or the ‘‘commutation rule:’’ 


h * 
aa 0 0 O-... 
h 
h : mae 
(43) pq- ap => 71, 1.€., 0 Oni eu 
h 
u aa 


It is important to understand the significance of the relation (43). 
Primarily, it defines a mathematical restriction which must be imposed 
on the solution matrices q and p of any one-dimensional mechanical sys- 
tem.+ As such, it informs us of the difference in the values of pq and of 
gp, and thereby enables us to formulate definite algebraic rules of com- 
bination for the solution matrices g and p. But the relation (43) has 
also a physical significance, for its mode of derivation implies clearly 
that it is the matrix analogue of Bohr’s quantizing condition. Besides, 
the presence of Planck’s physical constant h in (43) shows that physical 
restrictions are involved. The dual role played by the relation (43) 


*The relation (43) is possible only if q and p are infinite matrices, so that, if 
(48) is accepted, the Heisenberg matrices are necessarily infinite—a fact mentioned 
previously. 

t If q and p are solution matrices of two different problems, there is no reason 
why the commutation relation (43) should apply. The commutation relation has 
therefore no bearing on an arbitrary matrix gq and an arbitrary matrix p, but solely 
on two solution matrices of the same problem. We shall see presently that the com- 
mutation relation is connected with the fact that the two solution matrices are 
conjugate. 
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justifies our referring to it indifferently as the ‘‘commutation relation”’ 
or as the ‘‘quantizing condition.’’ At the same time we see how closely 
the mathematies of the theory is interwoven with its physical significance. 
No such situation arose in Bohr’s theory. 

Although Born’s quantizing condition (43) passes over into Bohr’s 
for high quantum values, it yields different results when the energy 
values are low; and we shall find that the new condition, when applied 
to specific problems, gives the correct energy levels, which Bohr’s theory 
was not always able to furnish. Under the limiting conditions of the 
correspondence principle, when the energy is very high, Heisenberg’s 
theory, like Bohr’s, merges into classical science, so that g and p com- 
mute. To verify this important point, we note that the limiting condi- 
tions are realized when the relative importance of h decreases, and hence 
when we assume that in our formulae the value of h becomes infinitesimal. 
If now in the relation (43), we take h to be as small as we choose, 7.¢., 
zero at the limit, we obtain 


pq —-qp =0, or pq = Qp, 


so that g and p commute. Thus, under the limiting conditions of the 
correspondence principle, one of the distinguishing features of Heisen- 
berg’s magnitudes g and p (1.e., their non-commutability under multipli- 
cation) tends to become obliterated, and the matrices q and p behave like 
the familiar magnitudes of classical science. In other words, the matrix 
theory passes over into classical theory. 

So far we have considered systems of one degree of freedom; and 
in such systems there is only one solution matrix qg and only one cor- 
responding matrix p, and the two matrices are necessarily conjugate. 
But we are often required to deal with systems having several degrees 
of freedom. We mentioned that in the classical treatment the solution 
of a problem of f degrees of freedom necessitates our obtaining the solu- 
tion functions 


qi(t), qo(t), oO oOo gy(t) 


and 
pi(t), pelt) ..... p(t). 


We also mentioned that two solution functions such as q,(t) and p,(t) 
are canonically conjugate. 
These results may be carried over into the matrix theory. All we 
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need do is to view the various magnitudes q and p as so many matrices.* 
We retain the conception of conjugate magnitudes as before, except that 
we are now dealing with matrices. Dirac established the commutation 
relations for multidimensional solution matrices. He showed that, 
for the Heisenberg method to yield Bohr’s quantizing conditions in the 
ease of high quantum numbers, we must assume that the rth solution 
matrix g, commutes with the non-conjugate solution matrices q and p, 
but that it does not commute with the conjugate momenttim matrix p,. 
Similarly, the solution matrix p, will commute with all the other matrices 
except with q,. 
Expressed analytically, these commutation rules are 


Grds — %sQr = 0 G=r or s=7) 
PrPs — PsP, = 0 (s=r or s#1P) 
(46) Prds — UsPr = 0 (s x r) 


= =) 
PrQr QrP (2 a on a) 


An additional commutation rule imposes itself when we apply the 
relativistic refinements. Thus, in classical science, time may be treated 
formally as a fourth dimension of space and therefore the time variable ¢ 
may be represented by a q, @.g., go. The momentum po conjugate to 
go is found to be —E, where E is the total energy of the system. This 
assimilation of time to a fourth dimension, though purely formal in 
classical science, is seen to be necessary in the theory of relativity. Hence 
when we adapt the matrix method to the requirements of the relativity 


*In a system of one degree of freedom, a matrix q is 2-dimensional, and its 
general term is of type 


q(n, k) e2tiy(n,k)t A 


But if we are dealing with a system of f degrees of freedom, the matrices are 
2f-dimensional, The general term, say of the rth matrix, is of form 


(44) qr (ma, M2)... M73 Ka, Ka. 2. ky erwin (mime, . . . mF; Kako, 2. . kye)t, 


Here the frequency v(m, %%,... 7; ki, kz... Kr) is connected with a drop in the 
energy of the system from a quantum state (m, nz,... mr) to a state (Ki, ke,... Kr). 
The intensity radiated in connection with the coordinate qr is proportional to 


(45) Qr (mM, Na... Mt; Ms, Ho... kt) de® (ti, m2, ... 13 Kay Ken. akioe 
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theory, we must operate as though go and py were conjugate matrices and 
we must therefore extend the commutation rules (46) to them. When 


this is done, we get 


h 


Poo — QoPo, 1.¢., —Et+tE =>—1 
2r0 
rt —tq,=0 
prt —tp,=0 (720) 
—Eq,+ q-E =0 (r #0) 
—Ep, ote pr = (0) 


Dirac’s Generalized Commutation Rules—Suppose we are dealing 
with a system of f degrees of freedom in classical dynamics, and let 
F(q, p) and G(q, p) represent two arbitrary functions of the solution 
functions qi(t), qo(t), --- a(t), pi(t), pelt)... p(t). If, in # 
and G, we replace the various functions q(t) and p(t) by the solution 
matrices, then F and G themselves become matrices, and according to 
whether these two matrices commute or not, the matrix FG —- GF will 
be vanishing or non-vanishing. Dirac, guided by the knowledge that for 
high energy values the matrix theory must pass over into Bohr’s quantum 
theory and yield Bohr’s quantizing conditions, established the following 
results : 

If gi, d2- +++ Qh Py Pe... py are the solution matrices of any 
problem, and if F and G are functions of these solution matrices, we 
have the matrix equation 


_ ft 
(48) FG — Gh -1F, G], 


where [F, G] represents what is known as the Poisson bracket expression 
of the functions F and G with respect to the variables g and p.* If this 
bracket happens to vanish, our two matrices F and G commute. 


* By definition, the Poisson bracket [F , G] of two functions F and G of the 
coordinates g and p is 


— —— —_— —— 


OF oG OF OG 
a Op, Or 0dr ODr " 


where the summation extends from r= 1 to r=f; t.e., over all the coordinates 
involved. Poisson brackets are of frequent occurrence in pure mathematics and in 
mechanics. Poisson introduced them in mechanies for the purpose of obtaining first 
integrals of Hamilton’s equations. 
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When we replace in (48) F and G@ by the various individual q’s and 
’s, the relations (46) are seen to be verified. 


q-Numbers and c-Numbers—In the matrix method our concern is 
with the solution matrices g and p of the problem of interest, and also 
with combinations of these elementary matrices. Let us call A(q, p), 
B(q, p), C(q, p), ... any functions of the solution matrices. These 
functions A, B, and C are therefore matrices also. The combination 
rules we have established for such matrices are then 


A+B=B+A 
A(B+C) =AB+ AC 
A(BC) = (AB)C 


(49) 
(A+B) +C=A+(B+C) 
_h 
AB —BA=-5--[A, B] (see (48)). 


All these relations except the last are imposed by the fact that we are 
dealing with matrices. The last relation on the other hand cannot be 
derived from the properties of matrices alone. It is true that the multi- 
plication of matrices is usually non-commutative, so that in general 
AB — BA will not vanish; however, only when we supplement our mathe- 
matical information with physical considerations (7.e., Bohr’s quantizing 
condition) is the above precise value of AB — BA obtained. 

An alternative interpretation of the relations (49) is due to Dirac. 
Provisionally, let us dismiss matrices and let us view the relations (49) 
as defining a postulate system establishing the combination rules for 
numbers A, B,C .... These rules are not those which apply to the 
common numbers of arithmetic (for if A, B, C . . . were common num- 
bers, the last relation (49) would be replaced by AB— BA=0). We 
must therefore regard the numbers A, B, C ... which satisfy the rela- 
tions (49) as numbers of a novel kind. Dirac calls them g-numbers.* 
The common numbers of arithmetic are then called c-numbers. Dirac 


* The name q-numbers is taken as the contracted form of quantum-numbers. The 
shorter appellation is preferred because the new numbers have nothing in common 
with the quantum numbers 2, I, j7, m of Bohr’s theory. 
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developed the mathematical analysis that holds for g-numbers. Fourier’s 
decomposition was found to be valid and, indeed, except where the non- 
commutative property comes into play, the analysis for g-numbers bears 
a marked resemblance to the classical analysis that is valid for ordinary 
c-numbers. Although the algebraic combination rules (49), which char- 
acterize g-numbers, are those that apply to Heisenberg matrices, these 
matrices are but special illustrations of g-numbers. As Dirac has shown, 
many mechanical magnitudes which cannot be expressed by matrices 
may nevertheless be represented by g-numbers. To this greater generality 
of the q-numbers is due their utility in quantum mechanics. 

The essence of these considerations is to show that in the study of 
microscopic processes (e.g., in the atom), a new kind of algebra deter- 
mined by the relations (49) is required. Under the limiting conditions 
of the correspondence principle, where h may be viewed as vanishing, 
the last relation (49) passes over into AB — BA = 0, so that our g-num- 
bers A, B, C commute and may thus be identified with ordinary c-numbers. 
This passage from an unfamiliar to a familiar mathematics, accompany- 
ing the progressive realization of a certain limiting condition, also occurs 
in the theory of relativity. In the latter theory, Minkowski’s strange 
4-dimensional non-Euclidean geometry is the one best suited for the 
interpretation of physical phenomena; but when the limiting condition 
of low velocities is neared, the strange geometry passes over into the 
commonplace 3-dimensional Euclidean variety, and the fourth dimen- 
sion, 7.€., time, becomes separate. Dirac’s non-commutative algebra is 
thus the analogue of Minkowski’s geometry. It is significant that both 
the commonplace algebra and the commonplace geometry are amply suffi- 
cient to cope with situations on the level of commonplace experience. 
Presumably for this reason, commonplace algebra and geometry were 
devised earlier and appear more familiar. 

A further point of interest is that, so long as we are considering merely 
the algebraic rules of combination (46) for the q-numbers g and p, we 
need not be concerned with the exact significance of these g-numbers, 
for any magnitudes which satisfy the rules of combination (46) will per- 
form the same role in our calculations. For instance, the pairs of 
operators 


a 
2m gr 


have been shown by Schrédinger to satisfy the commutation relations 


(50) qr and (Pade Bee ss 
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(46) of the matrices gq and p.t The significance of Schrédinger’s 
operators (50) will be explained on page 873. For the present we are 
merely drawing attention to the fact that magnitudes q and p, which 
Heisenberg interprets as matrices, may receive other interpretations. 


Diagonal Matrices—Let us revert to the original conception of the 
magnitudes g and p as matrices. We shall confine ourselves to periodic 
systems of one degree of freedom, so that only one g and only one p will 
be involved. A first point to be clarified is the connection between a 
solution matrix g and the solution function q(t), which in classical me- 
chanics would represent the position of the oscillating particle at any 
instant. 

Suppose we have obtained the matrix gq which corresponds to the 
classical solution function q(t) of some definite problem. Our matrix 
is of the general form (29), and it usually contains a large number of 
different frequencies »(n, k) ; the latter represent the frequencies of the 
light that may be radiated from the system. The solution matrix also 
contains complex amplitudes q(n, k), which serve to define the intensities 
of the radiated frequencies. It would therefore seem that all the magni- 
tudes contained in the matrix refer to the radiations, and that the 
mechanical motion is disregarded entirely. As a matter of fact, this 


t We may verity this for a one-dimensional system. With the matrices q and p, 


we have pq — qp= sh where 1 is the unit matrix. If, then, any matrix y is 
Te 


multiplied (before) by pq — qp, the effect will merely be to multiply ¥ by =) Let 
: wi 


us now replace the matrix q by an ordinary variable and the matrix p by the operator 


ae = and then let us form the operator which is the analogue of pg —qp. This 
TW 


operator is 


With this operator, we operate on a function ¥(q). We get 
i @ 4 _ 1h & _ ih 0 Ow 
[z ia ee aa jr sa 2 La ~ tage 
Rh ow = ow |_ oh 
By + 0% ot [aah 
Hence the effect of our operation has been merely to multiply ¥(q) by h We are 


(51) 


thus led to the result we obtained previously when, in place of the operators gq and 
h 


—— -——, we considered the matrices g and p. 
ot dg , q Dp 
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conclusion is erroneous, but even if it were correct, the matrix theory 
would not be inconsistent on this score, for we started out with the ex- 
plicit understanding that the mechanical motions in the atom, being un- 
observable, would be ignored. 

Let us show that the solution matrix does, however, give some infor- 
mation on the mechanical motion. To see this, suppose we are dealing 
with a problem of one degree of freedom in classical mechanics. We 
shall assume that the correct, quantized energy values Ey, Eo,..... 
of the system are known, and we consider the motion of the system when 
it has one or another of these energy values. The motion corresponding, 
say, to the energy value E, is expressed by a Fourier series, and the 
constant term q‘) of this series defines the mean position of the vibrating 
particle over a long period of time. We then arrange the various terms 
of the different Fourier series into an array of type (16), placing the 
constant terms of the different series along the diagonal line. 

The solution matrix of the same problem is given by an array of 
type (29), which has the same form as the Fourier array though its 
terms differ numerically from those of the latter array, since the Fourier 
developments do not give correct results for the radiations. The numer- 
ical differences between the corresponding terms of the two arrays tend, 
however, to disappear when we consider terms near the diagonal and 
far removed from the upper left-hand corner. This gradual merging 
of the two arrays is imposed by the correspondence principle, according 
to which for high energy values the lower terms of the various Fourier 
series give the correct frequencies and intensities. 

Suppose, then, that E, is a high energy value. In this case the 
diagonal Fourier term g‘”) and the corresponding matrix one q(n, ) 
will have the same value, and hence q(n, 7), like q("’ , must measure the 
average value of the coordinate q of the vibrating particle, taken over a 
long period of time. We now extend these conclusions to all the diagonal 
terms of the Heisenberg array and assert: 


Each diagonal term of the solution matrix q defines the average 
value of the classical coordinate gq when the energy of the system 
has one quantum value or another. 


Let us, then, strike out all the non-diagonal terms from the solution 
matrix g. We shall be left with a diagonal matrix, the diagonal terms 
of which define the various average values of the coordinate q of the 
vibrating particle when its energy has one or another of the permissible 
quantum values. We may speak of this matrix as the matrix of the 
average values of the coordinate g. Our procedure of striking out all 
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the non-diagonal terms of a matrix may appear artificial; however, we 
may obtain the same diagonal matrix in a less arbitrary way. Thus let 
us take the average values of all the terms of the solution matrix q over 
a long period of time; all the non-diagonal terms now vanish, and we 
are left with the diagonal terms alone.* Hence our diagonal matrix, 
which determines the average positions of the coordinate gq, is seen to 
result from an averaging of the solution matrix over a long period of 
time. 

More generally, let F(q, p) be some function of the solution matrices 
q and p of some particular problem. Then F is itself a matrix, and 
usually it will be of non-diagonal form. This matrix determines the 
manner in which the magnitude F varies when the system evolves. The 
diagonal terms of the matrix F (like those of any Hermitean matrix) 
are necessarily constants; they define the average values of the magni- 
tude F' over a long period of time when the system is in one or another 
of the energy states. 

As a particular case the matrix F may happen to be a diagonal one. 
Since a diagonal matrix does not involve time, the magnitude F' cannot 
involve time either, and so its average values are also its actual values. 
The diagonal terms of the diagonal matrix F will thus define the actual 
fixed values which the magnitude F will have when the system is moving 
with one or another of the quantized energies. 

The foregoing analysis shows that, in Heisenberg’s theory, a diagonal 
matrix is analogous to a constant of the classical theory, or rather to 
an aggregate of different constants. 


The Solutions of Definite Problems—We are now in a position to 
understand how the Heisenberg matrices may be utilized to furnish the 
radiations that will be emitted from an atomic system. For simplicity 
we shall suppose that we are dealing with a one-dimensional system, 
e.g., an anharmonic oscillator in which an electron vibrates back and 
forth along a straight line under the action of some force. Inasmuch as 
the matrix treatment of the problem utilizes the classical theory as a 
clue, we shall first recall the classical procedure. 

According to classical electrodynamics, the frequencies of the radia- 
tions emitted by the system should be the mechanical frequencies of the 


* We are assuming that all the non-diagonal terms are of form q(n, k)e27iv(n,k)t, 
If, in some of these terms, »(n, k) = 0, the terms in question reduce to q(n, k) and 
they no longer vanish in the averaging process. The average matrix is no longer 
a diagonal one. We shall exclude a consideration of this situation; it involves 
degeneracy. 
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electron’s motion; and the intensities of these radiations should be pro- 
portional to the squared amplitudes of the mechanical vibrations. The 
classical treatment thus compels us to determine the motion of the 
electron, and hence to obtain the solution function q(t) of Hamilton’s 
equations 


seeHilg,?) 0H (q, p) 
(52 = eed q; P 
) q mes mage 
in which H(q,p) is the Hamiltonian function corresponding to our 
problem. 


Now we know that the classical theory furnishes incorrect results, 
since the frequencies of the radiations usually differ from the mechanical 
frequencies of the electron. But we also know that under the limiting 
conditions of the correspondence principle, the classical anticipations 
become increasingly correct, so that in this case the solution q(t) of 
Hamilton’s equations furnishes the peculiarities of the radiation (fre- 
quency, intensity, polarization) with increasing accuraey. Thus when 
we are operating under the limiting conditions of the correspondence 
principle, Hamilton’s equations, which primarily control the mechanical 
motion, are seen also to control the radiations. We may express this 
situation more concisely by saying that, under the limiting conditions, 
Hamilton’s mechanical equations tend to become radiation equations. 

Let us now pass to the matrix method. In this method we are not 
concerned with the mechanical motion, but only with the radiations. All 
the peculiarities of the emitted radiation will be known if we can secure 
the solution matrix q corresponding to our problem, the various terms 
of this matrix furnishing the frequencies and intensities of the radia- 
tions. Since this solution matrix g, and also the conjugate matrix p, 
necessarily differ from one problem to another, they must be restricted 
by some condition which characterizes the problem we are considering ; 
in other words they must be the solutions of matrix equations which play 
the part of radiation equations for the problem of interest. Our aim is 
therefore to discover these matrix equations which control the radiation. 

It is here that correspondence considerations guide us. Thus we 
have seen that under the limiting conditions of the correspondence prin- 
ciple, the classical theory yields correct results; hence we must suppose 
that, under these limiting conditions, the matrix theory merges into the 
classical one and that the solution matrix q furnishes the same informa- 
tion as the classical solution function q(t). Asa result, the radiation 
equations of the matrix theory must merge into those of the classical 
theory, i.e., into Hamilton’s equations. We conclude that, under the 
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limiting conditions of the correspondence principle, the radiation equa- 
tions in the matrix theory will be matrix equations having the same form 
as Hamilton’s equations, and the solution matrices q and p will be 
solutions of these matrix equations. 

It should be observed that we have as yet no knowledge of the form 
of the matrix radiation equations when we are no longer operating under 
the limiting conditions of the correspondence principle. However, in 
view of our success in extrapolating correspondence considerations in 
Bohr’s theory, it seems permissible to pursue the same course here and 
to say that under all conditions Hamilton’s equations, in matrix form, 
will constitute the correct radiation equations of the matrix method. 
These preliminaries explain why Hamilton’s mechanical equations con- 
stitute the radiation equations of the matrix theory, even though the 
mechanical motion exhibits no direct connection with the radiation and 
is completely disregarded in the matrix treatment. 

Let us summarize. In any given problem we retain the classical 
Hamiltonian of the problem and also Hamilton’s equations (52). The 
only difference is that now q and p are to be viewed as matrices and no 
longer as ordinary numerical magnitudes. As a result the Hamiltonian 
function will be represented by a matrix, and Hamilton’s equations will 
be equations between matrices. Our procedure will now be to deter- 
mine the matrices g and p which satisfy these matrix equations. These 
matrices g and p will then be the solution matrices. 

Matrix equations are more difficult to solve than ordinary equations, 
for each matrix equation is equivalent to as many ordinary equations 


as there are terms in the matrix. (Hamiiton ’s first equation, for ex- 


ample, implies that each term of the matrix q is equal to the corresponding 


_ oO : : ‘ Pare © 
term of the matrix a . Since the Heisenberg matrices are infinite, 


each one of Hamilton’s two equations is equivalent to an infinite number 
of ordinary equations. This fact in itself indicates how complicated is 
the solution of a problem in the matrix method. 

In addition to being solutions of Hamilton’s equations, the two 
solution matrices g and p must satisfy the general commutation relation 
which holds between all conjugate matrices. Only then are the two 
matrices truly solution matrices. The commutation relation, ‘.e., 


kh 
(54) PO SUP pel 


is itself a matrix equation. The restriction (54) is not redundant, 
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for we can obtain matrices which are solutions of Hamilton’s equations 
and yet which do not satisfy (54).* 

Suppose, then, we have secured matrices q and p satisfying all these 
conditions. These matrices will constitute the solution matrices,t and 
our problem will be solved. The solution matrix gq in particular gives 
all the possible radiated frequencies and their intensities. We need 
not appeal to Bohr’s frequency condition to derive the frequencies from 
the energy levels; the solution matrix yields these frequencies directly. 
Nor need we be guided by the correspondence principle so as to rule out 
some of the theoretically possible frequencies and to compute the inten- 
sities.t All this information is given by the solution matrix, for the 
amplitudes of the vibrations in the matrix determine the intensities cor- 
rectly, and hence the forbidden frequencies of Bohr are those which are 
associated with vanishing amplitudes in the matrix. 

Nothing has as yet been said of the energy levels, but the classical 
analogy shows how we may proceed. Suppose that q(t) and p(t) are 
the solution functions of some mechanical problem treated classically. 
Let F(q, p) be an arbitrary function of q and p. The value of F(q, p) 


* At this point an interesting comparison may be made with the classical treat- 
ment. In classical mechanics, we may obtain solutions of Hamilton’s equations 
without having to consider Bohr’s quantum condition, The quantum condition merely 
imposes a restriction which is found to be necessary for the interpretation of atomic 
phenomena. It would therefore appear permissible to assume that, in the matrix 
method also, we might omit the commutation relation (54), which plays the part of 
Bohr’s quantum condition. We should then obtain the matrix analogue of classical 
mechanics unhampered by quantum restrictions. But this course is impossible, for the 
commutation relation (54) plays, as we have seen, a dual réle. Not only is it the 
analogue of Bohr’s physical quantum condition, which in a certain sense is imposed 
as an afterthought, but it also defines the algebraic rules of combinations which our 
matrices must satisfy. A failure to impose the commutation rule would therefore render 
all calculations with our matrices indeterminate. From this standpoint, the commuta- 
tion relation represents the revised form of the similar classical relation pq — 9p = 0, 
which is assumed tacitly in classical mechanics and which merely expresses that q and 
p commute as do ordinary numbers. The last condition is of course never written out 
explicitly in classical problems, because the commutative property for multiplication in 
classical mechanics is taken for granted. 

+ The matrices will be well determined except that the phases of the vibrations 
will be arbitrary. This indeterminateness has its exact analogue in classical mechanics 
when action and angle variables are used; the phases connected with the latter are 
likewise arbitrary. 

t In deriving the intensities of the radiation from the amplitude functions in the 
solution matrix, it is nevertheless necessary to appeal to correspondence considerations ; 
for we obtain the intensities by applying the formula (33); and this formula is 
merely the classical expression adapted to matrices, 
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at any instant during the motion is obtained when we replace g and p 
in this function by the solution functions q(t) and p(t). If F is an 
arbitrary function, it will usually vary in value during the motion; 
special functions, however, may retain fixed values. As a particular 
example, let us operate with the Hamiltonian function H(q, p). If our 
mechanical system is conservative, we shall find that H remains constant 
during the motion. Since H(q, p) represents the total energy of the 
mechanical system, the constancy of H expresses the conservation of 
energy. Of course, according to the initial conditions stipulated for 
the solution functions, H may assume one constant value or another. 
This merely implies that different initial conditions impose different 
energy values on the system. 

Let us now proceed in the same way with the solution matrices. 
Owing to correspondence considerations, we may retain for our matrix 
magnitudes the same mechanical significance that the corresponding 
functions have in classical science. The Hamiltonian matrix H(q, p) in 
particular represents the energy matrix. Now, it can be shown that if 
in this Hamiltonian matrix we substitute the solution matrices q and p, 
we obtain a diagonal matrix.* We shall represent this diagonal matrix 
by the letter E. A diagonal matrix is the matrix analogue of a constant, 
or rather of an aggregate of different constants represented by the 
diagonal terms of the matrix.t The fact that H is transformed into a 
diagonal matrix H, when the solution matrices g and p are substituted, 
implies therefore that the energy retains a constant value during the 
motion, and that the permissible values of the energy are given by the 
diagonal terms , 


of the matrix HZ. We have thus proved that the conservation of energy 
holds in matrix mechanics, and, in addition, we have indicated how the 
various energy levels of a system can be obtained. 

It can also be shown that the frequencies which appear in the solution 
matrix are connected with the energy levels by Bohr’s frequency condi- 
tion. Thus, Bohr’s frequency condition is itself a consequence of the 
theory. 


* This theorem may be proved without our having to know the precise expression 
of the solution matrices. The sole information utilized is that q and p are the solution 
matrices, t.e., are solutions of Hamilton’s matrix equations and also satisfy the 
commutation rule, 

t See page 840. 


THE LINEAR HARMONIC OSCILLATOR 845 


The Linear Harmonic Oscillator—We shall illustrate these general 
considerations by examining the problem of the linear harmonic oscil- 
lator. Here the classical Hamiltonian is 


2 
(55) H(q, p) =F, + 2atviua’, 


where » is the mass of the vibrating particle, and 7 is the mechanical 
frequency of the motion. The coordinate q of the particle is measured 
from the centre of oscillation. 

If we proceed by Bohr’s method, imposing Bohr’s quantizing condi- 
tions, we find that the energy levels are 


(56) 0, hyo, 2hyo, ees TAD O Ne cians 


Bohr’s frequency condition then indicates that the frequencies radiated 
may be all integral multiples of the mechanical frequency %. When 
we apply the correspondence principle, many of these theoretically pos- 
sible frequencies are ruled out, and we find that drops between contiguous 
energy levels are the only ones possible. This indicates that vo is the only 
possible frequency for the radiation. The calculation of the intensities 
also requires that we appeal to the correspondence principle. 

Let us now indicate briefly the results obtained when the matrix 
method is applied. Proceeding along the lines explained previously, we 
find that the solution matrix gq of the Hamilton equations is 


(57) 


0 q(0, 1) e2¥iv(0,1)¢ 0 0 

atl, 0) e2m #7 (1,0)¢ ai) q(1, 2) e2riv(1,2)t 0 
0 q(2, lee = (2, 3) e2rt(2,)¢ 
0 0 gq (3, 2) e@miv(3.2)¢ 0 


All the diagonal terms vanish, and the only other terms which do not 
vanish are those symmetrically situated next to the diagonal. 

The frequencies in this table all have the same value v. The only 
complex amplitudes to be considered are those of type g(n +1,n) and 
q(n, + 1); all others vanish. Calculation gives 


(58) q(n+1, n) = (n+ L)h eiintin) | 
827 U9 
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where 5(n + 1, n) is real but of arbitrary value.t A complex amplitude 
of type q(n, n+ 1), being the conjugate complex of (58) has exactly the 
same expression except for a change in the sign of the imaginary num- 
ber. The arbitrariness in the phases 6(n + 1, n) is of no importance for 
our present purpose, because in the calculation of the intensities only the 
expressions of type g(n +1, n)q*(n + 1,”) need be considered, and in 
such expressions the factor ¢("+1,") ig cancelled. 

Altogether then, the solution matrix (57) shows that the oscillator can 
emit only the radiation frequency vo. The intensities of the radiations are 
determined from the coefficients (58). All this information, be it noted, 
has been obtained without explicit reference to the correspondence prin- 
ciple. Finally, the fact that all the diagonal terms of the solution matrix 
q vanish implies that the average position of the vibrating particle over 
an extended period of time is the centre of oscillation. This conclusion 
is in keeping with the classical theory, for regardless of the energy of 
the motion, the vibrating particle always spends as much time on one side 
of the centre of oscillation as on the other. 

The momentum solution matrix p is u times the solution matrix qd 
differentiated with respect to time. It is thus easily obtained. When 
these two matrices are substituted in the Hamiltonian matrix (55), it 
becomes a diagonal matrix EF with diagonal terms 


(59), Ft hy Ob oy 
These, then, are the energy levels, and we see that they differ from the 
Bohr levels (56). The levels (59) are the correct levels, for they are the 
ones which appear to be required by experiment. Wave mechanics also 
furnishes the levels (59), so that the matrix method and wave mechanics 
both yield the same results. This agreement between the two methods 
holds also for the intensities. 


More General Systems—The linear oscillator constitutes a system 
having only one degree of freedom, but in theory the matrix method may 
be extended to systems having any number of degrees of freedom. The 
difficulty of the matrix method increases with the number of degrees of 
freedom, so that we must be satisfied with general results. Sume of 
these we shall now examine. Suppose we have an atomic system repre- 
sented by several electrons circling around a nucleus. We assume that 
the system is acted upon by external forces which are distributed sym- 
metrically about some axis, ¢.g., the Oz axis. To discuss a specific example, 


f It is this arbitrariness which entails that of the phases, 
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we shall suppose that the forces are generated by a uniform magnetic 
field parallel to the Oz axis. This is the situation which occurs in the 
Zeeman effect. 

In the classical treatment, the motion of the system is determined if 
we can obtain the solution functions 


a(t), y(t), 2(t), De(t), py(t), Pe(t) 


for each individual electron. The total angular momentum of the system 
and its projection M, on the Oz axis are defined at any instant by appro- 
priate mathematical combinations of the various solution functions. How- 
ever, it is not necessary to obtain the solution functions in order to prove 
that both of these angular momenta will remain constant in magnitude 
during the motion; this constancy follows from general mechanical con- 
siderations. 

In Bohr’s theory, quantum conditions must be imposed, and accord- 
ing to Bohr’s original treatment the total angular momentum M can 
assume only the values 


tL 
22’ 
where j is a positive integer or zero. We also find that the projected 
angular momentum M, must assume the values 
aglt 
Dee? 
where m is any integer between —j and +j. But Bohr’s original treat- 


ment gives wrong results. To obtain correct ones, we must suppose that 
j and m may also assume half-integral values. Furthermore, the total 


at 
angular momentum should be expressed not by oP) but by 
so A 
ViGitl or 
We recall that it was the empirical study of the anomalous Zeeman effect, 
leading as it did to Landé’s g-formula, that was responsible for this 
modification. 

We now treat the same problem by the matrix method. The classical 
expressions of the angular momenta in terms of the solution functions 
are retained. This course is justified by the correspondence principle, 
which shows that under the limiting conditions the classical expressions 


become correct. But in the matrix treatment the solution matrices, not 
the solution functions, must be substituted in the expressions of M and of 
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M,, with the result that these angular momenta will now be matrices. We 
do not have to determine the precise solution matrices to show on general 
principles that, when the substitution is performed, the two matrices M 
and M, become diagonal. This circumstance implies that in the matrix 
treatment, as in classical science, the above angular momenta remain 
constant in magnitude during the motion. 

The diagonal terms of the diagonal matrices M and M, define the 
permissible constant values that the angular momenta may assume during 
the motion. In particular, we find that the values of the total angular 
momentum M are 


ViGTDE, 


where j may be any positive integer or half-integer, or else zero. Also 
the values of M, are found to be 


we 
Phe 


where m may have integral or else half-integral values between —j and 
+j. The results required by Landé are thus obtained. 

We may go further and study the angular momentum of the optical 
electron. We find values 


VIF). 


To obtain Landé’s g-formula, we must introduce the hypothesis of the 
spinning electron or some equivalent hypothesis. At the present stage 
of the theory, there is nothing to indicate the existence of any such spin. 
But if we accept the spin, we may give a matrix representation to it, and 
then Landé’s g-formula ean be accounted for. There is, however, no great 
advantage in stressing these matters, because the proper way to introduce 
the electron spin is entirely different; it results from Dirae’s subsequent 
investigations. 

The matrix method also allows us to obtain the selection rules and 
the polarizations of the emitted radiations. Thus the solution matrices of 
any one of the electrons are, say, 


wv, Y; 2. 


These matrices are multidimensional, and their terms contain the various 
quantum numbers m, j, | just mentioned and also the main quantum 
number n. For instance in the solution matrix 2, the term which is asso- 
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ciated with a quantum transition from the state (1, J, 7, m) to the state 
(n’, UV, 9’, m’) will be of the form 


2(n, L, up mM; n’, v’, hie m’). 


Calculation shows that these terms always vanish when m’ 4m, and 
hence when m changes in value during a quantum transition. As for 
the solution matrices x and y, their terms vanish when m’ 4 m +], and 
hence except when m does not change by +1 during a transition. Now 
a vanishing term in a solution matrix signifies that the transition asso- 
ciated with this term cannot generate radiation: the transition of interest 
is then a ‘‘forbidden’’ one. We conclude that, insofar as the quantum 
number m is concerned, the only possible transitions are those in which 
m does not change or else changes by +1. In the former case, some 
of the other quantum numbers must obviously change, for otherwise 
there would be no energy drop. We are thus in possession of the selec- 
tion rule for m. Calling Am the change in the value of m during a 
transition, we must have 


Am=0 or = 7. 
In a similar way we should find 
Aj =0 or +1; and Al = +1. 


These selection rules are precisely the ones we obtained in Bohr’s theory 
when we applied the correspondence principle. The advantage of the 
matrix method is that the required results are secured directly. 

The polarizations of the radiated frequencies can also be determined. 
The general rule which furnishes the polarizations is as follows: 

If a solution matrix corresponds to a classical coordinate vibrating 
back and forth along a line, the frequencies in the solution matrix refer 
to waves that are plane polarized (the electric vector in the radiated wave 
is then parallel to the line of vibration of the classical coordinate). 

Let us apply this rule to the present situation. We have seen that 
when m does not change during a quantum transition, the solution matrix 
z is the only matrix for which the corresponding term does not vanish. 
Consequently, according to our rule, we must assume that the radiation 
from the atom will be plane polarized and that the direction of vibration 
of the electric vector will be parallel to the Oz axis. Suppose now that m 
changes by +1. The matrices z and y are then the only ones to have 
non-vanishing terms, so that the vibration of the electromagnetic wave 
must be parallel to the zy plane and hence normal to the Oz axis. Cal- 
culation shows that the phases of the corresponding terms of the matrices 
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x and y differ by a quarter period ; a fact which implies that the radiation 
will be cireularly polarized. The matrix method thus accounts for the 
polarization effects noted in the normal Zeeman effect. 


Summary of the Earlier Matrix Method —The matrix method 
developed to this stage may be referred to as the earlier method. In the 
next chapter a further development will be considered. To appreciate the 
scope of the earlier method, let us glance back at Bohr’s theory. 

Aside from its failure in the majority of cases to furnish the correct 
energy levels, Bohr’s theory also failed to predict the forbidden transi- 
tions, the intensities, and the polarizations of the radiations. Bohr sought 
to overcome this defect by introducing the correspondence principle. 
We mentioned, however, that the correspondence principle did not permit 
an accurate computation of the intensities, so that a certain lack of pre- 
cision was unavoidable. Besides, Bohr’s appeal to the correspondence 
principle was in itself an admission of failure, for it implied that his 
theory was not self sufficient and that its application required the 
assistance of a foreign adjunct. 

The matrix theory marks a great advance over Bohr’s theory. Not 
only does it yield the correct energy levels and the various character- 
istics of the radiation, but it furnishes this information by its own methods 
without having to rely on the correspondence principle. This latter 
remark is not meant to imply that correspondence considerations play 
no part in the matrix method; indeed the contrary is true, for time and 
again we were guided by such considerations when we were constructing 
the theory. It should be observed, however, that these correspondence 
considerations served merely as clues in the building of the theory and 
played no further part once the theory was completed. Thus though it 
is true that correspondence considerations are interwoven in the very 
fabric of the matrix theory, they do not constitute corrective norms to 
be applied as and when needed. To this extent we are justified in saying 
that the matrix theory, in contradistinction to Bohr ’s, 1s self-sufficient. 

To be accurate, however, we should add that, on certain occasions, 
correspondence considerations are invoked even after the basic tenets of 
the matrix theory are agreed upon: for instance, when we utilize Hamil- 
ton’s equations as radiation equations, or apply the classical formula (32) 
to determine the intensity of the radiation (see note on page 822). The 
theory would have been more satisfactory had it been able to furnish 
these equations and this formula by an application of its own peculiar 
methods. However this may be, the intrusion of correspondence con- 
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siderations is far less objectionable in the matrix theory than it was in 
Bohr’s. 

An obvious improvement on the matrix theory would be realized if, 
in the solution of problems, Hamilton’s classical equations were replaced 
by their relativistic analogues. This improvement will be examined when 
we consider Dirac’s theory of the electron. The theory of relativity was 
not applied in the earlier development of the matrix theory for two 
reasons. Firstly, the introduction of relativistic considerations entailed 
considerable technical difficulties. Secondly, relativistic science differs 
perceptibly from the classical theory only for extremely high velocities 
approximating that of light ; and, in the problems with which the quantum 
theory is concerned, the velocities do not usually attain these high values. 
Besides, the modifications entailed in the classical notions by the quantum 
theory itself are of so much greater importance than those which would 
be introduced by relativistic refinements that, as a first approximation at 
least, we may disregard the relativity theory. 

The success of the matrix theory is demonstrated by its results. Never- 
theless it is strange to find that an abstract mathematical scheme, founded 
on such slender clues, should be capable of giving definite answers to 
physical problems. Lorentz at the Solvay Congress of 1927 expressed 
his surprise in the following words: 


‘(T have been astonished to see that the matrices satisfy the equations 
of motion. Theoretically, this is very fine, but for my part it is a deep 
mystery, which, I hope will be clarified. I am told that these considera- 
{ions have led to the formation of matrices which represent what can be 
observed of the atom, for instance the frequencies of the radiations 
emitted. Nevertheless the fact that the coordinates, the potential energy, 
etc., are now represented by matrices shows that these magnitudes have 
lost their original meaning, and that a tremendous step has been taken 
towards increasing abstraction.”’ 


CHAPTER XXXVIII 


THE MATRIX METHOD (Continued) 


THE theoretical simplicity of the matrix method must not obseure the 
fact that, in the practical solution of any given problem, it involves very 
complicated mathematics. The Hamilton equations of classical mechanics 
now become equations between infinite matrices and are therefore ex- 
tremely cumbersome. Even the problem of the harmonic oscillator, which 
in classical mechanics is one of the simplest, becomes complicated when 
treated by the matrix method. The difficulties are further aggravated 
when we deal with systems having several degrees of freedom. Attempts 
were therefore made to obtain a general method of solution which would 
involve a more familiar mathematical technique. Dirac’s transformation 
theory, which we shall examine presently, is one of the most successful 
attempts in this direction. 

First let us recall a theorem mentioned in the preceding chapter. In 
the case of a mechanical system having one degree of freedom, the theorem 
states : 

The solution matrices q and p of Hamilton’s matrix equations are 
infinite Hermitean matrices which satisfy the commutation relation and 
which, when they are inserted in the Hamiltonian function H (q,p) of 
the problem, convert it into a diagonal matrix E. The diagonal terms of 
this diagonal matrix are then the energy levels.* 


* Suppose the Hamiltonian contains a term pq. In classical science, where q and 
p are mere numbers and commutation always holds, the term pq may equivalently 
be written 


(60) p?q or pap or gp. 


But in the matrix method, where matrices must be substituted for q and p in the 
Hamiltonian, the different ways of writing the term p2q will give rise to different 
matrices. It is therefore necessary to establish some definite rule which will state 
how a term such as p2q must be written. This difficulty did not occur in the case 
of the oscillator, as may readily be understood from the form of its Hamiltonian (55). 

The general rule to be observed is that a term such as (60) must be so written 
that the Hamiltonian matrix is Hermitean (i.e., the terms symmetrically situated with 
respect to the diagonal must be conjugate complex. The matrices q and p are them- 
selves Hermitean, but it can be shown that the Hamiltonian will be Hermitean only 


when its terms are symmetrized. This Tequires that we replace pq or gp? by pap in 
the Hamiltonian. 
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This theorem may be expressed in another form. Let 
(61) g(n, k)e2r(mk)t and p(n, k) e2riv(nk)t 


be the general terms of the two solution matrices. We may easily verify 
that, if in these matrices (61) we change the frequencies y(n, k) but in 
such a way that they remain compatible with Ritz’s combination principle, 
the new matrices obtained will still satisfy the commutation relation. 
Furthermore, when these new matrices are inserted in the Hamiltonian 
function H(q,p) they will convert it into exactly the same diagonal 
matrix as before. Since vanishing frequencies afford a particular illus- 
tration of frequencies satisfying Ritz’s combination principle, we may, 
if we choose, assume that all the frequencies »(n,k) in the solution 
matrices (61) have the value zero. The matrices (61) are thus reduced 
to their amplitude parts alone and become 


q(11) q(12) @(18) .. p(11) p(12) p(18).. 
q(21) q(22) 9(23).. p(2l) p(22) p(23) .. 
(62) gud 4031) (82) 9(88) .- , p= J p81) (82) (38) . . 


These matrices will be referred to as the solution matrices without time 
terms. According to our previous theorem, the matrices (62) still satisfy 
the commutation rule; they convert the Hamiltonian function into a 
diagonal matrix; and the diagonal terms of this diagonal matrix will be 
the energy levels. 


The Converse Theorem—The converse of this theorem is also true. 
Thus suppose we can obtain two infinite Hermitean matrices having the 
general form (62) and satisfying the commutation rule. If, when we 
substitute these two matrices in the Hamiltonian function H(q, p) of a 
given problem of one degree of freedom, a diagonal matrix E is obtained, 
the converse theorem states that our two matrices are necessarily the 
solution matrices without time terms.* Consequently, the diagonal 
elements 


(63) Hy, He, Hz, . 250s 


* More generally, any two Hermitean matrices of form (61) will have the same 
amplitude parts as the solution matrices provided their frequencies satisfy Ritz’s 
combination principle; provided the matrices satisfy the commutation rule; and pro- 
vided their substitution in the Hamiltonian function converts it into a diagonal 
matrix. (The Hermitean nature of the matrices must be imposed since the matrices 
are to represent real magnitudes.) 
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of the diagonal matrix E, into which the Hamiltonian function has been 
converted, define the energy levels of the system. 

Suppose, then, that by some means or other we have discovered two 
matrices q and p of form (62) satisfying the conditions mentioned in the 
converse theorem. These two matrices define, as we know, the amplitude 
parts of the solution matrices. It is now an easy matter to obtain the 
solution matrices themselves. We first substitute our two matrices g and p 
in the Hamiltonian function and obtain thereby a diagonal matrix E, 
whose diagonal elements £;, H2, E3 ... are the energy levels of the 
problem. Having done this, we utilize Bohr’s frequency condition (which 
is a consequence of the matrix theory), and we thus obtain the correct 
frequencies 

(64) = 
which must appear in the solution matrices. To obtain the solution 
matrices, we have now but to adjoin the time terms 


Qri 
——(H,,—E,)t 5 
(65) eh n Pa) , or Pid 


to the corresponding terms of our matrices g and p. 


The Transformation Theory—With this preliminary information 
disposed of, we may examine one of the general methods evolved for the 
solving of a matrix problem. For simplicity, we confine our attention to 
problems of one degree of freedom. 

Instead of attempting to obtain the solution matrices of Hamilton’s 
equations by a direct integration of these equations, we proceed indirectly 
by noting: 


1. The solution matrices g and p must be infinite Hermitean matrices 
and must be conjugate (1.e., must satisfy the commutation rule). 

2. When inserted in the Hamiltonian function of the problem, they 
must transform it into a diagonal matrix. 

These two requirements suffice to determine the solution matrices 
(without time terms) of any particular problem. 


Let us, then, start with any two arbitrary Hermitean and conjugate 
matrices (without time terms). We call these two matrices go and po. 
Two such matrices are furnished by the solution matrices of any problem 
of one degree of freedom; and since we have already solved the problem 
of the linear harmonic oscillator, we have merely to take its solution 
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matrices (without time terms) and we obtain in this way two conjugate 
Hermitean matrices go and po. Let H(q, p) be the Hamiltonian function 
of the problem we are now considering. If in this Hamiltonian we 
substitute the matrices go and po, we obtain a matrix H(qo, po). The 
matrix H(qo, po) is certainly not a diagonal one, for, if it were, the 
matrices go and po would be the solution matrices of our present problem ; 
and this is impossible since they are the solution matrices of the oscillator, 
and hence of a different problem. But we may utilize the conjugate 
matrices go and po as a starting point for the discovery of the solution 
matrices of the problem of interest. The following geometric considera- 
tions suggest how the required solution matrices qg and p can be derived 
from go and po. 

When discussing quadratic forms, we mentioned that an infinite 
Hermitean matrix may be viewed as the matrix of an infinite quadratic 
form whose coefficients a, and a,; are conjugate complex. Let us, then, 
associate the two solution matrices of the linear oscillator with quadratic 
forms of this type. Calling go(n,k) and po(n,%) the general terms of 
the matrices go and po, we have the quadratic forms 


(66) 2 qo(n, k) x, 2, and CN 


If we equate each of these two quadratic forms to some real constant, 
say 1, we obtain the equations of two quadrie surfaces having the origin 
as centre, situated in the Hilbert space, and referred to some Cartesian 
coordinate system in this space. Thus, 


(67) 2M k)a*c, =1 and 2Re, Kate - 


define these two quadric surfaces. 

We now substitute the two initial matrices qo and po into the Hamil- 
tonian H (symmetrized) of our problem. We obtain a Hermitean matrix 
H (qo, Po) having as general term, say Ho(n, k). Proceeding as before, 
we associate an infinite quadratic form with this matrix, and if we equate 


this form to 1, we obtain 


(68) = Ho(m, k)atc, =1. 


This is the equation of some quadriec surface having the origin as centre, 
situated in the same Hilbert space, and referred to the same Cartesian 
axes as are the two surfaces (67). 
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Let us examine the relative positions of the principal axes of these 
three quadric surfaces. The matrices, go and po, being conjugate, satisfy 
the commutation rule 


h 
Pode — GoPo = > 1, 
and hence do not commute. According to the considerations developed 
on pages 808 and 809, this implies that the principal axes of the two quad- 
rie surfaces (67) do not coincide. Furthermore, since neither go nor po is 
a diagonal matrix, we are certain that the principal axes of neither of 
the two surfaces (67) can coincide with the axes of coordinates. 

Next we consider the quadric surface (68). As H(qo, po) is not a 
diagonal matrix, the principal axes of the surface (68) cannot coincide 
with the axes of coordinates. We may also show that the principal axes 
of the surfaces Ho and Qo, or of Ho and po, will not in general coincide.* 

A graphical description of these results will be helpful. Since the 
Cartesian coordinate system in the Hilbert space has an infinite number 

of axes, we cannot represent all these axes in 

Fo a drawing. But we may agree to represent 

Po the infinity of coordinate axes by a single line 

Ho Oz. Similarly, the lay of the principal axes 

(infinite in number) of the quadrie surface qo 

will be represented by a line Ogo. The same 

procedure is followed for the principal axes 

rs) x of the quadric surfaces pp and Ho. We thus 
Fig. 57 obtain the schematic representation illustrated 

in the figure. The various lines Ogo, Opo, and 

OH are traced as distinct, because the principal axes of the corresponding 
quadrie surfaces do not coincide. Similarly, since none of these quadric 


* When we apply Dirac’s Poisson-bracket relation to the matrices Hy and po, we 
obtain the relation 


_h_ 0M 
2Q7t 0Qo ; 


Hop. — poHo = as pol = — 
2Qrt 


Hence Ho and po commute only if the Hamiltonian is not a function of go. We may 
disregard this possibility, because, with our present Cartesian coordinates, the 
Hamiltonian function for a particle moving under a force always contains Qo. Conse- 
quently, Ho and po do not commute, and therefore the principal axes of the correspond- 
ing quadric surfaces do not coincide. A similar argument shows that the principal 
axes of the surfaces Ho and q will coincide only when the Hamiltonian does not con- 
tain po. Inasmuch as this situation does not arise, we conclude that the principal axes 
of the surfaces Ho and qo do not coincide. 
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surfaces has principal axes which coincide with the coordinate axes, none 
of the three lines Oqo, Opo, OH» will coincide with Oz. 

Suppose now we rotate the coordinate axes to any new position. The 
equations of the three quadric surfaces in the new axes will be modified, 
and so they will be associated with three new matrices, which we shall call 
91, 1, and H,. It can be proved that the new matrices q:, p1, and H, are 
still Hermitean, and that the commutation rule holds between q; and py. 
It ean also be shown that the matrix Hy, into which Ho (i.e., H (qo; Po) ) is 
transformed, is equal to H(qi, pi); and hence H, is the matrix obtained 
when we substitute g, and p; in the Hamiltonian of the problem. 

If we call S the matrix of the orthogonal transformation, or rotation 
of axes, the following relations hold for the various matrices: + 


J Gi 8*qo8 = 8—1qoS 
(69) pi = S*poS = S—1poS 
| = A(q1, pi) = S*H)S = S-1H.S. 


These considerations suggest how the problem may be solved. Instead 
of performing an arbitrary rotation of axes (arbitrary orthogonal 
transformation), we rotate these axes so that they coincide with the 
principal axes OH» of the quadric surface Ho. In the figure, the line 
Ox will be pivoted so as to coincide with OHo. The equation of the quadric 
surface H, is now given by an infinite sum of squares (equated to 1), and 
hence the matrix Ho is transformed into a matrix H, which is diagonal. 
As before, the matrix H, (now diagonal) is the same as the matrix that is 
obtained when we substitute the matrices qi and p; in the Hamiltonian. 

Thus, as a result, of our orthogonal transformation S, the original 
matrices go and po are transformed into matrices g, and p; which are 
Hermitean, which satisfy the commutation rule, and which, when inserted 
in the Hamiltonian function of the problem, convert it into a diagonal 
matrix. But then we know from the converse theorem of page 853 that 
the matrices q, and pi are none other than the solution matrices (without 
time terms) of our problem, and that the diagonal terms of the diagonal 
matrix H, are the energy levels. We conclude that the problem is solved 
if we can obtain the orthogonal matrix S which transforms the Hamil- 
tonian matrix H (qo, Po), oF Ho, into a diagonal matrix. 

So as to stress that the matrices qi and i, derived from qo and po as 
a result of the transformation S, are the solution matrices (without time 


t See page 807. 
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terms), we shall represent them by the capital letters Q and P. Also the 
matrix H,, which is now diagonal, will be represented by E, and its 
diagonal terms, which are the energy levels, will be written 


(70) Diy deomiete ccs «6 

The relations (69) may then be written 

(71) Q= 8*aqo8 =S-1q8; P=S8*pS = 8—'pS; 
and 


(72) E=8*H)S = S-1H)S, or equivalently H)S — SE = 0. 
We have also said that EF is the matrix that results when Q and P are 
substituted in the Hamiltonian. Thus 
E=H(Q, P). 


It is now a simple matter for us to complete the solution of the problem 
by adjoining the correct time terms to the matrices @ and P. As ex- 
plained previously, the frequencies »(n,k) entering into the expression 
of the matrices Q and P are derived from Bohr’s frequency condition 


E, = E;, 

h ? 
where the energy levels E, and E;, being diagonal terms of the diagonal 
matrix #, are known. If, then, we call 


(74) Q(n, k) and P(n, k) 


the general terms of the matrices Q and P, the general terms of the full 
solution matrices are 


(73) y(n, k) = 


2ri 2ri 


(75) Q(n, kye * and P(n, k)e * 


This method of solution may be summarized by the statement: 


(E,,—B,)t (E,—E,)t 


1. We start from any arbitrary pair of conjugate Hermitean matrices 
qo and po without time terms. (These matrices may always be obtained. ) 

2. We substitute the matrices qo and po in the classical Hamiltonian 
H(q, p) of the problem. If the matrix obtained is a diagonal one, our 
problem is solved, for qo and po are then the solution matrices (without 
time terms), and the diagonal terms of the matrix H are the energy levels. 
In the general case, however, this peculiar situation does not occur. 

3. When H(qo, Po) does not happen to be a diagonal matrix, we 
seek an orthogonal matrix S which, when applied to the matrix H(qo, po), 
’ transforms it into a diagonal matrix E. The diagonal elements of E are 
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the energy levels. As for the solution matrices Q and P (without time 
terms), they are given by the relations (71); and the full solution ma- 
trices (with time terms) are defined by (75). 


The method just described is the crux of the transformation theory. 
We shall therefore mention different interpretations that may be placed 
on it. 

In the language of matrices, the problem of obtaining the solution 
matrices of Hamilton’s equations and of deriving the energy levels is 
equivalent to that of transforming, by means of an orthogonal matrix, 
a given infinite Hermitean matrix (the Hamiltonian matrix) into its 
diagonal form. The eigenvalues of the Hamiltonian matrix (1.e., the 
diagonal elements of the diagonal matrix) are then the energy levels of 
the problem. 

From the algebraic standpoint, the method is equivalent to that of 
transforming, by means of an orthogonal transformation, a given infinite 
quadratic form into an infinite sum of squares. The coefficients of the 
terms in the sum of squares, namely, the eigenvalues, are the energy 
levels of the problem. 

Finally, we may adopt a more geometric presentation and say that 
the method is equivalent to rotating the coordinate axes in such a way 
as to bring them into coincidence with the principal axes of a given 
quadric surface (the quadric surface of the Hamiltonian). The lengths 
of the principal axes are connected with the eigenvalues, or energy levels 
as was explained in Chapter XXXVI. 

The transformation method we have outlined is simple in theory and 
would be simple in practice if we were dealing with finite matrices or 
finite quadratic forms. The eigenvalues (or energy levels) in particular 
would then be given by the roots of an algebraic equation of finite degree. 
But we must remember that our present matrices or quadratic forms 
are infinite; and at the time Heisenberg was developing his matrix theory, 
a general masheel of transforming such infinite matrices into the diagonal 
form had not been elaborated. Special cases, however, had been investi- 
gated by Hilbert. In their attempt to transform the matrices of the ma- 
trix theory, mathematical physicists were thus thrown back on their own 
resources. Lanczos and then Dirac devised similar methods by connect- 
ing the problem with the solution of an ‘integral equation.’’ In this 
chapter Dirac’s method alone will be examined. 

Even before general methods of transforming Heisenberg matrices 
into the diagonal form had been perfected, methods involving successive 
approximations were applied. Thus, let us suppose that we are dealing 
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with a problem which differs but slightly from one which we know how 
to solve. As an example, we may consider an anharmonic oscillator which 
differs from a given harmonic oscillator only as a result of a small addi- 
tional force acting on the vibrating particle. The problem of the har- 
monic oscillator can be solved. It is referred to as the ‘‘ unperturbed 
problem.’’ The problem of the anharmonic oscillator, which we propose 
to solve, is called the ‘‘perturbed problem,’’ because the motion of this 
latter oscillator may be viewed as due to a small perturbation acting on 
the harmonic oscillator. The Hamiltonian functions of the two problems 
are necessarily different, but the difference is slight owing to the smallness 
of the perturbing force. 

Let us substitute the solution matrices of the harmonic oscillator 
into the Hamiltonian function of the anharmonie oscillator. The Ham- 
iltonian cannot of course become a diagonal matrix, for the solution 
matrices of the two oscillators cannot be the same. In other words, the 
coordinate axes, which now coincide with the principal axes of the 
Hamiltonian matrix for the unperturbed problem, will not coincide with 
the principal axes of the Hamiltonian for the perturbed problem. Never- 
theless, in view of the small numerical differences between the two 
problems, the non-diagonal terms of the matrix of the perturbed Hamil- 
tonian will be small, and a small rotation of axes will suffice to transform 
this matrix into the diagonal form. The exact rotation required to 
bring about this result is not determined immediately in the present 
method, but it may be calculated by a series of successive approxima- 
tions. The method is modelled closely on the perturbation theory of 
celestial mechanics, as was also the case for the perturbation theory of 
wave mechanics. It was by means of the perturbation theory of the 
matrix method that Heisenberg was led to the discovery of resonance 
degeneracy, a phenomenon which accounts for the forbidden transitions 
between the ‘‘ortho’’ and the ‘‘para,’’ levels in the helium atom. In 
Chapter XXXV the nature of this dégeneracy was investigated by the 
medium of wave mechanics, but a point of historical interest is that 
Heisenberg obtained his original results by applying the method of 
perturbations of the matrix theory. 


Continuous Matrices—In Bohr’s treatment of atomic phenomenon, 
the only mechanical motions which had to be quantized were the periodic 
or multiply periodic ones; the aperiodic motions were not. subjected to 
quantization. Incidentally, the freedom of aperiodic motions from 
quantum restrictions does not constitute a separate hypothesis in Bohr’s 
theory. Thus an aperiodic motion may, if we choose, be viewed as the 
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limiting case of a periodic motion with an extremely long period; and 
calculation shows that if a motion of this kind is quantized, the successive 
quantized values differ so little that they appear to form a continuous 
sequence. All energy values then become permissible, and the discrete- 
ness characteristic of quantized energy levels ceases to manifest itself. 
This result is an immediate consequence of the general rule whereby 
Bohr’s theory passes over into classical science whenever the relative 
importance of h is small. 

Let us apply these considerations to the hydrogen atom in Bohr’s 
theory. The elliptical orbits are periodic and must be quantized. The 
hyperbolic orbits, being aperiodic, are not affected. According to the 
usual conventions, the potential energy is assumed to vanish when the 
electron is at infinity. As a result of this convention, the total energy 
in an elliptical orbit is always negative, and in a hyperbolic orbit always 
positive. The zero value for the total energy is associated with the inter- 
mediary type of orbit, namely, the parabolic orbit. We represent the 
discrete values of the energy for the elliptical orbits by the discrete 
sequence of negative numbers E,, E2,.... En, .... 0. The value Ey 
is the largest of these negative numbers, and hence it corresponds to the 
lowest energy level. As for the energy levels of the hyperbolic orbits, 
they form a continuous sequence of positive values extending from zero 
to +o. The complete list of possible energy values is thus expressed by 


(76) hs a beta Oe ae Hiss 6 10. 
a Fs 
discrete aggregate continuous aggregate 

of negative values of positive values 


The spectral lines are supposed to be generated by drops from one energy 
level to another; and the frequencies radiated are determined by the 
frequency condition 
_ drop in energy 
Sa 

We conclude that the radiations from a large aggregate of variously 
excited hydrogen atoms should form a discrete spectrum, as a result of 
drops between the quantized elliptical orbits; and also a continuous 
spectrum, generated by drops from hyperbolic orbits to elliptical ones 
or to other hyperbolic orbits. We know that these expectations are in 
agreement with observation, so that there is no conflict between theory 
and experiment on this score. If, in place of the hydrogen atom, we 
consider the linear oscillator, where the motion is always periodic and 
hence must always be quantized, we shall obtain only a discrete spec- 
trum; the continuous one will be lacking. 


y 
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Wave mechanics likewise, by a totally different method, predicts 
discrete and continuous aggregates of energy values for the hydrogen 
atom. We recall that in wave mechanics the discrete set of negative 
energy values for hydrogen and the continuous range of positive values 
are an immediate consequence of the general conditions imposed on the 
solution function y of Schrédinger’s wave equation. More generally, 
the nature of the aggregates of energy levels to be expected in any par- 
ticular problem results from the mathematical properties of the wave 
equation. 

We have now to examine how the matrix method can cope with con- 
tinuous ranges of energy levels. Heisenberg, when he created the matrix 
theory, was concerned with the discrete states of an atomic system. For 
instance, he utilized Ritz’s combination principle, which controls the 
frequencies of the discrete spectral lines but which conveys no informa- 
tion on continuous spectra. Now an aggregate of discrete states is 
represented by a discrete matrix, and, accordingly, all the matrices we 
have dealt with up to this point are of the discrete variety. To use a 
mechanical analogy, discrete matrices are connected with periodic mo- 
tions. In view, however, of the demonstrated existence of continuous 
spectra, we must demand of the matrix theory that it furnish continuous 
ranges of energy levels when such continuous ranges are known to be 
required. We may readily verify that an extension of this kind will 
involve the introduction of continuous matrices. 

Let us revert to the discrete and continuous ranges of energy levels 
exhibited in (76). According to the transformation theory, the energy 
levels of a problem are the diagonal elements, or eigenvalues, of the 
diagonal energy-matrix HF. Hence we must assume that in the case of 
the energy levels (76) our diagonal matrix has the following appear- 
ance: 


EV O0G0) «+ a4 Shops hore: S 
O £,0 0.:-.....-...- 
ORORERNO Aisa s desk eaineshcars readies 
000095, Sea oO eth rh Pes ee 
Thier = yy SS 

Ss a . 
ee 

»< 

e ex 
+o ) 


This matrix is discrete from the upper left-hand corner to the term 0 
on the diagonal, but, from then on, the diagonal terms form a continuous 
and no longer a discrete range. The present matrix is thus partly dis- 
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crete and partly continuous. If all the energy levels were situated over 
a continuous range, the matrix would be totally continuous. 

The physical existence of continuous energy levels in the atom has 
prompted us to consider continuous and partly continuous diagonal 
energy matrices. But, as the following argument shows, continuous 
energy matrices in turn entail continuous solution matrices. Suppose, 
for instance, we are dealing with the hyperbolic orbits of the hydrogen 
atom. The energy levels now form a continuous range, and the applica- 
tion of Bohr’s frequency condition (which is a consequence of the matrix 
theory) shows that the radiated frequencies will likewise be spread over 
a continuous range. The various terms of the solution matrix Q furnish, 
as we know, the possible frequencies; and since the frequencies are 
spread continuously, the same continuity must hold for the terms of 
the solution matrix. The solution is thus itself continuous in this case 
(though not diagonal) ; and so we must expect our theory to involve 
matrices with continuous rows and columns. 

These considerations show the necessity of introducing into the matrix 
method continuous matrices side by side with the discrete ones. We 
might suppose that Heisenberg, by developing from the start a theory 
of discrete matrices, had precluded the introduction of continuous ma- 
trices, and that a complete remodelling of his theory would be required. 
But this is not so, for, Hilbert proved that in certain cases the matrix 
of an infinite quadratic form (of the discrete type) is transformed by 
an orthogonal transformation into a diagonal matrix which may have 
continuous diagonal elements. From a mathematical standpoint, there- 
fore, discrete (infinite) and continuous matrices are not mutually ex- 
elusive; and so the immediate aim is not to remodel Heisenberg’s theory 
but to extend it by investigating the properties of continuous matrices. 


Dirac’s Continuous Matrices—When dealing with discrete ma- 
trices, we had to define the unit matrix 1. This matrix is scalar and is 
represented by a discrete diagonal matrix, all the diagonal terms of which 
have the value 1, whereas the non-diagonal terms are zero. We shall 
represent the term situated in the nth row and kth column of this matrix 
by the symbol 6,,, or 5(n, k). The diagonal terms are obtained when we 
set k= n. The values of all the terms of this unit matrix are thus defined 


by 


a AONE 0, if kA~n 
oo a SAT = n. 
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If we add all the terms situated on the nth row, we have 


5(n, 1) + 8(n, 2) +8(m, 3) + ....,0r = k). 


The value of this infinite sum is 1, for all the terms vanish, with the 
exception of the diagonal term 5(”, »), which has the value 1. 
Thus 


(78) 2a (n, k) =1. 


Similarly, if we add all the terms of the kth column, we have 


(79) Ds(n, k) =1. 


We wish to obtain the analogue of this unit matrix in the case of 
continuous matrices. Let us first agree on a general symbolism to repre- 
sent the various terms of a continuous matrix. As before, a term is 
specified by the position it oceupies in the matrix and hence by the row 
and column at the intersection of which it is situated. The only differ- 
ence between the continuous case and the discrete one is that, in a con- 
tinuous matrix, the rows and columns cannot be numbered by means of 
integers; instead they must be associated with continuously varying 
indices. 

Let us agree to number the rows by a variable number b’ and the 
columns by a variable number b”. We assume that b’ increases pro- 
gressively in value as we move 
downward, and that b” increases 
progressively as we move to the 
right (see figure). With this 
convention, the term situated at 
the intersection of the row of 
number b’ and of the column 
of number 6” is represented by 
re (b’, b”). If the matrix refers to 
some magnitude z, the term (0’, 
b”) of this particular matrix is 
written x(b’, b”). We observe 
that if we keep b’ fixed and allow b” to vary continuously, we shall be 
describing the row 0’ of the matrix. If, on the other hand, we keep b” 
fixed and make b’ vary, we describe the column b”. Since a diagonal 
term is always at the intersection of a row and of a column which are 
associated with the same number, all diagonal terms of our matrix x 


6” 


Sean Anema te, b ) 


Fig, 58 
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are of type x(v’, b’). If, in .xr(b’, b’), we make b’ vary continuously, 
we shall describe the diagonal line of the matrix. It may happen 
that the terms situated along the vertical columns of the matrix 
form continuous ranges, but that the terms situated on the horizontal 
rows are discrete. The matrix in this case will be continuous in the 
vertical direction and diserete in the horizontal one. When we repre- 
sent by x(b’, b”) the terms of a matrix of this type, the letter b’ will vary 
continuously whereas b” will assume only discrete values. 

We may now obtain the unit matrix in the continuous case. We repre- 
sent its terms by 


8(b’, b”), or by 5(b’ — 6”). 


If we use the second form of symbolism, any diagonal term 8(b’ — b’) 
may be written 5(0). By analogy with the unit matrix in the discrete 
case, we might suppose that the continuous unit matrix would be repre- 
sented by a continuous diagonal line each term of which would have 
the value 1, whereas the non-diagona] terms of the matrix would vanish. 
This assumption would imply 6(b’ — b”) =1 or 0 according to whether 
Lb” = db’ or b” +b’. But, as we shall now see, the first part of our assump- 
tion must be rejected. Thus, since the continuous matrix we are consid- 
ering is to play the part of a unit matrix, it must satisfy relations analo- 
gous to (78) and (79). Now, a summation in the discrete case passes 
over into an integration in the continuous one. Hence the continuous 
analogues of (78) and (79) are 


(80) few —b”)db”=1 
and 
(81) fac — b”) db’ =1. 


These relations must therefore be satisfied by the unit continuous matrix. 
In (80) we are integrating along the horizontal row b’, and in (81) 
along the column b.” 

Suppose, then, we accept our former tentative definition of the unit 
continuous matrix. The two integrals in (80) and (81) will be found 
to vanish; and the relations (80) and (81), which must be satisfied by 
our matrix, will be impossible. To remedy this difficulty, we must assume 
that the non-diagonal terms of the unit continuous matrix vanish, but 
that, in the immediate neighborhood of the diagonal, the values of the 
terms tend to increase rapidly, so that a term actually on the diagonal 
is infinite. When we introduce a matrix of this kind, the relations (80) 
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and (81) can be satisfied.* Accordingly, we define the unit continuous 
matrix as a matrix whose non-diagonal terms 6(b’ — b’”’) always vanish 
except when b’ and b” differ only infinitesimally; in this latter case, 5 
tends to become infinite. In addition, the unit continuous matrix satis- 
fies the relations (80) and (81). 


The Diagonal Matrix g—An infinite Hermitean matrix, whether 
discrete or continuous, may be associated with an infinite quadratic 
form which is also discrete or continuous. By equating the quadratic 
form to some real constant, we obtain the equation of a quadric surface 
in the Hilbert space of an infinite number of dimensions. If our matrix 
is not a diagonal one, the quadratic form will not be a sum of squares, tf 
and the principal axes of the corresponding quadric surface will not 
coincide with the coordinate axes. However, in theory we can always 
rotate the coordinate axes in such a way that they will coincide with 
the principal axes; and in the new coordinate system the quadratic form 
is of course a sum of squares (discrete or continuous), and the matrix 
becomes diagonal. 

We have already applied these considerations to the Hamiltonian 
matrix, but they hold quite generally for all Hermitean matrices, €.g., 
for the matrix g. Let us, then, consider the co- 
ordinate system in which this matrix is diag- 
onal. We shall assume that the matrix is con- 
tinuous. As in all diagonal matrices, the 
non-diagonal terms will vanish, the only non- 
vanishing terms being situated along the diag- 
onal. Suppose we proceed from the upper left- 

Fie. 59 hand corner of the matrix downwards along 

the diagonal line. The successive terms we shall 

encounter may be assumed to have continuously increasing values. Let 9’ 
and q” be the values of the two terms situated, say at A and B in the 


*Let us integrate along the row b’. The terms along this row are given by 
6(b'— b”) in which b’ is fixed and b” varies. A graphical representation of the 
integral (80) may be obtained by considering two Cartesian axes 
b” and y and the curve y(b”) defined by y=6(b'— b”), The y 
area comprised between this curve and the horizontal axis b” then 
measures the value of our integral. (The area is shaded in the 
figure.) Now we wish this area to have the value 1. Since the 
curve is to have a zero elevation except in the immediate vicinity 
of the diagonal element, where b” = b', we must assume that, as 5” 2B bY 
b” tends to the value b’, the value of 5(b'— b”) inereases indefi- Fig. 60 
nitely. It would be of no use to Suppose that 6(b' — b”) would 
vanish except when b” = b’ and that its value would then be infinite; for this would 
not prevent the integrals (80) and (81) from vanishing as before. 

t By sum of squares we wish to imply either a discrete sum or an integral. 
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figure. A row and a column of the matrix pass through the point A, and 
similarly for the point B. We shall agree to eall the row and the column 
which pass through A the row q’ and the column q’ of the matrix. Simi- 
larly, the row and the column passing through B are called the row q” 
and the column q”. A non-diagonal term such as the one at the point C 
in the figure, being situated at the intersection of the row q’ and of the 
column q”, is designated by q(q’, q”)- 

Now in the discrete case, if we have a discrete diagonal matrix with 
diagonal terms D;, Do, ... - D,, ..., the vanishing term on the nth 
row and kth column may be represented by D,d(n, k), where 6(n, k) is 
the corresponding term of the discrete unit matrix. Keeping n fixed and 
allowing k to assume the various integral values, we obtain in succession 
all the terms on this nth row. In particular, the diagonal term D, is 
obtained by setting k=, for we then get D,5(n, n), 1.€., Dy (since 
&(n, n) =1). 

Let us adopt a similar notation for the terms of the continuous diagonal 
matrix g. Previously, the term situated at the intersection of the row q’ 
and of the column q” of this matrix was represented by q(q’,q”). But 
we wish now to utilize the unit continuous matrix in this expression. To 
do so, we shall suppose that the rows and columns of the unit continuous 
matrix are numbered in the same way as the rows and columns of the 
matrix g. For instance, in the unit continuous matrix we shall represent 
ly liaieg’”’), oF (7 9); the term which is situated at the intersection 
of the row q’ and of the column q’. If, then, we follow the system of 
notation adopted in the discrete case, the term q(q’,q”) of the diagonal 
matrix will be represented by 


(82) q(q’, a”) =78(a’— 9g"). 
If we keep q’ fixed and allow q’ to vary continuously, we shall deseribe 
the row q’ of the matrix g. Ina similar way, all the terms of the column 


q’ of the matrix q are expressed by 
(83) a(q”, 7), or 5(q" — Y); 


where q/’ is fixed and q” assumes all values.* 


*The same peculiarity we noted in connection with the unit continuous matrix is 
also present here. Thus, strictly speaking, we cannot say that the diagonal term on 
the row q’ has the value q’, for this diagonal term is represented by 


q'3(q' — 4’), or q'3(0), 


the value of which is infinite (since 6(0) is infinite). If, however, we integrate over 
as small a distance as we choose, through the diagonal, the value q’ is obtained. This 
statement results from the properties of the unit matrix 6. We thus have 


sq'a(q' — a") dq” = q’ (integration along the row q') 
fq'd(q” —q')dq” = qd’ (integration along the column q7') 
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The matrix just considered is the continuous diagonal matrix gq. But 
quite generally, if z is some continuous diagonal matrix whose diagonal 
terms are represented by 2’, x”, x’’, ..., we shall agree to number 
the rows and columns of the matrix by the values x’, 7”, «’” . . . of the 
diagonal terms. Thus the term at the intersection of the row x’ and the 
column 2” will be represented by z(2’, x”), and, by following the same 
argument as for the matrix g, we have 


x(a’, a”) = 2'8(a’ — 2”). 


The coordinate system in which an arbitrary continuous matrix « is 
diagonal is a very special system, for if we rotate our axes, x will neces- 
sarily cease to be diagonal. 

Suppose, now, we are dealing with two or more continuous matrices 
x,y,z, .... , all of which are expressed in the same coordinate system. 
In this coordinate system let x be diagonal, but y and z non-diagonal. 
The coordinate system is characterized by the fact that, in it, the matrix 
x is diagonal, and for this reason it is often referred to as the coordinate 
system x. A convention which proves of advantage is that the terms of 
all non-diagonal matrices y and z, when expressed in this coordinate sys- 
tem x, are to be numbered in the same way as the terms of the diagonal 
matrix x. Thus, if y is a non-diagonal matrix expressed in the coordinate 
system x, that term of y, which occupies the same relative position as 
the term x(2’, x”) of x, is represented by 


LTA air td) Ne 


The Conjugate Continuous Matrix » and the Commutation 
Rules for Continuous Matrices—In the theory of discrete matrices, 
we saw that two conjugate matrices g and p must satisfy the relation 


h 
84 — 9p = —— 
(84) PQ — ap os 1, 


Thus, these matrices do not commute. The equation (84), being a 
matrix equation, is satisfied when the corresponding terms of the two 
matrices are equal in pairs. If, then, we denote as usual by (n,k) the 
terms in the nth row and the kth column of a discrete matrix, the matrix 
equation (84) can equivalently be written 


(85) (pq— gp) (n, k) = EA (n, k) = a(n, b), 


for all integers n and k. 
These considerations may be extended to continuous matrices. Sup- 
pose the continuous matrix q is represented in the coordinate system in 
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which it is diagonal (the coordinate system q), As in the discrete case, 
there will be a continuous matrix p which is conjugate to gq. Now con- 
jugate matrices are necessarily expressed in the same coordinate system, 
and since q and p, whether discrete or continuous, do not commute, we 
may be certain that the matrix p, when expressed in the coordinate system 
g, cannot be diagonal. For the present we do not know what appearance 
the conjugate matrix p will have, but we may obtain the required informa- 
tion by noting that q and p must be linked by the commutation rule. 

We are thus led to determine the commutation rule for continuous 
matrices. It will be the analogue of (85) adapted to the peculiarities of 
continuous matrices. The coordinate system is taken to be the one in 
which q is diagonal, and hence the terms of our matrices will be repre- 
sented by the notation (q’,q”). A general term of the matrix pg — gp 
may then be written 


(pq —- ap) (q, 9”). 


The analogue of the equation (85) becomes 


(86) (pq — ap) (q’, 9”) =a8(q - 9") 


(for all values of q’ and q”). 
We observe that in (85), if we set k= we obtain 


(87) (pq — ap) (m,n) =e-8(n, m) = a 


This relation expresses that, in the discrete case, all the diagonal elements 
h ‘ 

of the matrix (pq — gp) have the value ay But if we follow the same 

procedure in the continuous case and set q’=4q’, the relation (86) 

becomes 


Ge) Ge= apg) ee 


h 
py 2) =o 
The infinite value we here obtain for the diagonal elements of the con- 
tinuous matrix pq — gp is due to the more complicated nature of the con- 
tinuous unit matrix 5(q’ — q”). However, we may remedy the situation 
by the usual method of integration. Thus, if we integrate (86) along 
the row q’, we get 


one od h ” ae: 
[(pq- 9) (a4 aq” =5— foc -¢ )dq” =5—. 


Hence, thanks to the integration, we obtain the same result as in the 
discrete case (84). 


870 THE MATRIX METHOD 


To obtain the continuous matrix p which is conjugate to the con- 
tinuous matrix g and is expressed in the coordinate system in which gis 
diagonal, we must discover a Hermitean matrix p which is a solution of 
the matrix equation (86). Dirac gives a solution for the term (q’, d”) of 
this conjugate matrix p. It is 


2 ld _ td 
(89) 2(9V',q") = Imp — V")> 


where 8(q’ — q’) means the derivative of 8(q’—q”) with respect to 
(q’—q”). As pointed out previously, the conjugate matrix p expressed 
in the coordinate system in which q is diagonal cannot itself be diagonal, 
for this would be possible only if g and p were to commute, and such is 
not the case. 


Matrices as Operators—Consider any continuous function f(q’, y’) 
of two variables q’ and y’. We assume that the two variables vary 
continuously and independently. By giving all pairs of values to q’ and 
y’, we obtain a doubly infinite aggregate of values for the function. 
These values may be represented by the terms of an infinite continuous 
matrix. The columns of this matrix are secured by giving various 
fixed values y’, y”, y’”, . . . to y’ and allowing q’ to vary; and the rows 
are obtained by giving fixed values G20 qd"... . .10 Gand allowing y’ 
to vary. The general nature of the matrix may be understood from the 
figure. The arrows pointing downwards mean that q’ is to be given all 


fq, y’) flay”). flay”) 


(90) fie 


values while y’, y”, and y’” are kept fixed. We call this aggregate the 
matrix f. 

Suppose now that we wish to form the matrix gf, where q is the con- 
tinuous diagonal matrix. The rules of multiplication for continuous 
matrices are the same as those for the discrete ones except that integra- 
tions replace summations. In particular, the term, say in he row q’” and 
the column y” of the matrix gf, is given by 


(91) fac”, ay ee y”) dq” = fa’"s(q"” — a fo, y”) dq” 
= Ye hg y”). 
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This shows that all the terms of the column y” of the matrix qf are ex- 
pressed by 


(92) gf(asy”), 
where y” is kept fixed and q’ assumes all values. The same conclusions 


follow for the other columns of the matrix qf, so that this matrix is repre- 
sented by 


qVf(q’,y’) GGG) Ce 0) a 


(93) a = 


Proceeding in the same way, we examine the matrix pf, in which p is 
the continuous matrix (89) conjugate to g. Calculation yields the matrix 


h_ of(d,y’) h_ of(a’,y”) h_ of(@’,y””) 
2ni oq’ 271 oq’ Qn dq’ 
art = 
, ‘ } 0 : ” . 
In this matrix, the column, say y”, is given by eer where y” 


is kept fixed while g’ receives all continuous values. 

These results may be generalized. Thus let F(q,p) be any con- 
tinuous function of our two continuous matrices qg and p. F is then itself 
a continuous matrix. We consider the matrix Ff resulting from the 
multiplication of the matrix f by the matrix F. If F(q, p) is an algebraic 
function of the matrix p, it can be shown that the matrix Ff will have 
the form 


h 0 , , (a h 0 , lA 
P(t eran) Fis) ov) 


(95) Ff= 


where the arrows mean that the columns of the matrix are obtained by 
allowing q’ to vary continuously while y’ and y” are kept fixed. The 
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matrix Ff is seen to differ from f in that a column such as f(q’, y”) of 
the matrix f is replaced by a column 


,_ ho te 
Ba, ee) ). 
As an illustration, let us suppose that F'(q, p) stands for (O10) —= (0/0) 
The column y” of the matrix Ff is then 


(Hetee ob b\nayy 
Pn dq? 2 Oni od’ GY} 


On performing the calculations, we get 


(96) 


h t 2 id 
(97) satay”). 
This expression was to be expected, for, according to the commutation 
relation, the matrix pq — qp is Oni 1, 


We now propose to examine a different interpretation of these results. 
In the columns of our foregoing matrices, the variable g’ is allowed to 
assume all values while the second variable (of value y’ or y” or y’” . . .) 
is kept fixed. These different columns represent therefore the successive 
values of different continuous functions of the single variable g’. The 
operation we represented by gf thus replaces the continuous functions 
aCe Oe kG.) er of the matrix f by the corresponding con- 
tinuous functions q’f(q’, y’), a’f(q’,y”) . . . of the matrix gf. Similarly, 
the operation pf replaces the continuous functions TQGUODET CER ) 5. 
by the continuous functions 


_h_ of(g,y’) =_h_ f(a’, y”) 


2nt iY: 2nt al TS 
Since no restriction has been set on the nature of the continuous 
functions f(q’,y’), f(q’,y”), ..., we may generalize the foregoing 


conclusions and say: If f coe is any continuous function of q’, we have 


af(q’) =4'f(q’) 


and 


i = of (q’) 


Furthermore, when F'(q, p) is a continuous function of q and p (algebraic 
in p), we have 


Paria) = F(a, gar) ta). 
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The conclusions to be drawn from this discussion are: 


Dirac’s continuous conjugate matrices g and p may, if we choose, be 
viewed as operators 


eee 
2ai dq’ 
operating on an arbitrary function of q’. Also, an arbitrary continuous 


function F(q, p) (algebraic in p) of Dirac’s matrices g and p may be 
treated as the operator 


(98) g’ and 


Fn eee?) 
(99) Fd, sr 3,7): 
In particular, pg — gp may be viewed as the operator 
h oO h oO 


2ni og 2 @ Oni dq’ 


and hence as the operator apie (see 97). The last result shows that the 


two operators (98) constitute mathematical entities which satisfy the 
commutation rule; they thus afford illustrations of g-numbers.* This 


*The association of operators with the matrices which represent a coordinate q 
and the momentum p may be extended to any number of dimensions. Thus in 3-dimen- 
sional space, if 2, y, g are Cartesian coordinates, we have to consider the three con- 
tinuous matrices which represent these coordinates. In the Hilbert space we take a 
coordinate system in which the continuous matrices Z, y, and g are diagonal; their 
various diagonal elements are then represented by x, y, and s’ respectively. The 
momenta p:, Py, and pz conjugate to x, y, and ¢ are also expressed by continuous 
matrices, and in the foregoing coordinate system they may be assimilated to the three 
operators 


Se a pe ee Ek ee 
Qni ox’ Bri dy’ Bwi dz’ 
In short, the six continuous matrices 2, y, 2, Pz, Py, and pz give rise to the six operators 


eu 
Sri Ox” “Qai dy’ 2mi de’ - 

These results may be generalized. Thus, if we treat time as a fourth dimension, 
the three coordinates z, y, ¢ must be supplemented by the fourth coordinate t. The 
magnitude conjugate to ¢ is found to be —E, where £ is the total energy. If then 
we view t a8 a continuous matrix and represent it in the coordinate system in which 
it is Giagonal, a general term on the diagonal may be represented by t’. Proceeding 
as before, we find that the conjugate continuous matrix —E may be viewed as the 


(98’) Z, y's a, 


operator 4 an Hence in addition to the operators (98'), which have the com- 
mt 
mutative properties of g-numbers, we may adjoin the operators 
(98”) t’ and pune 


Qri ot’ 
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important discovery was made by Schrédinger,* but when Schrédinger 
first stated his results, the connection between the operators and the 
matrices was less clear.t Dirac’s investigations throw full light on the 
matter, for they show that Schrédinger’s operators are equivalent to 
Dirac’s continuous conjugate matrices g and p expressed in the coordinate 
system in which q is diagonal; as a result, these operators satisfy the 
same commutation rules as the matrices. 


The Equivalence of the Matrix Method and of Wave Mechanics 
—-When discussing discontinuous matrices on an earlier page, we men- 
tioned that the solution of a mechanical problem associated with a Hamil- 
tonian function H(qg, p) may be conducted in the following way. First 
we substitute in the Hamiltonian (symmetrized) any two arbitrary con- 
jugate Hermitean matrices gp and po (without time terms). A Hermitean 
matrix H(qo, Po) is thus obtained. We then seek to transform this 
matrix into its diagonal form E by means of an orthogonal transforma- 
tion. If we call S the matrix of the orthogonal transformation, the 
equation which our problem requires us to solve is the matrix equation 


(100) (qo, po) S — SE = 0. 


In this equation there are two unknowns: the orthogonal matrix S and 
the diagonal matrix E into which H is transformed. We have mentioned 
that the solution of the problem is relatively simple when the matrices 
are finite, but that it is difficult in the case of infinite matrices. At all 
events, whether the problem can be solved or not, we know that the 
diagonal elements of the diagonal matrix FE (also called the eigenvalues) 
are the energy levels. The diagonal elements are usually denoted by 
Eglo: .. at, . ae. . when they are discrete, and by EZ’, E”,.... 
when they form a continuous range. 

In our former treatment we assumed that the original conjugate 
matrices go and po were discrete. And since the solution matrices (with- 
out time terms) of the oscillator were known, we selected these latter to 
play the part of the matrices qo and po. But the same treatment would 
have been valid had we selected any other pair of conjugate matrices 


* See page 837. 

+ On pages 708 to 710 we explained how Schrodinger utilized the operators (98’) in 
deriving his wave equation from the equation of energy. We saw that the momenta 
De, Py, and pz were replaced in the energy equation by the corresponding operators 
of (98’). The equation we called the generalized wave equation was obtained by having 
recourse to the former substitutions and to the additional one indicated in (98”). 

h oO 


Thus —£# in the energy equation was replaced by the operator ta ar 
mi Ot’ 


MATRIX METHOD AND WAVE MECHANICS 875 


qo and po. In particular, continuous conjugate matrices might have been 
taken. In the earlier development of the theory, however, continuous 
matrices were unknown; but now that Dirae has shown how to obtain 
continuous conjugate matrices g and p (7.e., (83) and (89)), we may 
avail ourselves of these matrices. This utilization of continuous matrices 
presents considerable advantages, as will be understood presently. 

Suppose, then, that in (100) we substitute Dirac’s continuous matrices 
q and p. As these matrices are expressed in the coordinate system in 
which q is diagonal, the matrix H(q, p), resulting from the substitution 
of g and p in the Hamiltonian, will itself be a continuous matrix expressed 
in the same coordinate system q. This Hamiltonian matrix H(4q, p) can- 
not be diagonal; for if the matrices H and q were diagonal in the same 
coordinate system, they would commute; and this is impossible owing to 
the presence of p in the function H(q, p).t Our problem consists, as 
before, in rotating the coordinate axes in such a way that the matrix 
H(q,p) assumes its diagonal form EL. In more geometric language, our 
coordinate axes, which initially coincide with the principal axes of the 
quadric surface qg (since q is diagonal), must be rotated so as to coincide 
with the principal axes of the quadric surface attached to the Hamil- 
tonian H. 

In the new coordinate system, the matrix g, which is no longer diagonal, 
now represents the amplitude part of the solution matrix of the problem. 
Let us suppose that the rotation has been performed. The Hamiltonian 
matrix H becomes a diagonal matrix E with diagonal terms 


JOE OPS ea 6 0 ae a | GR Hiern eee 
(101) at et 
discrete continuous 


We are here assuming for greater generality that the diagonal elements, 
or eigenvalues, of EH (the energy levels) form a discrete and also a con- 
tinuous range. The diagonal matrix E is then partly discrete and partly 
continuous in this case. 

We now examine the orthogonal matrix S which determines the re- 
quired rotation of axes in the infinite Hilbert space. This matrix trans- 
forms from the coordinate system q in which q is diagonal, to the system E 
in which H is diagonal. As such, this orthogonal matrix is represented 
neither in the coordinate system q nor in the coordinate system EZ. In 
contradistinction to our former matrices, which were expressed in a 
single coordinate system, the matrix S pertains to both coordinate sys- 
tems. This feature justifies a kind of dual notation for the elements 


+ See note page 856. 
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of the matrix S and we shall therefore represent a general element by 
the symbol S(q’, E’). In particular, the elements, or terms, in the column 
E,, or in the column E’ will be represented by 


(102) . S(¢,£,) or Sige), 


where EF, or E’ is kept fixed while q’ is allowed to vary continuously. 
The general appearance of the matrix & is then 


S(q, Bi) S(q',H2) ... | S(q', EB’) S8(q',E”).. 
(103) 
The columns S(q’,E,), S(q’,E2)..... correspond to the discrete 
diagonal terms, or energy levels, which we have assumed for the matrix 
E; and the columns S(q’, E’), S(q’, E”) ..... are associated with the 


continuous range of diagonal terms. All the columns are continuous, but, 
as is seen in the table, if we follow a horizontal row, we shall encounter 
discrete elements in the left half of the table and continuous elements in 
the right. Thus, in contradistinction to the columns, the rows are partly 
discrete and partly continuous. In the general case they may be discrete, 
continuous, or both, according to the discrete or continuous nature of the 
diagonal matrix EZ. 

Finally, since S must be an orthogonal matrix, it must satisfy the 
matrix equations 


(104) 8*8 = 85* =1, or 8* = §-, 


We have also seen that the solution matrices Q and P (without time 
terms) are given by 


fa = §* 98 = 8198 


(105) . 
es = 8* pS = S—1p8, 

where q and p, being the matrices whence we started, are here the con- 
tinuous matrices of Dirac. We note that these solution matrices Q and P 
are merely the original matrices g and p expressed in the rotated co- 
ordinate system £ in which the Hamiltonian matrix (v.e. the energy 
matrix) is diagonal. 
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Our problem is, then, to discover the diagonal matrix FE and also the 
orthogonal transformation matrix 8. This will be done if we can solve 
the matrix equation (100). To simplify the discussion, let us write this 
matrix equation as 


(106) HS = SE. 


It is satisfied if each and every term (q’, E’) of the matrix HS is equal 
to the corresponding term of the matrix SE. 

Let us consider the matrix SE. The matrix E is as yet unknown; all 
we can say is that it is some diagonal matrix. Aside from this, we do 
not know whether its diagonal terms are discrete or continuous, but we 
may suppose for the present that they exhibit both features and hence 
are represented by some aggregate of type (101). The matrix S is also 
unknown. We have already agreed to represent the terms of its column 
E’ by S(q’, E’) where E’ is fixed and q’ may vary continuously. These 
conventions enable us to write in a purely formal way the terms of the 
column E’ of the matrix SE.t They are 


(107) S(q’,E’)XE’, or E’X8(q,2’), 


where q’ may vary continuously. 

We now pass to the corresponding column of the matrix H S. Since we 
are dealing with continuous matrices, integrations must take the place of 
summations. The terms of the column E’ of HS are thus defined by 


(108) fH, ¢)8(9", B)ad”, 


where q’ may have all continuous values. 
Our matrix equation (106) is thus equivalent to 


(109) fu, q’)S(q", E’)dq" = E’ . S(q, EF’), 


for all continuous values of q’. In this equation, E’ is a parameter of 
unknown value, and S(q’,£’) is the unknown function of q’, correspond- 
ing to the value E’ of the parameter. In addition, we shall have to 
stipulate that the functions S(q’, E’) must be the columns of an orthogonal 
matrix; but this last point may be left in abeyance for the present. An 
equation of type (109) is called an integral equation, and its study per- 
tains to a highly developed department of mathematical analysis. Dirac’s 
method has thus enabled us to transform the original matrix equation 


+ The term (q', E’) of the matrix SE is given, according to the rules, by 
fS(d, EB”) E"3(E" =, E')dE” = S(d, E')E'. 
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(100), or (106), into an integral equation and it has thereby considerably 
advanced our understanding of the problem.* 

In the present problem, however, we may dispense with the theory 
of integral equations, for the Hamiltonian function H is in nearly every 
case an algebraic function of the momentum p. We may then apply 
Dirac’s result (95), according to which the column E’ of the matrix HS 
is expressed by the operation 


,_h_ io +m 
(110) H( a, ez sor) Sa, B. 
The matrix equation (106), or (100), thus becomes 
, h 0 - , , == 
(111) | #( a, 7) RE saz =i 


We have here a partial differential equation containing a parameter E’, 
so that in effect we have a different equation for each value we may 
see fit to attribute to this parameter. 

Dirac’s partial differential equation (111) is already familiar to us, 
for it is none other than Schrédinger’s wave equation. This statement 
will be substantiated presently. Furthermore, we shall find that the 
restrictive conditions imposed in Dirac’s method on the solution functions 
S(q’, E’) are precisely the restrictions that were prescribed by Schréd- 
inger for his wave functions y. The equations being the same in the 
two methods and the restrictions placed on the solutions being also the 
same, Dirac’s solution functions S(q’, E’), which represent the columns 
of the orthogonal transformation matrix S, are also Schrédinger’s wave 
functions pe(q), associated with the values E’ of the energy. 

Let us first verify that Dirac’s equation (111) is the same as Schréd- 
inger’s wave equation. We recall that Schrédinger’s wave equation 
may be written, t 


h o 

(112) | #( ase) —B Jv(a) ah 
h o 
2ni oq 
* Integral equations have been studied by some of the foremost mathematicians. 
Abel is one of the first to have met with an equation of this kind. He solved it by an 
artifice. More general methods of solutions were investigated by Neumann and by 
Liouville. But only in recent times has the theory of integral equations been de- 
veloped systematically. The whole theory is intimately connected with the works of 
Volterra, Fredholm, Hilbert, Schmidt, and others. The integral equation in the text 
is of the so-called homogenous type. The function of two variables H(q’, q”) is 
called the ‘‘kernel,’? and in the present case this kernel is Hermitean, i.e., 
Fe GP) == GE, ah) Cian FORE a Hermitean matrix). This special class of 


integral equations was extensively studied by Hilbert and Schmidt, 
t See page 708, 


In this equation ihe symbol H(4, ) represents the operator we 
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' HemiOe.. : ‘ . 
obtain when we replace p by — a in the Ifamiltonian function H(q, p) 


of the problem of interest. As for E, it is a parameter of unspecified 
value, which measures the energy of the system. Thus, Schrodinger’s 
wave equation (112) and Dirae’s equation (111) are the same except for 
the notation: Dirac writes qg’ and E’ where Schrodinger sets q and E, and 
Dirac represents the solution function by a different letter. Let us ex- 
amine the differences in the notation for the solution functions. When 
the value, say, E, is given to the parameter E in Schrédinger’s equation 
(112), Schrédinger denotes the solution by 


y(q,En), or Wa,(q), Or Yn(q). 
Dirae, on the other hand, writes it 
S(q’, E,). 


We now propose to show that the solution functions of Schrodinger 
and of Dirac are the same. This point will be verified if we can show that 
the restrictions which Schrédinger and Dirac, respectively, impose on 
the solution functions are the same. Let us, then, establish the equivalence 
of the restrictions imposed by these two physicists. We recall that 
Schrédinger’s restrictions are: 


1. The solution functions must be one-valued. 


2. They must be continuous together with their 


(113) first and second derivatives. 
3. They must tend to a finite limit over the boundary 


of the g-space. We shall assume that this 
boundary is at infinity. 


Now, we have seen in Chapter XXXII that, in the general case, Schréd- 
inger’s wave equation has no solutions which satisfy the foregoing condi- 
tions. But we have also seen that such solutions will exist whenever the 
parameter E in the equation is credited with privileged values (the 
eigenvalues), which may form a discrete set or a continuous set or both. 
To simplify our exposition, we shall confine our attention to the per- 
missible discrete values of E. Let E, be one of them. If we set this value 
for E in (112), there may be one or more corresponding solution func- 
tions, or eigenfunctions, yz,(q). Any one of these eigenfunctions defines 
a possible distribution of the amplitudes of the de Broglie waves when EF, 
is the energy of the system. 

We also know that the Schrodinger solution functions which are asso- 
ciated with different eigenvalues are orthogonal. We recall the meaning 
of this mathematical term. Let FE, and E;, be two different eigenvalues 
pertaining to a discrete set. The eigenfunctions corresponding to #, and 
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to Ex, respectively, may be written y(q, E,) and w(q, Ex). The property 
of orthogonality, which these solution functions betray, is expressed by 
the relation 


(114) Se*(a En)y(q, Ex)dq = 0 (k #0). 


The integral is taken over the entire range of g,from —~to+#. Ifk=n, 
we obtain the integral. 


(115) Jv" (% En) y (4 En) dq. 


This integral converges to a finite limit, and hence we may always select 
our eigenfunctions in such a way that it has the value eases 


(116) fv" (@ Endy (a, Ba) dq = 1. 


The eigenfunctions are then said to be normalized to 1. Schrodinger im- 
poses this normalization in order that the total electric charge of his 
charge cloud, which he assumes to be of density 


(117) —ep*(q, En)p(a, En), 
should have the value —e (the charge of an electron). 

Now, the possibility of normalizing the continuous eigenfunctions im- 
plies that integrals of type (115) are finite, and therefore that the eigen- 
functions vanish at infinity. Hence the normalizing condition (116) 
may take the place of Schrédinger’s third condition, being even more 
drastic. The net result is that Schrédinger’s solution functions for 
his wave equation satisfy the two first conditions (113) and the normal- 
izing condition (116). In addition these eigenfunctions are automatically 
orthogonal and hence satisfy (114). 

We now pass to the solution functions S(q’, E’) of Dirae’s equation 
(111). Since S(q’, E’), in which E’ is fixed and q’ varies continuously, 
represents a column of an orthogonal matrix S, the function SC, £9 
viewed as a function of q’ is necessarily one-valued and continuous. Thus, 
Schrédinger’s first two conditions (113) are also imposed on Dirae’s 


functions. Furthermore, since S must be an orthogonal matrix, the 
relation (104), i.c., 


(118) S*§=1 


must be satisfied. If, as before, we assume discrete eigenvalues E, and E;,, 
this relation (118) may be written 


, Oitk zn 
8” Lane) Siayaiaa.— 
f (En, V')S(q', Ex)dq ae 
(119) or 
foitkzn 
JS" (a, Bn) 8 (a, By) da! = 


[litken. 
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But (119) is the same as (114) and (116). Hence we conelude that the 
Dirac functions are orthogonal and are normalized to 1. In short, the 
restrictions imposed on the solution functions S(q’, BE’) of Dirac are 
exactly the same as those imposed on Schrédinger’s normalized eigen- 
functions; and since both sets of functions are solutions of the same 
partial differential equation, they are identical. 

Let us drop the dash over g in Dirac’s function, since we are now 
running no risk of confusing gq’ with the matrix g. We may then set 


(120) S(q, En) =y(q, En), or Wn(@)- 

The identity of Dirac’s and of Schrédinger’s functions shows that the 
latter, which represent the amplitude distributions of the de Broglie 
waves in the stationary states of the atom, are none other than the columns 
of the orthogonal matrix which transforms from the coordinate system 
in which Dirac’s matrix q is diagonal to the coordinate system in which 
the energy matrix is diagonal. An alternative interpretation may also be 
given. Thus the columns S(q, E,) of an orthogonal matrix define, in the 
Hilbert space, the cosines of the angles which the various principal axes 
of the quadric surface g make with the principal axis E, of the quadric 
surface connected with the energy. The same interpretation may then 
be extended to Schrédinger’s eigenfunctions pn(q). 

It is remarkable to find that Schrédinger’s wave equation, derived 
from the assumption of underlying waves, should reveal itself as the 
equation to which we are led by totally different considerations in which 
waves play no part at all. We have here a further argument pointing to 
the symbolic nature of the de Broglie waves. Another point of interest 
is that, thanks to the introduction of Dirac’s continuous matrices, 
Schrédinger’s seemingly arbitrary procedure of replacing the momentum 


p in the Hamiltonian by the operator te now shows itself to be a 
natural development. 

Dirae’s method furnishes immediately the connection between the 
wave functions and Heisenberg’s solution matrices. Thus, the solution 
matrices (without time terms) of a problem are merely Dirac’s matrices 
q and p expressed in the coordinate system in which the Hamiltonian 
matrix (7.¢., the energy matrix) is diagonal. The solution matrices are 
then given by the expressions (105). 

If we assume that the energy levels are discrete, the term (n, k) of 
the solution matrix (.e., the term associated with the transition from the 


energy level FE, to the energy level E;) is 
Q(n, k) = (S*q8) (n, k) =f S* (Bn, a’) 4'8(a — 9”) 8( 9", Bx) da’dg” 


= [8*(Bs, q’) q’8(q, Ex)dg’ =]8*(q', Bn) VS (7, E,,) dq’. 
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Since there is no danger of confusing the ordinary variable q’ with the 
matrix g, we may write the above relation 


(121) Q(n, k) = [8*(a, E,) qS8(q, Ex) dq. 


Similarly, for the solution matrix P, we have 


> ¢ h. TI tt 
PG@ak) = (s* ps) (a) =f [Sei q’) 8(q — q”’) 8(q”, Ex) dq’dq” ; 
and this is found to be 


(122) P(n, k) == fa*(a q, 1) ae cae Py 


where q, as before, is an ordinary variable. 

The formulae (121) and (122), connecting the wave functions of a 
problem and the solution matrices, were first obtained by Schrodinger, 
but the method just outlined (which is due to Dirac) establishes the same 
results more simply. 

If, instead of confining our attention to the amplitude parts of the 
solution matrices, we wish to obtain the complete solution matrices with 
time terms, we must supplement the functions S(q,E,) by adjoining 

2Qri 


the vibrational term ¢~~% **", Thus, if we assume that S(q, E,) is 


replaced by 


2 
(123) S(q,E,je * * 
in the relations (121) and (122), and similarly for S(q, Ex), we obtain 


2ri 
(124) Q(n, k)e & Mae! 


and 


2Qri 
(125) P(n, jo 


which represent the general terms of the complete solution matrices. 
Dirac’s treatment is more comprehensive than Schrédinger’s on sev- 
eral points. The essence of Dirac’s treatment is to transform a continuous 
non-diagonal Hermitean matrix F(q, p) into its diagonal form by means 
of a rotation of axes. Thus let F(q, p) be a Hermitean matrix in which 
g and p are Dirae’s continuous matrices. The matrix F being expressed 
in the coordinate system in which the matrix q is diagonal, cannot itself 
be diagonal, for if it were, it would commute with the matrix q; and this 
is impossible since F contains p.{ We wish now to rotate our axes so 


t See note page 856. 
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that F' will assume its diagonal form. The matrix F' will then be repre- 
sented by some diagonal matrix D. The diagonal terms of this diagonal 
matrix are, say, D’, D’, . . . . If F(q, p) is algebraic in p, we are led to 
the partial differential equation 


h o 
(126) {r(a, sa) = p sca, D’) =0. 


The solution functions S(q’. D’) that satisfy the conditions required of 
the columns of an orthogonal matrix are then the columns of the matrix 8 
which transforms from the coordinate system q, in which q is diagonal, 
to the coordinate system D, in which F is diagonal. As for the eigenvalues 
D’,D”, . . . , they are the diagonal elements of the diagonal matrix D.* 

The equation just written is Schrédinger’s wave equation provided 
the function F(q,p) be the Hamiltonian, or the energy function, of the 
problem. In this event the eigenvalues D’ are the energy levels £’, and 
the solution functions S(q’, D’) are Schrédinger’s amplitude functions. 
But in the general case where F is not the Hamiltonian, the solution 
functions S(q’, D’) are not Schrédinger’s functions, and the eigenvalues 
D’ are not the energy levels. From this standpoint Schrédinger’s wave 
equation shows itself to be a particular case of Dirac’s more general 
equation (126). Another advantage of Dirae’s treatment is that, even 
when the Hamiltonian H(q, p) is not algebraic in p, so that Schrédinger’s 
partial differential equation cannot be obtained, we may still express our 
problem by means of an integral equation. 


* Ag an illustration, let us determine the orthogonal matrix S which transforms 
from the coordinate system q to the coordinate system p. To solve the problem, we 
note that in the coordinate system q Dirac’s continuous matrix p is not diagonal, 
whereas it is of course diagonal in the coordinate system p. Our problem is thus to 
transform by means of an orthogonal matrix S the non-diagonal matrix p into its 
diagonal form. This problem is a special case of the more general one considered in 
the text. We have but to replace the matrix F(q, p) by Dirae’s matrix p (in the 
system q), and the diagonal matrix D by the diagonal matrix p (in the system p). 
If we set p’ for any diagonal term of the continuous diagonal matrix p, the 
partial differential equation (126) of the text becomes 


h é rl v f 

—— — S = 105 

{ oq PY (q', B’) 

The normalized solution functions S(q', p’), «.e., the columns of the transformation 
matrix S, are then found to be 


Qi 
h 


1 q'p 
(127) S(q’, p') =—=e 
Vh 
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The Physical Significance of the Transformation Functions 
S(q’, BE’) —The columns S(q’, FE’) and S(q,E,) of the transformation 
matrix S have an important physical significance. We shall restrict our 
attention to the case of discrete energy levels. Let us consider the sig- 
nificance of the function S(q, E,), for example, which defines the column 
E, of the transformation matrix 8. 

In formula (121), which gives the amplitude parts of the solution 
matrix @, let us set k =. We then obtain the diagonal elements Q(n, n) 
of this non-diagonal matrix, 7.¢., 


(128) Q(n,n) = [o8*(a, Bn)8(4, En) dq. 


We mentioned on page 839 that the diagonal elements of the solution 
matrix (here called Q) represent the mean values of the classical co- 
ordinate @ over a long period of time when the system is in one energy 
state or another. In particular, Q(n, 7) in (128) gives the mean value of 
the coordinate Q of the particle when the system is in the nth energy 
state E,. The formula (128) is consistent with the calculus of prob- 
abilities if we assume that 


(129) 8*(q, En) S(q, Bn) dq 


represents the probability that the particle is situated between a point q 
and a point q+ dq at any instant of time when the energy is E,.t We 
may also say that 


(130) S*(q, En)S(q, En) 


t Suppose we know that a particle is situated somewhere on a straight line. Let 
f(q)dq define the probability that the particle is situated between the points q and 
q+dg. Since the particle must be somewhere on the line, the integral of the 
probability taken along this line must have the value 1. The probability function 
must therefore satisfy the condition 


(131’) St(q)dq=1. 


The average position @ of the particle is then determined, according to the calculus 
of probabilities, by 


(131") G = Saf(q)dq. 


We may verify that S*(q, En) 8(q, En) satisfies the condition (131’) imposed on the 
probability function f(q), for since the functions S(q, En) are normalized, we have 


SS8* Ca, E,) S(q, En) dq = up 
which is the analogue of (131’). The average value of q is thus 


(132) q = Sq8*(q, En) 8(q, En) dq; 
and this is (128), 
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measures the density of the probability that the particle will occupy a 
position q when the energy of the system is known to be Ey. Owing to 
this physical réle played by the functions S(q, E,), these functions are 
often referred to as probability amplitudes. We must remember, how- 
ever, that it is not S(q, Ey) itself, but S(q,£,) multiplied by the con- 
jugate complex magnitude, which expresses a probability. 

We have considered the case of one dimension for simplicity, but 
exactly the same conclusions may be extended to any number of dimen- 
sions. For instance, in the hydrogen atom, where the electron has three 
degrees of freedom, the transformation function is of type 


(133) 8(2, Y, 2, Entm), 
and therefore 
(134) S*(a, y, 2 Enzm) S(2, Y, 2% Entm) dcdydz 


defines the probability that, at any instant, the electron will be found in 
the volume dzdydz about the point z, y, z when the atom is known to be 
in the energy state En,1,m. 

These results agree with those obtained by Schrédinger. Thus 
Schrédinger assumed that when his eigenfunctions were normalized, 


(135) Pe mn (Tr Yr 2) Pam (% Y, 2) dadyde 
defined the probability we have just mentioned, or that 


(186) Pe in (21 Ys 2) Png (2s Ys ®) 


measured the density of the probability of the electron ’s position. Inas- 
much as Schrédinger’s normalized eigenfunctions Yr,1,m (x, y, 2) are none 
other than Dirac’s functions S(2, y, 2, En,tm), the two theories yield ex- 
actly the same results. 

Dirac’s treatment is obviously more satisfactory, for his results are 
obtained without necessitating the introduction of additional assumptions. 
Schrédinger, on the other hand, had to postulate that the intensity (136) 
of the de Broglie waves measured the density of a probability. 


More General Probability Amplitudes—A magnitude which in 
classical science is represented by an ordinary number (c-number) is 
usually expressed by a g-number in the Heisenberg-Dirac theory. In 
some cases a g-number may be written as a matrix. Now if the matrix 
is in a non-diagonal form, it does not furnish the precise numerical 
values which the physical magnitude may assume. Average values 
are then the nearest that can be obtained. To secure accurate information, 
we must convert the matrix into its diagonal form (by means of an 
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orthogonal transformation) ; the diagonal terms of the diagonal matrix 
thus obtained are c-numbers which define the possible numerical values 
of the physical magnitude. An illustration of this situation occurred in 
connection with the Hamiltonian matrix. The Hamiltonian function repre- 
sents the energy of the system, and the Hamiltonian matrix, or the 
energy matrix, is the matrix representation of this energy. But when 
we sought the precise numerical values of the energy, we had to transform 
the energy matrix into its diagonal form. The diagonal terms then defined 
the energy levels. We may liken a non-diagonal matrix to the image of 
an object which is out of focus; the corresponding diagonal matrix repre- 
sents the same image, but now perfectly focussed. Diagonal matrices 
thus play an important part when definite numerical answers to quantum 
problems are required. 

Suppose, then, we have two physical magnitudes, A and B, represented 
by matrices. Let the following discrete terms 


Oi, oy; Og, . . «+ 4 llgg as oe 


and 


be the diagonal terms of the matrices A and B, respectively, when these 
matrices are rendered diagonal. If the matrices A and B commute, it 
will be possible to obtain both matrices in the diagonal form simultan- 
eously by means of an appropriate rotation of axes. In this case it will 
be possible to determine the values a and b of A and B simultaneously. 
If on the other hand A and B do not commute, only one of the two 
matrices at a time will be obtainable in the diagonal form. Suppose B 
is made diagonal, then A will remain non-diagonal. In this case, if the 
value of B is known to be b;, that of A may be a, or az or a3, ete., and 
hence will be uncertain. Thus the possibility of obtaining simultaneous 
precise values for two physical magnitudes depends on whether or not 
the matrices representing these magnitudes commute. Nevertheless even 
when the two matrices do not commute, we may determine the probability 
that, say, the first magnitude will have one value or another when the 
value of the second magnitude is known, and vice versa. Let us deter- 
mine this probability. 

We call S the orthogonal matrix which transforms from the coordinate 
system A to the coordinate system B. Let us consider the term S(dpj, dx) 
of this matrix 8S. Then, according to the transformation theory, 


(187) S*(G., bx) S (an, bx) 
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is the probability that the physical magnitude A will have the numerical 
value a, when the magnitude B is known to have the value b,. Conversely, 
(137) also expresses the probability that B will have the value 6, when 
A is known to have the value ay. 

A geometric interpretation may be given to the probability (Olaae) i. 
Thus S(an, 6;) measures in the Hilbert space the cosine of the imaginary 
angle which is formed by the nth principal axis of the quadric surface 
associated with the matrix A and by the f#th principal axis of the quadric 
surface B. Hence (137) represents the squared value of this cosine. 

The probability (1387) is more general than the one we considered 
earlier, for our former transformation function S(q’, E,) transformed 
solely from the coordinate system q, in which q was diagonal, to the one 
in which the energy matrix was diagonal. In (137), on the other hand. 
the magnitudes A and B need not refer to q and to the energy, though 
as a particular case they may do so. 


Heisenberg’s Uncertainty Relations—Let us apply the foregoing 
considerations to the matrices which represent the position and momentum 
of a particle moving in space. 

For a system of several degrees of freedom, the relations (46) of 
the previous chapter indicate which of the g-numbers, g and p, pertain- 
ing to a mechanical system commute. All these magnitudes commute 
except those that are conjugate. Thus qi commutes with go and with pe, 
but not with p:. If, then, we are dealing with a particle which is moving 
in space and which has for its position and momentum coordinates 
L,Y, 2) Dry Dy» Pe, We Should be able to determine simultaneously, say, 
x, y, and 2; or 2, py, and p,; but not z and p,. The commutation rules 
(46) thus account in a general way for the uncertainties expressed in 
Heisenberg’s uncertainty relations. Moreover, we may show that our 
present theory furnishes exactly the same quantitative values for the un- 
certainties as were given previously by Heisenberg. 

To prove this, we confine our attention to a system of one degree of 
freedom, having therefore a single coordinate q and a single momentum 
p. The general term of the transformation matrix which transforms 
from the coordinate system q, in which the qg-number q is diagonal, to 
the coordinate system p, in which p is diagonal, is found to be 


i 
Vhe 


t In (137) we have a probability and not a density of a probability as in (130). 
The reason is that the diagonal terms an and b; in (137) are assumed discrete. 


(138) DG 2) e (see (127)). 
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In this expression q’ and p’ are typical diagonal elements of the matrices 
q and p expressed in diagonal form. The density of the probability that 
the value of the momentum will be p’ when the coordinate of position is 
q’, or vice versa, is given by 


c 1 
(139) S*(q’, p’) S(q, p’), te. >. 


Since this density is constant, the momentum may have any value when 
the position is accurately known, and the position may have any value 
when the momentum is accurately known. We are here in perfect agree- 
ment with the Heisenberg uncertainty relations. 

Let us now suppose that the position q’ is not accurately known, and 
that Ag measures the probable error in our determination of the value 
of q’ at the instant of interest. Calculation then shows that the value 
of p’ is no longer totally uncertain : Under the most favorable conditions * 
there will be an uncertainty Ap; it satisfies the relation 


and this is one of Heisenberg’s uncertainty relations. 

In Chapter XXX we also mentioned an uncertainty relation between 
time and energy. According to our present explanations, this latter 
uncertainty relation must be ascribed to the fact that time and energy, 
when viewed as g-numbers, do not commute (see formula (47) of the 
last chapter). The transformation theory also yields this uncertainty 
relation ; it is expressed by 


(141) At, AE ~h. 


The foregoing analysis brings out an important point. We saw in 
Chapter XXX that Heisenberg’s uncertainty relations could be de- 
rived theoretically from the properties of wave packets. Now, had the 
wave treatment afforded the only theoretical means of obtaining the 
uncertainty relations, we might plausibly have attributed the uncertain- 
ties to the inadequacy of the wave form of representation. It is thus of 
interest to find that the transformation theory, which follows an entirely 
different method of approach, leads to exactly the same uncertainty rela- 
tions. 

The matrix theory and the transformation theory show that the un- 
certainty relations arise because the numbers representing certain 
physical magnitudes do not commute. In these commutation relations 


* Calculation shows that the most favorable conditions are realized when the 
uncertainty in the value of q’ is expressed by Gauss’s error curve. 
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therefore must be sought the source of the uncertainty relations. Now 
the commutation relations are refined expressions of Bohr’s quantum 
conditions, so that we sense the connection between the uncertainty rela- 
tions and the quantum states (which are characteristic of quantum 
science). 

If all the quantum magnitudes were to commute, there would be no 
uncertainty relations. This is precisely the situation that occurs when 
we consider the relationships between the momentum matrices pz, Dy, Dz 
of a particle and its energy E viewed as a q-number. All these matrices 
commute, as is seen from the formulae (46) and (47). Hence no 
theoretical objection interferes with our assigning precise values simul- 
taneously to the momentum and to the energy of a particle or to the 
different components of momentum. 

The various theoretical methods of obtaining the uncertainty rela- 
tions shed no light on their physical origin. But we explained at length 
how Heisenberg traced the source of the uncertainties to the quantum 
disturbances generated by measurements. 

We may give a more graphical representation of the disturbances 
generated by measurements. Suppose we have a particle restricted to 
move along a line so that only one coordinate g and one momentum p 
come into consideration. A position measurement performed with pre- 
cision requires that the matrix q be diagonal, and this implies that the 
coordinate axes must coincide with the principal axes of the quadric 
surface attached to the matrix gq. A position measurement will thus 
rotate the coordinate axes Ox from some initial position and bring them 
into coincidence with the principal axes of g. A momentum measurement 
will set the coordinate axes into coincidence 
with the principal axes of the matrix p. Sup- Pp 
pose, then, we perform a position measure- 
ment. The coordinate axes now coincide with 
the principal axes of g, and the position q’ of 
the particle may be measured with precision. oO x 
Since the principal axes of q and p do not Fig. 61 
coincide, our coordinate axes cannot be 
in coincidence with the principal axes of p, and, as a result, the value 
of the particle’s momentum is uncertain; or, if we prefer, the matrix p 
is out of focus. Next, suppose we perform a momentum measurement. 
The coordinate axes are thereby rotated so as to coincide with the 
principal axes of p; they no longer coincide therefore with the principal 
axes of q, so that q passes out of focus. In this situation the momentum 
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p’ of the particle can be obtained with accuracy, while its position q’ is 
uncertain. 

In the present scheme, the quantum disturbances, entailed by meas- 
urements, are associated with rotations of axes in the Hilbert space and 
with an attendant blurring of the eigenvalues pertaining to the g-num- 
bers of interest. We may contrast this interpretation with that of wave 
mechanics, in which the quantum disturbances are illustrated by dis- 
turbances in the probability waves. 

As a further illustration of the transformation theory let us suppose 
that a particle has at the initial instant, ¢=0, a position qj and that 
it is moving freely in space. At a subsequent instant t, it occupies some 
position g’. (We are here using primed letters to indicate that we are 
dealing with ordinary coordinates and not with matrices). 

According to classical mechanics, the position of the particle at time 
t is 


, 
m 


where Po is the initial momentum of the particle and m is its mass. 
Consequently, according to classical mechanics, the position of the par- 
ticle is known at any instant t if we have determined its initial position 
q, and its initial momentum pi. But we know that Heisenberg’s uncer- 
tainty relations prohibit a simultaneous determination of q, and pj, so 
that at time ¢ the position q’ of the particle will necessarily be uncertain. 
Inasmuch as the present transformation theory embodies Heisenberg’s 
uncertainty relations we may rest assured that the foregoing conclusions 
will be consistent with the transformation theory. However, it is of 
interest to examine the matter more closely. 

We call go, 0, and q the matrices having as diagonal elements 
(when the matrices are in diagonal form) the ordinary numerical magni- 
tudes qi, pj, p’. In the mechanical problem we are considering here, 
the three matrices go, Yo, and qg are connected by a matrix equation 
modeled on the classical mechanical relation (142a). This matrix equa- 
tion is 

= Po 

(142b) g=aQ+ ‘ane 

Let us verify that, in full agreement with the uncertainty relations, 
the positions q’ and q/ of the particle, at time ¢ and at the initial instant, 


cannot both be accurately known. From the standpoint of matrices 
this requirement implies that the matrices q and go cannot assume the 
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diagonal form simultaneously and hence do not commute. Now we may 
easily verify that q and qo do not commute.{ At first sight this result 
may appear strange for both matrices represent position coordinates, 
and up to this point all the position coordinates, which we have been 
concerned with, commuted. We must remember, however, that go and q 
refer to different instants of time, so that our two matrices which 
coincided at the initial instant t=0 (because gq was then qo) are 
no longer the same after an interval of time ¢. There is no particular 
reason therefore why the principal axes of the two matrices should coin- 
cide at any instant ¢t after the initial instant. We may picture the 
situation by supposing that the principal axes of the matrix g, though 
coinciding with those of go at the initial instant, undergo a gradual 
rotation, as a result of which they diverge more and more from those 
of go as time passes. 

Since, then, g and qo do not commute, there will exist an orthogonal 
matrix S (9) q’) transforming from the system go (in which qo is 
diagonal) to the system q (in which q is diagonal) ; and since q varies 
with time, the matrix S will also vary with time. 

Let us suppose that the initial position qj, is accurately known, and 
let us calculate the density of the probability that at a specified instant f, 
the particle will oceupy a position q’. This probability, as we know, 18 
given by 


(143) 8* (9, 9°) S(a% 7): 


If we calculate this expression, we find that its value is a constant, a fact 
which implies that the density of the probability is the same at all points, 
so that at time ¢ the particle may be anywhere. Its position is thus com- 
pletely uncertain. This conclusion is in agreement with the uncertainty 
relations, because an accurate knowledge of qj entails complete ignorance 
of the initial momentum p%. 

Next let us assume that the initial position gj is not accurately known. 
In this case the uncertainty relations show that pj, need no longer be 
completely unknown and hence that q’ will no longer be completely 
uncertain. The transformation theory bears out these expectations. 

Thus let 


(144) ECM ACE) 
t Let us write (142b) as qgo= q — _Po +, Now qo commutes with itself and hence 
™m 


with q — P01. If, then, qo were to commute with q, it would necessarily commute 


with po and we know that this is not the case. 
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represent the density of the probability that the initial position is q/+ 
The average value of the initial momentum can then be determined. 
Under these conditions the density of the probability that, at time ¢, the 
particle will be at q’ can be shown to be 


(145) $*(q')$(q’), 
where 
(146) g(a) =fF(a,) Slay a) dai, 


The density (145), in contradistinction to (143), is not a constant. Its 
value depends on the value attributed to q’, so that the probability of 
finding the particle at one point or another at time ¢ varies from point 
to point. A definite limited range within which the particle will most 
probably be situated at time ¢ is thus determined. Calculation also shows 
that the uncertainty in the particle’s position, as embodied in the proba- 
bility (145), increases with time. Furthermore, the manner in which 
the region of maximum probability spreads as it advances is in all wise 
similar to the spreading of a wave packet in the wave theory. The same 
quantitative results are thus obtained by wave mechanics and by our 
present transformation theory. 

In addition to the probability amplitudes of the type discussed, there 
are amplitudes connected with the probabilities of the transitions of the 
atom from one energy state to another. Dirac has developed a theory 
of emission and of absorption of radiation by atoms, in which the defect 
noted in connection with Schrodinger’s treatment no longer occurs. We 
recall that, in Schrédinger’s wave-mechanical method, the probability 
of energy drops on the part of a large number of atoms was found to 
depend not only on the number of atoms in the higher level, but also 
on the number in the lower level.t This result was in conflict with Bohr’s 
original assumptions ; and, besides, it appears to be refuted by experi- 
ment. Dirac’s theory overcomes this difficulty ; the higher energy level 
alone now enters into consideration. 


+ See page 740. 


CHAPTER XXXIX 
DIRAC’S THEORY OF THE ELECTRON 


Dirac’s theory of the electron is an abstract mathematical theory, 
which combines wave mechanics and the theory of relativity. The major 
achievement of the new theory is that it establishes the existence of an 
electron spin, in full aecord with the hypothesis of Uhlenbeck and 
Goudsmit. 

We have seen that Uhlenbeck and Goudsmit introduced the hypothesis 
of the spinning electron in Bohr’s theory for the purpose of dispelling 
certain inconsistencies in the interpretation of spectra. No theoretical 
argument, however, seemed to demand this hypothesis, so that had it not 
been for the spectroscopic evidence, there would have been no reason to 
anticipate the existence of the spin. The earlier wave theory and the 
matrix theory registered no better success in this connection. These 
considerations prompt us to examine how the electron spin may be ex- 
pected to manifest itself in the wave theory. 

We recall that Schrédinger originally utilized the wave equation de- 
rived from classical mechanics, and then refined his theory by consider- 
ing the relativistic wave equation. The latter equation was found to be a 
considerable improvement over the classical one, and in the case of the 
hydrogen atom it furnished some of the features of the fine structure of 
the spectral lines. Neither wave equation, however, afforded any indica- 
tion of the electron’s spin. As a result, whenever the spin was taken 
into account in the wave treatment (e¢.g., in the wave theory of the helium 
atom), it was merely grafted on the existing theory as a separate assump- 
tion. 

The first attempt to devise a wave equation which would be con- 
sistent with the electron spin was undertaken by Pauli. Pauli observed 
that the spin of a rotating body could be represented by a matrix, and 
he therefore introduced suitable spin matrices into the classical wave 
equation. The effect of these matrices was to split the wave equation 
into a system of two simultaneous equations, so that the solutions of the 
system appeared in pairs. The two solutions of a pair were the representa- 
tions of an electron spinning in one sense or the other. Equivalently, 
we may say that the amplitude function wy of a wave was no longer repre- 
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sented by a scalar but by a magnitude having two components, and that 
the two components represented the opposite spins of the electron. 

Properly speaking the electron spin pertains to the particle picture, 
and so we inquire: What is the wave representation of the spin? Pauli’s 
treatment suggests the answer to this question, for it shows that the 
amplitude y of the wave must be defined by two components instead of 
by a single scalar. Since this is precisely the condition that is required 
in the representation of polarized waves, we may assume that the wave 
representation of a spinning electron is a polarized wave. C. G. Darwin 
therefore postulated that the de Broglie waves associated with an electron 
manifested polarization, and on this basis he was led to a wave equation 
which furnished the correct fine structure of the hydrogen spectrum. 

The procedures of Pauli and Darwin, however, are both open to the 
objection that they introduce the spin of the electron (or the polariza- 
tion of the waves) in an artificial way, without justifying this introduc- 
tion by any theoretical argument. 

At this juncture Dirac maintained that the problem of the spin had 
not been attacked properly, and he then devised the new method of ap- 
proach which we shall now consider. But first let us recall certain notions 
on the wave equation. 

At the end of Chapter XXXII we said that there were two different 
kinds of equations commonly referred to as wave equations. One of these 
was the amplitude equation, which was utilized in Schrédinger’s theory 
of the hydrogen atom; the other wave equation was the generalized equa- 
tion. The amplitude equation only furnishes the amplitudes of the wave 
functions, whereas the generalized equation yields the wave functions 
themselves, and its solutions may represent a superposition of different 
monochromatic waves forming a wave packet. Obviously, the generalized 
equation constitutes the true wave equation, and we shall therefore refer 
to it in future as the ‘‘ wave equation’’ without further specification. 

Now we have seen that the amplitude equation and the wave equation 
may be derived from the energy equation of mechanics. Thus let us 
Suppose that we are dealing with an electron moving in a conservative 
field of force. The classical equation of energy is represented by 


(1) H(q, p) -E=0, 


where H(q, p) is the Hamiltonian function, and E the total energy of the 
system. If we consider the relativistic energy equation instead of the 
classical one, we must replace the classical energy E by the relativistic 
energy W, and take the relativistic Hamiltonian in place of the classical 
one. 
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If we assume that no force is acting on the electron, the classical 
energy equation is 


i 
(2) Sy (p2 + we + p? )-E=0, 


aud the relativistic one may be written 


2 
(3) pi tp) + pt +mer—-=0, 


The classical wave equation is derived from (2) by replacing pz, Dy, De 
and —E by 


ho ho ho ho 
Qai dx’ 2m dy’ 2m dz’ Zari dt’ 


(4) 


and then causing the operator thus obtained to operate on a function 
u(x, Y; 2, t) A 

The relativistic wave equation is secured by proceeding in the same 
way with the relativistic energy equation (3), except that now it is -W 
that must be replaced by the last operator (4). 

The expressions of the two wave equations for a particle m were given 
in Chapter XXXII. Formula (40) gave the classical wave equation, 
though in it we must now set E,.:=0 since we are assuming that the 
particle is moving in free space. Formula (45) furnished the relativistic 
wave equation (no field). It will be noted that, whereas the classical 
wave equation (40) involves the first derivative gene of the wave function 


ot 
2. 
u, the relativistic equation (45) involves the second derivative ae 


Now according to Dirae, the calculation of the various probabilities, 

which are of such importance in the quantum theory, requires that the 
, cae 3 : 

wave equation should contain ~ but note. Thus whereas the classical 
wave equation furnishes the probabilities, the relativistic wave equation 
is ineffective. This situation appeared strange, for the relativity theory 
is a mere refinement of the classical theory. Dirac assumed therefore 
that the derivation of the relativistic wave equation was faulty, and that 


the correct relativistic equation, like the classical one, should involve only 
2 

<. Inasmuch as the presence of — in the relativistic wave equation is 

due to the presence of the squared energy, W%, in the relativistic energy 
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equation (3), Dirac sought to replace this latter equation by one which 
would be linear in W and would thus resemble the classical energy 
equation. 

In order to obtain a relativistic energy equation of the required form, 
Dirac split the left hand side of the equation (3) into a product of two 
factors, both of which were linear in W. Either one of these two factors, 
when equated to zero, furnished an energy equation which satisfied Dirac’s 
demands. It remained to be proved that these two equations satisfied 
the conditions of invariance of the special theory of relativity, 1.e., that 
they were invariant under the Lorentz transformation. Dirac, having 
verified this invariance, concluded that either one of the two equations 
could be taken to represent the revised energy equation for an electron 
moving in free space. The two equations being essentially the same, 
Dirac selected one and discarded the other. The revised relativistic equa- 
tion was thus found to be 


(5) px 2 O2Pz + pamoc + W = 0, 
2,Y,2 6 


where ~1, P3, Gr, Sy, and o, are 4-dimensional matrices involving only 
constant terms and satisfying certain relations. (The matrices o are equiv- 
alent to Pauli’s spin matrices.) 

The equation (5) is linear in W, as required, but the presence of the 
matrices p and go introduces a novel element. Since these matrices involve 
only constants, they must refer to some characteristic of the electron 
itself. Dirac, commenting on their presence in the energy equation of 
an electron, writes: 


“They must therefore denote some quite new dynamical variables, 
which may be pictured as describing some internal motion in the elec- 


tron. We shall see later that they just describe the spin of the elec- 
trons” 


If we perform Schrédinger’s substitutions (4) in the revised rela- 
tivistic energy equation (5) and then operate on u(x, y, 2, t) we obtain 
Dirac’s revised relativistic wave equation for a free particle. 

Let us now consider the case of an electron of mass mo and charge —e 
moving in an electromagnetic field. The field can be represented by a 
so-called vector potential of components A,, A,, A,, and by a scalar poten- 
tial ¢. According to the classical theory of relativity, the energy equa- 
tion in the presence of an electromagnetic field is derived from the 


* Dirac. The Principles of Quantum Mechanics; Oxford; 1930; p. 241. 
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energy equation in the absence of the field by replacing in the latter 


equation p., Py, pz, and mie by 


Pz — aoa Ae DP, i). P: ae and —-+ ees 
Cc Cc 6] 


respectively. Dirac followed this procedure, so that his energy equation 
in the presence of a field became 


(6) pido, (v- oo <A, 2) + psmoc + (~t) = 


YZ 


The relativistic wave equation in the presence of the electromagnetic 
field was then obtained by utilizing Schrédinger’s substitution opera- 
tors (4). 

Dirac showed that the new wave equation entailed the following impor- 
tant consequences: 

The electron according to this wave equation will have a magnetic 

en 
4namoc 


moment of one magnetion (7.¢., ), Furthermore, if we consider 


an electron moving in a central field of force, we find that the orbital 
angular momentum of the electron does not remain constant during the 
motion, so that conservation of angular momentum is not satisfied by 
the orbital motion alone. But if we credit the electron with an addi- 


tional angular momentum, Le due to a half-quantum spin, the validity 
TT 


of the conservation principle is restored. Dirac’s wave equation 
thus leads to the same assumptions that were made by Uhlen- 
beck and Goudsmit when they introduced the hypothesis of the spinning 
electron in Bohr’s atom. Thus, the hypothesis of the spinning electron, 
which proved so great an advance in our understanding of spectroscopic 
phenomena, has at last received a theoretical explanation and is no longer 
a hypothesis ad hoc introduced for reasons of expediency. The spin 
and the attendant magnetic moment now reveal themselves as relativistic 
effects. 

Finally, Dirac on applying his revised wave theory to the hydrogen 
atom found that the peculiarities of the hydrogen spectrum were ac- 
counted for. He also showed that his wave equation for the hydrogen 
atom coincided with the one which Darwin had obtained previously. But 
Darwin had introduced the assumption that the waves were polarized, 
an assumption which we have seen to be equivalent to postulating the 
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electron spin. Dirac’s treatment has the advantage of making no @ priori 
assumptions of this kind. 


The Negative Energy Solutions —Dirac’s relativistic wave equation 
of an electron in an electromagnetic field is compatible with two kinds 
of solutions: those in which the kinetic energy of the electron is positive 
and those in which it is negative. These latter solutions are called the 
negative energy solutions. From a theoretical standpoint both kinds of 
solutions have the same measure of validity and should therefore describe 
possible situations in Nature. But the difficulty is that from a physical 
standpoint the negative energy solutions appear to be impossible, for a 
negative kinetic energy has no physical significance. Leaving aside this 
objection for the present, Dirac showed, however, that a negative-energy 
solution (7.e., an electron in a negative-energy state) could be interpreted 
as referring to a particle in motion having a positive charge (equal and 
opposite to the charge of an electron) and having the same mass as an 
electron. The existence of a positive electron was thus suggested by 
Dirac’s wave equation. But at the time the only particle known to carry 
a positive charge was the proton, its charge being equal and opposite to 
that of the electron, as required, but its mass being considerably greater. 
In spite of this disparity in the mass, Dirac at first assumed that his 
negative-energy solutions referred to protons. Subsequently, the positive 
electron was discovered experimentally and was called the “positron.” 
Thus Dirac’s wave equation had in effect predicted the existence of the 
positron. 

There remained the difficulty of interpreting the negative kinetic 
energy. Dirac assumed that in a perfect vacuum, all the negative-energy 
states were occupied by electrons, one electron occupying each state, as 
required by Pauli’s Exclusion Principle. Furthermore, all the positive 
energy states remained vacant. Inasmuch as a perfect vacuum connotes 
the absence of all matter, the electrons in negative-energy states did not 
imply the existence of any effective negative kinetic energy. Consider 
next a region of space in which the physicist would recognize the presence 
of electrons. Such a region would be represented, as before, by occupied 
negative states, but now some of the positive states would likewise be 
occupied by electrons. These latter electrons could never fall into nega- 
tive-energy states, as a result of quantum transitions, since these negative- 
energy states were already occupied. From a physical standpoint, this 
would mean that an electron could not suddenly vanish into nothingness. 
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Next, suppose that one of the negative states is unoccupied by its 
electron. An unoccupied negative-energy state will appear as something 
with a positive charge and with positive energy, since to fill the state we 
should have to add to it an electron with negative energy. Dirac there- 
fore assumes that an unoccupied negative-energy state represents a posi- 
tron. Now when we have an unoccupied negative-energy state, and when 
one or more positive-energy states are occupied by electrons, one of the 
latter electrons may quite well drop into the now vacant negative state 
and fill it. The result will be two-fold: in the first place, the dropping 
away of the electron from the positive-energy state will betray itself by 
the disappearance of an electron; and in the second place, the filling of 
the negative-energy state will result in the disappearance of a positron. 
Thus an electron and a positron will disappear simultaneously, their 
charges cancelling each other. Their energies should appear in a chargeless 
form, v2z as light. 

This mutual cancellation of an electron and positron, with an attendant 
transformation of their energies into light has since been verified experi- 
mentally, viz an electron and a positron vanish, and two photons take 
their place. The converse of the above phenomenon would be the con- 
version of light-energy into an electron and a positron. In Dirac’s repre- 
sentation, such a transformation would correspond to an electron passing 
from a negative-energy level into a positive one. 

The wave equation that we have discussed in this chapter is the one 
connected with an electron (or a positron) ; but the same general results 
would have been obtained had we considered a proton. We should have 
found that the proton, also, must be credited with a spin and a magnetic 
moment.* However, on account of the much greater mass of the proton, 
the magnetic moment will be considerably less than for the electron. If we 
assume a spin for the proton and hence for the nucleus of the hydrogen 
atom, we find that the wave theory indicates the existence of two different 
kinds of hydrogen molecules. Each kind is formed of two atoms; but in 
one kind of molecule the axes of spin of the two proton-nuclei are parallel, 
whereas in the other they are antiparallel. We have here a situation 
analogous to the one discussed in connection with the symmetric and the 
antisymmetric states of the helium atom. Experiment has since confirmed 
these anticipations. 
~ * Theory indicates that photons, likewise, must be credited with spins. Polarized 


light would then be represented by a swarm of photons spinning in the same direction. 
Recent experiment has established the existence of these photon-spins. 


900 DIRAC’S THEORY OF THE ELECTRON 


FurTHER DEVELOPMENTS 


In the earlier theory of wave-mechanies, a de Broglie wave in ordinary 
3-dimensional space was assumed to constitute the wave picture of a 
particle. The probability of locating the particle in the neighborhood 
of a point x, y, 2 at an instant ¢ was taken to be proportional to the in- 
tensity of the wave at this point at the instant ¢. As for the probable 
momentum and energy of the particle, they were connected with the 
wave length and frequency of the wave in accordance with Born’s as- 
sumptions. The wave could also be associated with a swarm of similar 
non-interacting particles. In this event the intensity of the wave at a 
point was proportional to the density of the cluster of particles around 
the point. In all rigor, a swarm of non-interacting particles is a myth; 
but if the interactions are of slight importance (as would arise in a swarm 
of electrons sparsely scattered), it would still seem permissible, as a first 
approximation, to represent the swarm by a wave in 3-dimensional space. 
We may recall that this representation proved successful in the inter- 
pretation of the diffraction experiments on electrons (e.g., those of 
Davisson and Germer). 

On the other hand, when more than one particle is involved and when 
the interactions can no longer be neglected, we must represent the waves 
in a multidimensional configuration space. An instance of this complica- 
tion was noted in connection with the helium atom. In the helium atom, 
we had two electrons exerting mutual repulsive influences, and we saw 
that the waves should be pictured in a 6-dimensional configuration space. 
Quite generally, if there are N interacting particles and we assume that 
each particle has three degrees of freedom, the configuration space has 3N 
dimensions. 

Attempts were made to rid the theory of the multidimensional con- 
figuration spaces and to represent the waves in ordinary 3-dimensional 
space in all cases. To understand how this representation was secured, 
we shall first assume the presence of only one particle, e.g., an electron. 
According to Schrédinger’s method of treatment, the single electron 
circling in the hydrogen atom on a definite orbit is represented by a vibra- 
tional condition distributed throughout space. The intensity of the 
vibration at a point determines the electric density of thé electrified cloud 
which takes the place of the corpuscular electron. In the particle picture 
(in which the nucleus is regarded as fixed), there is no other particle on 
which the electron,may act, and the only potential energy that enters inte 
consideration is the potential energy of the electron in the field developed 
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by the nucleus. From the standpoint of the charge cloud, this situation 
implies that no account must be taken of the potential energy arising 
from the interactions of the various parts of the cloud. But suppose that 
we have N electrons and that we cannot afford to neglect their mutual 
repulsions. These mutual repulsions constitute a new source of potential 
energy, and the additional potential energy must be represented in the 
wave picture. Now we may retain the 3-dimensional wave picture if we 
ascribe this additional potential energy to the interactions of the 
various parts of the charge cloud. Also, since the charge cloud represents 
the N electrons, we must impose the condition that the total charge of the 
cloud be the same as that of these N electrons, viz., —Ne. Let us note, 
however, that the reason we impose this restriction on the total charge 
is that we happen to know from the empirical evidence that electric 
charge is atomic, and can exist only in discrete amounts e and not in frac- 
tions thereof. It would be more satisfying if our theory itself furnished 
this conelusion, for then atomicity would rest on a theoretical basis. 

Jordan, Pauli, Heisenberg, and others set themselves the problem of 
modifying the wave theory so that it would automatically entail the 
atomicity of electric charge. Their attempts must be regarded as highly 
speculative. The essence of their procedure is to view the wave functions 
no longer as mere numbers, but as g-numbers satisfying appropriate 
noncommutative relations. As a result of these commutation relations 
(in which Planck’s ubiquitous constant h appears), the new theories in- 
dicate that the total electric charge of a charge cloud must always be 
some multiple of the fundamental unit of charge —e. The existence of 
the electron is thus accounted for. 

The characteristic trait of these more recent investigations is their 
extremely symbolic nature and the unfamiliar mathematical world to 
which they pertain. Even ordinary numbers, such as are used to specify 
the number of electrons in a given volume, appear as the eigenvalues of 
strange g-numbers. Practically all physical magnitudes lose their familiar 
associations, so that we seem to be penetrating into a new world whose 
abstruseness baffles the imagination. No logical conflict with the more 
classical notions is suggested, however ; for, as in all cases, the new mathe- 
matics passes over into the more familiar kind when the relative im- 
portance of h decreases and hence when the level of commonplace experi- 
ence is approximated to. 


CHAPTER XL 
THE NEW STATISTICS 


In CHAPTER XXII we discussed the classical statistics of gases. We 
shall now-elaborate certain points so as to understand the nature of the 
modifications introduced by the quantum theory. 

The gas laws (for a perfect gas), as obtained from experiment and 
when supplemented by Avogadro’s hypothesis, may be expressed by 


(1) PV =Nk?, 


where P and V are the pressure and the volume of the gas, k is the gas 
constant, 7’ the absolute temperature, and N the number of molecules 
present in the gas. When we are dealing with a gram-molecule of the 
gas, N is Avogadro’s number, and Nk is then written R. Thus, for a 


gram-molecule, the gas laws, also called the equation of state, may be 
written 


(2) PV=RT. 
According to thermodynamics, the entropy S of a perfect gas (mono- 
atomic) containing N molecules is defined by 
BE 
(3) S = KN log (VT * ) + constant.* 


The value of the constant in this expression is undetermined, so that the 

absolute value of the entropy eludes us. Thus the first two principles 

of thermodynamics, on which the formula (3) is based, yield no informa- 

tion on the absolute entropy of a gas. Accordingly physicists reconciled 
* For a gram-molecule, thermodynamics gives the value 
S= clog T + RlogV + constant, 

where cy is the specific heat at eonstant volume. Direct measurement shows that ec, 


is determined by 


os = SR (for a monoatomic gas), 


a result that may also be deduced from the kinetic theory. If we accept thil’ value 
for the specific heat, the expression (3) of the text is obtained for the entropy of a 
perfect monoatomic gas containing an arbitrary number N of molecules. 
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themselves to the thought that absolute values of the entropy could not 
be obtained. 

The discovery of the Third Principle of Thermodynamics, however, 
shed a new light on the situation. This principle, we recall, states that 
the entropy of a crystalline body vanishes at the absolute zero of tem- 
perature, and it thus affords a rational point of departure for the measure- 
ment of entropy. For example, if we start with a erystal at the absolute 
zero and then vaporize it, the resulting vapor, or gas, at stipulated tem- 
perature and pressure, must necessarily have a well-defined entropy. 
The problem confronting physicists was therefore to devise a theoretical 
means of determining the value of the entropy in any particular space. 

We might suppose that Boltzmann’s kinetic theory would furnish the 
entropy of a perfect gas. But, for reasons that will appear presently, 
the kinetic theory yields no information unless certain assumptions are 
made. In particular, restrictions must be placed on the partitioning of 
the phase space. Planck observed that the quantum theory could be 
used to secure these restrictions, and so he superimposed the quantum 
theory on the Boltzmann statistics. In this way he obtained an absolute 
value for the entropy of a gas. Subsequent developments have shown 
that Planck’s method of imposing quantum restrictions on the kinetic 
theory was correct, but that his expression of the entropy was only 
approximate because the Boltzmann statistics, on which he had based his 
calculations, was itself a mere approximation. The Boltzmann statistics 
has since been modified into the Bose-Einstein statistics, thanks to which 
the correct expression of the entropy has been obtained. 

In this chapter we shall be concerned with the successive alterations 
which the Boltzmann statistics has undergone. 


The Classical, or Boltzmann, Statistics—So as to avoid constant 
reference to Chapter XXII, we recall some of the fundamental points of 
the kinetic theory. This theory proposes to interpret the behavior of 
gases by assuming that perfectly elastic molecules are rushing hither and 
thither at random. In what follows we shall consider only the perfect 
gases. This restriction requires that the molecules should exert no mutual 
action (except when collisions occur). Furthermore, we shall suppose 
that the molecules are monoatomie, similar to tiny elastic spheres. Hach 
molecule will be taken to have only three degrees of freedom, 2.¢., the 
translational degrees of freedom; rotations will be disregarded. 

Kirst we must define what we mean when we say that a gas is in a 
given state. We must here make a distinction between a microscopic and 
a macroscopic state. To say that a gas is in a given microseopie state 
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implies that its various molecules occupy definite positions and have 
definite momenta (and hence velocities), the momenta being specified 
in direction as well as in magnitude. If, then, we define a point of space 
by x, y, z and the components of a molecule’s momentum by pz, Py, Pz, the 
exact position and motion of a molecule of mass m will be determined 
by the specification of the six magnitudes 


(4) L,Y, 2, Day Dyy De- 


It is therefore convenient to introduce a fictitious 6-dimensional con- 
figuration space, of coordinates (4), and to represent the simultaneous 
position and momentum of a molecule by a single point having the six 
coordinates (4) in this 6-dimensional space. The 6-dimensional space is 
called the phase space, and the point which determines the position and 
the momentum of a molecule is named a phase-point. When we proceed 
in the manner stated, for all the N molecules, the instantaneous micro- 
scopic state of the gas is represented by N phase points appropriately dis- 
tributed throughout the 6-dimensional phase space. Suppose that the 
position or the momentum of one of the molecules is changed slightly. 
The phase point of this molecule will undergo a displacement in the 
phase space, and in all truth the microscopic state of the gas will be 
modified. However, if the changes in the position and in the momentum 
of the molecule are so slight that even the most accurate experiment 
would be unable to reveal them in practice, we shall assume that no 
change in the microscopic state has occurred. These considerations 
must be extended to all the N molecules of the gas. 

A graphical interpretation of the foregoing assumptions is easily 
obtained. We imagine the phase space to be partitioned into tiny juxta- 
posed 6-dimensional cubes called cells. These cells are all equal, the 
lengths of the six edges issuing from a corner of a cell being represented 
by the small, equal magnitudes: 


(5) Az, Ay, Az, Aps, Apy, Ap. 
The 6-dimensional volume of a cell is written w; its value is 
(6) cw = AxAyAzAp,Ap,Ap,. 


The lengths of the edges (5) are assumed so small that, if a phase point 
originally situated at the cell’s centre is displaced to any point within 
the cell, the changes in the position and in the momentum of the cor- 
responding molecule will be too minute to be disclosed even by accurate 
measurement. Obviously, this criterion is vague, so that the exact 
dimensions and the volume of a cell are poorly determined. 
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Suppose then, we are dealing with a given microscopic state of the 
gas. The N phase points of the N molecules are distributed among the 
various cells. Let there be 


a, phase points in the Ist cell 


fa - - - - - - -2nd cell 


(7) er... 


Qi - - - - - - - 7th cell. 


Tf the position or the momentum (or both) of one of the molecules is 
changed, but so slightly that the corresponding phase point does not move 
out of the cell in which it was contained, we shall say that the gas is still 
in the same microscopic state. On the other hand, if the phase point 
passes into another cell, we shall agree that the microscopic state is no 
longer the same. These considerations may be extended to several 
molecules. Thus, if the positions and momenta of all the molecules are 
changed in such a way that all the phase points remain in their original 
cells, the microscopic state of the gas is not modified. The vagueness we 
mentioned in connection with the exact dimensions of the cells neces- 
sarily clouds our understanding of the identity of two microscopic states. 
For the present, however, this difficulty may be disregarded, and we 
shall merely assume that the cells are very small—physically infinitesimal. 

Among the various microscopic states represented, for instance, by the 
distribution (7), a large number will be very much alike. As an example, 
if we exchange two representative points between two cells, there will 
still be the same numbers of points in each cell, the only difference being 
that the identity of the points is no longer the same. This situation cor- 
responds to our exchanging the positions and motions of two of the 
molecules in the gas. Clearly, from the macroscopic standpoint, the 
situation will not have changed. Let us consider the different microscopic 
states in which the numbers of points per cell are not disturbed. Each 
one of these microscopic states is said to pertain to the same macroscopic 
state of the gas. The number of different microscopic states that are 
associated with a single macroscopic state is therefore the number of 
different ways in which the points may be interchanged among the cells 
(the number of points in each cell of course remains unchanged). In 
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particular, if we assume the original distribution of the table (7), this 
number W of ways is found to be 


(8) w= 


where N is the total number of molecules in the gas. In the course of 
time, as the molecules move, the various possible microscopic and also 
macroscopic states will follow in succession. By ‘‘possible’’ states we 
mean those in which the total number of molecules is the same number N 
and in which the sum total of the energy of all the molecules has the 
same value. This latter requirement is imposed by the principle of 
conservation of energy as applied to our mechanical gas system. 

We now pass to the problem of the probabilities. When discussing 
the kinetic theory (Chapter XXII), we saw that, as a result of Gibbs’s 
theorems and of the ergodic hypothesis, we could ascribe the same a-priorr 
probability to each one of the possible microscopic states; and that in the 
course of time these states would be realized one after another with the 
same frequency (on an average). If the correctness of the foregoing 
conclusions is granted, the quantity (8) is necessarily proportional to 
the probability of the macroscopic state (7) being realized. The macro- 
scopic state that will have the greatest probability of occurring at a given 
instant will then be that one (among the possible ones) for which the 
value of the expression (8) is the greatest. This particular macroscopic 
state, and those that differ only slightly from it, are so much more prob- 
able in their aggregate than the other states, that the gas is practically 
certain to be in one of these most probable states whenever we happen to 
observe it. For this reason the most probable macroscopic state will seem 
to endure permanently. This most probable macroscopic state is called 
the state of statistical equilibrium, and calculation shows that when it 
is realized, the theorem of equipartition of energy holds. 

Inasmuch as the state of statistical equilibrium is the one to which 
the gas tends to pass, we must assume that it is the state of highest entropy. 
Maximum entropy and maximum probability thus go hand in hand. Also, 
since the probability of two situations occurring simultaneously is given 
by the product of the probabilities of the individual situations, and since 
the total entropy of the two systems is the sum of the entropies, Boltzmann 
assumed that the entropy of a state was proportional to the logarithm of 
its probability. Thus, if we call II the probability of a given macroscopic 
state, the entropy S of this state, according to Boltzmann, is 


(9) S=Alogh, 


where A is some constant to be determined. 


N! 
Q,!dg!ag!... dy!’ 
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At this point a difficulty occurs in connection with the correct ex- 
pression to be given to the probability Il. The number W (defined by 
(8)) is the number of different microscopic distributions which are 
contained in a given macroscopic distribution, or state. The probability 
II of the macroscopic state is proportional to W; and according to the 
usual definition of a probability, we have the relation I= ue where D 
is the total number of different microscopic distributions comprised in 
all possible macroscopic states. There is, however, no particular reason 
to be bound by the usual definition of a probability; and so the safest 
course is to set II = BW, where B is some positive constant whose value 
we leave undetermined for the present. 

Setting 1 = BW in (9), we obtain for the entropy 


S=Alog BW=Alog W + Alog B. 


The entropy in the state of statistical equilibrium (7.e., the entropy in 
the thermodynamical sense) is then secured when we give to W in the 
previous formula its greatest permissible value. Planck showed that 
when this was done and the thermodynamical relation between entropy, 
energy, and temperature was taken into account, the expression of the 
entropy became 


5 8 
e2 (Qamk)? 
aa in 
In this formula, V is the volume of the gas, T the absolute temperature, 
e the number 2,87 . . . , m the mass of molecule, k the gas constant, @ 
the volume of a cell, and N the total number of molecules. We note that 
the last two terms of (10) are constants, and hence independent of the 
volume and of the temperature of the gas. The values of these constants 
are unknown, for the constants A, B, and w are as yet undetermined. 

A comparison of (10) with the thermodynamical formula (3) shows 
that the two formulae concur if we assume that the undetermined con- 
stant A of (10) is the gas constant k. We therefore set in (10) 


A=k. 


Even when A is replaced in (10) by the known magnitude k, the exact 
value of the entropy is undetermined, for the last two terms of (10) con- 
tain the unknown constants B and w. Thus, the kinetic theory has not led 
us any further than thermodynamics: the absolute value of the entropy 


still eludes us. 


3 
(10) S=AMlog (VT?) + AN lox ( ) + Alog B.* 


* Planck’s derivation of this formula was subsequently criticized by Ehrenfest, 
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To overcome this defect, Planck postulated that the value 1 should be 
assigned to the constant B. If this value is taken, log B vanishes; the 
entropy S is then expressed by 


(11) S=klog W. 


The explicit expression of the entropy is now given by (10) from which 
the last term is deleted and in which A is replaced by the gas constant k. 
The result obtained may be written more compactly 


5 am 
e2 (2QamkT) 7 y ) 


GE) S=kn loz ( Vo 


It will be noted that, by setting B = 1, we are in effect assuming that 
the probability II of a macroscopic state is defined by the number W of 
different microscopic states which are included in this macroscopie state. 
This assumption and also the identification of the constant A with the 
gas constant k will be retained in the new statistics to be discussed 
later. 

Let us revert to the expression (12) of the entropy. It contains the 
volume @ of a cell and hence is indeterminate unless the magnitude of 
this volume is specified. In Boltzmann’s day there was no theoretical 
reason to ascribe any specific value to the volume w, and so the classical, 
or Boltzmann, statistics failed to yield an absolute value for the entropy.* 
But with the rise of the quantum theory and the discovery of Planck’s 
constant #, more light was thrown on the situation. The manner in which 
Planck grafted the quantum theory on the kinetic theory becomes intuitive 
when we consider the explicit expression of the volume w of a cell. This 
volume is defined by 


(138) aw = AzAyAzAp,Ap,Ap>. 


Now AzAp, has the dimensions of action, t.e., length X momentum; and 
the same is of course true for the other pairs of terms in (13). And sinee 
Planck in his formulation of the quantum theory had found it necessary 
to postulate the existence of a quantum or atom of action h, he deemed it 
plausible to set 


(14) - AxAp, = AyAp, = AzAp, = h. 


*In the deduction of the most probable state of a gas, we need not specify the 


precise value of the volume w; it is sufficient to assume that this volume is physically 
infinitesimal. 
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According to Planck’s assumption, the volume of each cell in the phase 
space becomes 


(15) o= hi, 


Planck therefore replaced w by h? in the formula (12) and he thus 
obtained the following determinate expression for the entropy S of a 
monoatomie gas, viz., 


5 nue 
“2 2 

(16) § = KN log (“). 

Planck obtained this expression (16) of the entropy in 1921, but it 
had already been derived in a different way by Sackur and Tetrode. For 
this reason it is often called the Sackur-Tetrode expression. 

Planck’s method of calculating the entropy of a gas draws attention 
to the close relationship between the Third Principle of Thermodynamics 
and the quantum theory. The following analysis will make this point 
clear: We have seen that an absolute value for the entropy cannot be 
derived from the kinetic theory so long as the volumes of the cells are 
unspecified. On the other hand, the Third Principle of Thermodynamics, 
by giving physical significance to the absolute entropy indicates that the 
cells should have well-determined volumes. These volumes, which have 
the dimensions of the cube of an action, remained indeterminate in the 
classical treatment because classical theory viewed action as a magnitude 
which was susceptible of having any value. The quantum theory, by 
furnishing a universal unit of action, h, provided a rational measure 
for these volumes and hence an absolute value for the entropy, in accord- 
ance with the demands of the Third Principle. From this account we 
see that the Third Principle suggests, as it were, the existence of a unit 
of action. An earlier example of the relationship between the Third 
Principle and the quantum theory was mentioned in Chapter XXIV, 
when we discussed the decrease of the specific heats of solids at low 
temperatures. 

Let us now examine some of the consequences of Planck’s assumption 
(15). Whether we follow Boltzmann or Planck, the general significance 
of a cell is the same. The various phase points situated in the same cell 
represent various molecules, the spatial positions and also the momentum 
components of which are so nearly alike that they cannot be distinguished, 
even by microscopic observation. Equivalently, we may say that the 
precise position of a phase point within a given cell is fundamentally 
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uncertain.* In both treatments therefore we may without loss of gen- 
erality assume that all the phase points which are associated with a 
given cell are situated at the centre of the cell. Similarly, when we are 
dealing with the aggregate of molecules forming the gas, we may suppose 
that their phase points oceupy the centres of the various cells, and hence 
that the molecules have the spatial positions and momenta defined by 
these centres. Thus far nothing essentially new is involved by Planck’s 
assumption, but we shall now see that this assumption entails a novel 
result. 

In the classical theory, where the cells were infinitesimal, the distance 
between the centres of two contiguous cells was itself infinitesimal. Con- 
sequently, the spatial positions and momentum components of the various 
gas molecules could differ by as little as we chose. But if we accept 
Planck’s assumption, the centres of two adjacent cells are at a finite 
distance apart. Hence only a discrete set of positions and of momenta 
(or velocities) can be ascribed to the molecules. Thus, the permissible 
velocities of the molecules, differing as they do by finite amounts in which 
the constant h enters, may be said to be quantized. The significance of 
Planck’s assumption now becomes clear. Its effect is to impose quantiza- 
tion on the molecular motions. 

Having elucidated the significance of Planck’s cells, we now inquire 
whether Planck was justified in postulating them and in quantizing 
thereby the molecular motions. Planck made his initial contributions 
to the statistical theory of gases in the early days of the quantum theory. 
At that time it was believed that quantum occurrences were connected 
solely with periodic motions. For example in Bohr’s hydrogen atom, only 
the periodic elliptical orbits were quantized; the hyperbolic orbits, which 
are aperiodic, were not subjected to quantization. Now, in the molecular 


* Planck’s assumption of a volume h3 for the cells reveals itself as a conse- 
quence of Heisenberg’s uncertainty relations. Thus, according to the uncertainty 
relations, if the position of a particle is uncertain within a volume AxAyAz, the 
momentum components of the particle are uncertain within a volume Ap:Ap,Ap: of the 
momentum space. And between these two volumes we have the relation 


(17) AxAyAzAp-Ap,Ap. ~ h3, 


Consequently, all particles situated in the spatial volume AzAyAz and having momenta 
within the volume Ap,Ap,Ap; are indistinguishable. This implies that the 6-dimen- 
sional phase-volume AzAyAzAp:Ap,Ap. of magnitude h3 plays the part of a cell— 
and this is Planek’s assumption. But of course when Planck first formulated his 
assumption, he could not justify it on the basis of the uncertainty relations, for these 
relations were discovered only later, 
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motions of a gas, we cannot well assume any trace of periodicity ; and 
under these conditions it would seem that the molecalar motions should 
remain unquantized and hence that Planck’s assumption of the volume 
h3 for the cells should not be considered. However this may be, Planck’s 
intuition guided him correctly, though a vindication of his views had 
to await the development of the new methods of quantum mechanics. As 
we shall see later, wave mechanics leads quite naturally to Planck’s 
assumption (15). 

But even before the new quantum mechanics was formulated, Planck’s 
quantization of the phase space into cells h3 received support from an- 
other direction. In this connection we recall that Planck’s expression 
(16) of the entropy, which he had derived, in 1921, from the assumption 
of cells h3, had already been furnished in 1912 by Sackur and Tetrode. 
In 1913, Stern obtained this same expression of the entropy by a method 
which did not involve Planck’s speculative quantization of the phase 
space. The fact that Stern’s less speculative method of approach like- 
wise yielded Planck’s expression of the entropy, suggested the correct- 
ness of this expression, and hence the correctness of Planck’s method 
of quantization. We shall now give a rapid sketch of Stern’s derivation. 

Consider the transformation of a crystal at temperature To into a 
vapor at temperature 7 and pressure p. For simplicity, we shall assume 
that the vapor behaves like a perfect monoatomic gas. The formulae of 
thermodynamics show that the change in entropy which accompanies 
this transformation can be computed if we can determine the vapor 
pressure of the saturated vapor in contact with the crystal at tempera- 
ture Ty. If the temperature Ty is assumed to be low, the entropy of 
the crystal may be taken to be zero, in accordance with the Third Prin- 
ciple of Thermodynamics; and the above change in the entropy then 
represents the entropy of the gas itself. 

Now the vapor pressure cannot be computed by the methods of 
thermodynamics because of its dependence on a constant of integration 
of undetermined value, which Nernst has called a ‘‘chemical constant.”’ 
The chemical constant may be calculated, however, if adequate infor- 
mation is furnished on the behavior of the erystal, and if the ordinary 
statistical methods are then applied to determine the state of equilibrium 
between the crystal and the vapor. Stern assumed that the quantum 
theory of solids would determine the behavior of the crystal; he there- 
fore quantized the vibrations of the crystal in the manner explained in 
Chapter XXIV when we discussed the specific heats of solids. 
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By proceeding along these lines, Stern obtained the expression of 
the chemical constant.* As will be seen in the note, the chemical constant 
involves Planck’s constant hf, this latter constant having been introduced 
in the formulae as a result of the application of the quantum theory to 
the crystal. The chemical constant being known, the expressions of the 
vapor pressure and of the entropy are derived immediately. They too 
involve Planck’s constant. Stern was thus led to the familiar Sackur- 
Tetrode formula (16) for the entropy of the gas. 

It will be observed that Stern obtained the Sackur-Tetrode expres- 
sion by applying the quantum theory to the solid and not to the gas. 
Inasmuch as the quantum theory of solids had received such brilliant 
confirmation in connection with the falling off of the specifie heats, 
Stern’s derivation was thought to establish the correctness of the Sackur- 
Tetrode expression. Consequently, when Planck showed that this same 
expression of the entropy could be derived by applying the quantum 
theory to the gas directly, physicists came to regard Planck’s quantiza- 
tion of the phase space as valid. 

Today, as a result of the new statistical theories, we know that the 
Sackur-Tetrode expression of the entropy is only approximate.t Never- 


* Stern’s expression of the chemical constant is 


(18) Cc = top| Gene | 


This value is in very good agreement with measurements of vapor pressures, 

+ That the Sackur-Tetrode expression (16) was at best an approximation, might 
have been suspected for other reasons. Thus, if we take account of (16) and of the 
formula which expresses the energy ot the gas, we find that the classical equation of 
state and the specific heat undergo no change however low the temperature and how- 
ever high the pressure. Thus no degeneration is indicated, in spite of the fact that 
the Third Principle, according to Nernst, would require degeneration to set in at low 
temperatures. There is also another objection. The Sackur expression becomes nega- 
tive at sufficiently low temperatures and high pressures (small volumes), whereas 
a negative entropy appears to be inconsistent with the Third Principle. If we were 
dealing with a real gas this objection might be dismissed, for a real gas would 
condense into a liquid and into a solid long before its entropy could become negative. 
But Planck, we recall, is dealing with a perfect gas, which satisfies the classical gas 
laws at all temperatures and for which a change of state does not come into considera- 
tion. However, neither of the two objections mentioned in this note is sufficient 
to invalidate the Sackur-Tetrode expression, for we may reasonably suppose that the 
implications of the Third Principle apply only to real existents and cannot be 
extended to such conceptual constructs as the perfect gas considered by Planck. 
Nevertheless, we shall see that the Bose-Einstein statistics accounts for the degenera- 
tion of a perfect gas and also for the non-occurrence of a negative entropy. 
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theless, as the more recent developments of wave mechanics have shown, 
Planck’s method of quantization is correct, and the reason it led Planck 
to the incorrect expression of the entropy must be ascribed to the lack 


of validity of the Boltzmann statistics. These points will be under- 
stood later. 


The Distribution of the Energy in the Boltzmann Statistics—In 
many cases it is of interest to determine how the total energy of a gas is 
distributed among the molecules in the state of statistical equilibrium. 
This information can be obtained when we pursue the calculations in 
accordance with the method previously indicated; but it can also be 
reached by a more direct procedure. We shall now examine this alter- 
native procedure, because it enables us to understand more clearly in 
what respects the Boltzmann statistics differs from those to be discussed 
presently. 

Let us consider one of the cells of the phase space. The coordinates 
of its centre are x, Y, 2, Per Py» Pz A phase point at the centre of the 
cell corresponds to a molecule situated at a point of space defined by the 
three first coordinates z, y, z of the cell’s centre, and having components 
of momentum defined by the three other coordinates pz, py, pz The 
molecule which corresponds to this phase point has a total momentum 


(19) p=Voet Pe P, 


The molecule will also have a certain total energy ¢. Since we are 
assuming that the molecules exert no interactions and that no external 
field of force is applied, the total energy of a molecule is also its kinetic 
energy. According to classical mechanics (which is a sufficient approxi- 
mation for our present purpose), the kinetic energy, and hence the total 
energy, of the molecule is 


sue? Pat Paes 

a a a al 

For reasons already explained, all molecules corresponding to phase 
points in the same cell may be represented by phase points situated at the 
centre of the cell. Consequently, if x, y, 2, Pr, Dy Pz are the coordinates 
of the centre point of some cell, we may attribute these same coordinates 
to any phase point situated within this cell. Any phase point in this cell 
corresponds therefore to a molecule which has the total momentum (19) 
and the total energy (20). In a purely figurative sense, the momentum 
and the energy common to all the molecules connected with a given cell 
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may be associated with the cell itself. Thus a cell having as centre the 
point 2, Y, 2, Pe, Py, Pz Will be said to be a cell of momentum p (defined 
by (19)) and of energy ¢ (defined by (20)). 

Let us consider all those cells which are associated with the same values 
of the momentum and energy. As is seen from (19) and (20), the centres 
of these cells are defined by points of coordinates 2, y, z, Des Py pz satisfying 
the condition that p? + p* +p? should have the same value for all the 
cells. There will obviously be a large number of these cells, for the three 
first coordinates x, y, z of the cell are arbitrary, and the three last ones 
Pz, Py, Pz are subjected to a single relation and are not otherwise speci- 
fied. Calculation shows that all these cells lie over a cylindrical surface 
in the phase space. 

Instead of grouping the cells which have exactly the same energy, 
let us consider those cells which are associated with energies lying within 
a small range of values, e.g., within the range e and e+de. There will 
then be, say, 


Zo cells associated with energies between 0 and de 
De Mae eae ete ee de and 2de 
Dp = caeepen aes age ene ne 2de and 3de 


This tabulation may be expressed more concisely by saying that there 
are 


(22) Z; cells associated with energies between €&; and &, + de, 
where «= ide, ((=0,1,2,...). 


The numbers Z; can be calculated once and for all, because they are inde- 
pendent of the manner in which the phase points may subsequently be 
distributed among the cells. 

The aggregate of Z; cells which are associated with the same range 
&; to €; + de of the energy will be called the ith layer of cells (= 0, 1, 2, 3, 
a Tener ce ). 

Consider now some given macroscopic state. It is determined by 
the numbers of molecules situated in the various cells. This macroscopic 
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state also defines a certain energy distribution for the molecules. For 
example, there will be 


mo molecules having energies between 0 and de 
Mo ame etn me oe eae 1S de and 2de 
a 2de and 3de, 


and soon. In more concise form, we may say that there are 
mn, molecules having energies between ¢; and e, + de, 
wherese; ide ((=0,1,2,..... We 


A distribution of this kind implies that n; phase points are distributed 
in any arbitrary way among the Z; cells which have energies between & 
and ¢;+de. In other words n; phase points are situated in the ith layer 
of cells. 

A state of the gas specified by the numbers of molecules that have 
energies comprised within consecutive small ranges may be called an 
“energy state’’ of the gas. Note that although a macroscopic state 
determines an energy state unambiguously, the reverse is not true, for 
any redistribution of the molecules would leave us with the same energy 
state provided the total numbers of molecules in the various layers were 
left unchanged, whereas a redistribution of this sort might alter the 
macroscopic state. We conclude that an energy state comprises a number 
of different macroscopic states and hence a still larger number of micro- 
scopic states. This conclusion becomes obvious when we note that in an 
energy state the spatial positions and the directions of motion of the 
molecules are unspecified. 

We now calculate the number of different microscopic states that will 
enter into the constitution of a given energy state. This number is found 
to be 

N! Ny 72s 

(28) a nN! Nz! Nz! be cee. C Dea ay ae ; 
where n; is the number of molecules distributed in any arbitrary way 
among the Z, cells of the ith layer. Since the microscopic states are 
viewed as equally probable, the number P will be proportional to the 
probability of the energy state of interest. We may, however, proceed 
as we did in the case of W and assume that P is the probability itself 
instead of being merely proportional thereto. By giving different values 
toy, M2, . . . . (subject to the restriction that the total number of mole- 
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eules and the total energy must remain unchanged), we obtain all the 
possible energy states. That state for which P has its greatest value will 
represent the energy state which is realized when the gas is in statistical 
equilibrium. We secure by this method a knowledge of the numbers 
1, Me, ... . of molecules having energies which lie in the successive en- 
ergy ranges when the state of statistical equilibrium is attained. The state 
of statistical equilibrium here referred to is of course exactly the same 
state of statistical equilibrium that we derived from our former method 
of treatment, but in the present case only the energy distribution, not the 
positions and the momentum components of the molecules, are obtained. 

If we assume, as we have done up to this point, that the molecules 
do not interact and are not acted upon by external forces (e.g., gravita- 
tional), the energy of the molecules is purely kinetic, and a knowledge 
of the energy distribution entails a knowledge of the velocity distribu- 
tion (except for direction). 

We now come to the entropy S of the gas. Previously, we defined it 
by S=k log W; but since W and P do not have the same numerical 
values, we cannot expect to obtain correct results if we set 


(24) S—<k los Pe: 


Nevertheless, calculation shows that, if it is only the entropy of the state 
of statistical equilibrium with which we are concerned, and if the num- 
bers of molecules in the various cells are large, the two expressions of 
the entropy are equal. Thus, when in (24) we replace P by its greatest 
permissible value and take Planck’s assumption of cells of volume h? into 
consideration, we obtain, as before, the Sackur-Tetrode expression (16) 
for the entropy of the gas in the state of statistical equilibrium. 


The Boltzmann Statistics and Radiation—Planck’s law of radia- 
tion gives the densities (or the intensities) of the radiations of different 
frequencies that will be found in a heated enclosure when the radiation 
is in equilibrium with matter. The last point requires elucidation, The 
walls of the enclosure are of course made of matter, but if these walls are 
perfectly reflecting, so that they can neither emit nor absorb radiation, 
and if there is no loose matter within the enclosure, the state of statistical 
equilibrium will be one affecting the radiation alone. In practice, how- 
ever, the walls are never perfectly reflecting, and so they necessarily emit 
and absorb radiation. The state of statistical equilibrium will therefore 
be one that holds as between the radiation and the matter. In other words, 
there will be constant exchanges of energy, not only between the radia- 
tions but also between the radiations and the matter. Planck’s law applies 
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specifically to the ease where these latter exchanges occur. All attempts 
to obtain Planck’s radiation law from the statistics of electromagnetic 
waves in accordance with the classical ideas were failures, for they in- 
variably led to Rayleigh’s law of radiation, not to Planck’s. We explained 
in Chapter XXIV that Planck, by postulating that the emission of radia- 
tion was a discontinuous process, was able to furnish a theoretical 
derivation of his law. In Planck’s treatment, however, our attention was 
directed to the matter in the enclosure; the nature of the radiation was 
then obtained indirectly when we assumed the classical relationship be- 
tween the mean enerey of an oscillator and the density of the correspond- 
ing radiation. This appeal to classical considerations (which for the sake 
of consistency should have been barred) was regarded as unsatisfactory. 

Shortly after Planck had formulated his theory, Einstein, in his 
analysis of the photo-electrie effect, proposed to view radiation as cor- 
puseular. According to Einstein’s views, radiation of frequency » was 
formed of corpuscles, or photons, having energy hy and momentum 
a (in free space). If we avail ourselves of Einstein’s corpuscular 
conception of radiation, we may investigate the problem of equilibrium 
radiation by another method. Thus we may suppose that the radiations 
in equilibrium in Planck’s enclosure should be likened to a gas (the 
photon gas) in the state of statistical equilibrium at the temperature T 
of the enclosure—the onrushing photons of the photon gas playing the 
part of the molecules in an ordinary gas.* The pressure which the radia- 
tion exerts against the walls, and which in the electromagnetic theory is 
accounted for in terms of the electric and magnetic intensities, can now 
be attributed to the impacts of the photons. The pressure is thus inter- 


*In point of fact, as the enclosure contains matter which emits and absorbs 
radiation, the state of equilibrium is not quite the same as in gas. Rather does it 
resemble the equilibrium of a vapor in contact with its solid or liquid phase (e.g., water 
vapor in contact with ice or water). In a gas, the total number of molecules is fixed; 
and so in applying the statistical theory we must prescribe not only the total energy 
of the system but also the number N of molecules. On the other hand, in the 
equilibrium of a vapor with its solid, or liquid, phase, molecules are constantly passing 
from the vapor to the liquid or solid, and conversely. The total number of molecules 
forming the vapor is thus subject to variation. In the statistical treatment we must 
therefore refrain from stipulating that the number of molecules is fixed, though, as 
before, we must specify the constant value of the total energy. Since the equilibrium 
of radiation and matter in the enclosure is similar to that of a vapor with its condensed 
phase, we must not assume that the total number of photons in the enclosure 
is fixed. This is a minor consideration from our present standpoint, but it must be 
taken into account in the mathematical treatment of the problem. 
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preted by exactly the same mechanism for radiation as it was for ordinary 
gases. 

Suppose, then, we apply the Boltzmann statistics and compute the 
numbers of photons which, in the state of statistical equilibrium at tem- 
perature 7, have energies between hy; and h(»;+ dv), where i= 0, 1, 2, 
3, .... When this is done, we may deduce immediately the density of 
the radiations whose frequencies are comprised between »; and »; + dy. 
Since it is precisely this information which is furnished by a radiation 
law, we understand how we must proceed in order to obtain the radiation 
law via the photons. 

To obtain the radiation law, we have but to determine the state of 
statistical equilibrium for a photon gas, just as we did for an ordinary 
gas at temperature 7: Planck’s law should result. Let us observe 
that the procedure we here propose to follow is purely mathematical ; 
we are dealing with a mere problem of probabilities, and we do not have 
to assume that the photons (whatever their nature may be) will actually 
collide and rebound like elastic spheres. Indeed, even in the treatment 
of an ordinary gas, the mechanical analogy of perfectly elastic billiard 
balls colliding with one another was utilized by Boltzmann only to afford 
a physical basis for his theory. At all events, when we apply the Boltz- 
mann statistics to the photon gas in equilibrium with matter and when 
we take into consideration the volume h3 of the cells, we do not obtain 
the correct law, namely, Planck’s. Instead, we are led to a law which 
has the same form as Wien’s law of radiation, but in which the constant 
h appears. The intrusion of this constant is only natural since we have 
assumed that the photons have energy hy, and that the cells have the 
volume h®. The mere presence of h in the present law does not, however, 
make our results correct, for the general form of Wien’s law differs from 
Planck’s. 

Thus, when we treat the equilibrium problem by viewing the radia- 
tion as formed of electromagnetic waves for which the equipartition of 
energy. holds, we obtain Rayleigh’s law; and when we treat the radiation 
as corpuscular on the basis of the quantum assumptions and then apply 
the Boltzmann statistics, Wien’s law is obtained. Inasmuch as the 
correct law (Planck’s) is a compromise between the two former ones, the 
results just mentioned were at one time thought to establish the dual 
nature of light; part wave and part corpuscle. Though the dual nature 
of light is recognized today, the aforementioned argument is of doubtful 
value in establishing this dualism. The fact is that when the correct 
statistics is utilized, Planck’s law is obtained whether we choose to view 
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radiation as wave-like or as corpuscular; and we do not have to suppose 
that the radiation manifests both appearances. 


Bose’s Statistics for Photons—We have just seen that the Boltz- 
mann statistics, when applied to photons, furnishes Wien’s radiation 
law and hence is ineapable of yielding correct results. Nevertheless, the 
general idea behind the previous attempts cannot be entirely erroneous, 
for Planck’s radiation law, which is the correct one, is similar to Wien’s 
law and indeed passes over into it for high frequencies and low tempera- 
tures.* Jt would thus appear that our failure to obtain Planck’s law 
must be ascribed to some lack of refinement in the statistics utilized rather 
than to the main ideas that have guided our investigations. Bose there- 
fore retained Einstein’s assumption that the photons have momentum 


sae and energy hy. He also accepted Planck’s assumption that the 


6-dimensional phase space should be sub-divided into cells of volume h’. 
But Bose rejected the Boltzmann statistics and formulated in its place 
a new statistics which he devised for the express purpose of securing 
Planck’s law of radiation. We must take into consideration the semi- 
empirical nature of Bose’s attempt, for otherwise his statistics would 
appear arbitrary. With the advent of quantum mechanics, the theoretical 
basis of Bose’s new statistics became clear; but in 1924, when Bose com- 
municated his paper to Einstein, quantum mechanics had not yet been 
invented and the only justification for the new statistics was that it led 
to Planck’s law of radiation. 

Let us revert to the 6-dimensional phase space with its cells of volume 
h3. A point of coordinates 2, Y, 2, Po, Py, Pz in this phase space represents 
a photon situated at the point 2, y, z of ordinary space and having com- 
ponents of momentum defined by pz, Py, Pz. Suppose, then, we start with 
a distribution of phase points determined by the presence of a phase 
points in the first cell, a2 in the second cell, a3 in the third, and so on. The 
exact positions of the phase points in their cells are disregarded as 
usual. Let us interchange the phase points in all manner of ways. 
After each interchange, the phase points in at least two of the cells 
cannot be the same phase points that were present before the interchange 
was performed. From this standpoint, therefore, the interchange has 
generated a change in the distribution of the phase points. On the other 
hand, the interchange does not modify the numbers a, @z, @3..... 


* More generally, Planck’s law passes over into Wien’s if we assume that the 
constant h is decreased indefinitely in value. This implies that the two laws tend to 
coincide when the limiting conditions of the correspondence principle are neared. 
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of phase points in the various cells, so that from the latter standpoint 
no change in distribution has occurred. Thus, the question of decid- 
ing whether or not an interchange of phase points constitutes a change 
which has physical significance is equivalent to the problem of deciding 
whether or not the phase points (or rather the photons which the phase 
points represent) are to be regarded as physically distinct individuals. 

It is here that the statistics of Boltzmann and of Bose differ. In the 
Boltzmann statistics the phase points were treated as distinct individuals, 
and hence an interchange of phase points was regarded as physically 
significant: each interchange was held to give rise to a new microscopic 
state. The different microscopic states obtained in this way were, how- 
ever, regarded as indistinguishable from the macroscopic standpoint; and 
so Boltzmann assumed that any one of the microscopic states characterized 
by the same numbers @, do, 03 ..... of phase points in the various cells 
would represent the same macroscopic state. 

Bose does not proceed in this way. The essence of his statistics is 
to deny any individuality to the phase points, so that interchanges of 
phase points situated in different cells constitute no changes at all. Even 
in theory the phase points cannot be tagged. As a result, the different 
microscopic states of Boltzmann, in which the numbers a, @2, ag ..... 
of phase points in the various cells remain the same, are viewed by Bose 
as forming a single microscopic state. Thus, we may say: A micro- 
scopic state of Bose is determined by the numbers a, d2, d3 ..... of 
phase points in the various cells, regardless of the individualities of the 
phase points. Obviously, a microscopic state for Bose coincides with a 
macroscopic state for Boltzmann. The novelty thus far is to deny all indi- 
viduality, even in theory, to the phase points and hence to the photons. 
On the other hand, both statistics recognize that if the numbers of phase 
points in the cells are modified, a new microscopic distribution arises. 

We must now consider the probabilities of the various microscopic 
states in the Bose statistics. The Boltzmann statistics was based on a 
mechanical model, and hence we could derive the probabilities of the 
microscopic states from the laws of dynamics (supplemented by the 
ergodic hypothesis). We remember that all the microscopic states were 
found to be equally probable. But the Bose statistics is for the present 
a mere mathematical scheme, and we cannot appeal to the dynamical 
laws to obtain any insight into the probabilities. It thus appears im- 
possible to establish these probabilities. However this may be, Bose 
postulated the equiprobability of the microscopic states. Bose’s ideas 
are justified by results, for, as we shall see, his statistics, supplemented by 
the assumption of equiprobability, leads to Planck’s law of radiation. 
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Thus far we have discussed Bose’s microscopic states. As these states 
are equally probable, they furnish no immediate means of determining 
the state of maximum probability for the aggregate of particles, 7.e., the 
state of statistical equilibrium. We must therefore proceed as we did 
in the Boltzmann statistics and introduce macroscopic states of unequal 
probability ; the most probable of these macroscopic states will then be 
the state of statistical equilibrium. Of course the macroscopic states of 
Bose cannot possibly be the same as those of Boltzmann, for we have seen 
that a macroscopic state in the Boltzmann sense is what Bose ealls a 
microscopic one. Bose takes for his macroscopic states the energy states 
to which we referred in the second method of treating the Boltzmann 
statistics. Thus, a macroscopic state for Bose is an energy state in 
which there are 


fn particles distributed in one way or another among 


25 
-) | the Z, cells of the energy layer e; (i =0,1,2,....). 

The difference between the Bose and the Boltzmann statistics now 
appears more clearly. In both statistics, a given energy state is illustrated 
by any one of those distinct microscopic states in which the total number 
of particles in each energy layer remains unchanged. The two statistics 
differ only in their definitions of the microscopic states that must be 
treated as distinct, for in the Bose statistics we shall have to view as 
identical all those distinct microscopic states of Boltzmann which differ 
only by interchanges of particles. The net result is that a Bose energy 
state contains fewer microscopic states than does the corresponding 
energy state of Boltzmann. In the Boltzmann statistics, the number 
of distinct microscopic states corresponding to a given energy state 
was defined by P (see (23)). In the Bose statistics, the corresponding 
number is defined by the smaller magnitude 


(26) 


(Zi+m—1)! ) (Z2+m—1)! \ (Zatme—1)! 


Since the various microscopic states of Bose have been assumed equally 
probable, the probability of an energy state is proportional to the number 
of different microscopic states contained in this energy state. [or 
example, the probability of the energy state defined by (25) is propor- 
tional to (26). The state of statistical equilibrium of the photon gas, 
being the most probable energy state, will be determined by that state 


Paose = 
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for which (26) isa maximum. In the determination of an energy state 
and of the state of statistical equilibrium in particular, it is necessary 
to prescribe the total energy of the particles or photons, for this total 
energy inevitably affects the energies which the individual photons will 
have. On the other hand, as explained in the note on page 917, the 
presence of matter in Planck’s enclosure prevents us from stipulating 
that the total number of photons is fixed. 

We may now easily understand how the law of radiation is obtained. 
We ealculate the number n; of photons which have energies comprised 
inethesmativesivemmen tosis (0, 1,0" .... ) when the state of 
statistical equilibrium is attained in the enclosure. Since the energy ¢; 
of a photon is hy; (where »; is its frequency), we obtain the number m of 
photons having frequencies between »; and »%+dy». The total energy 
of the radiations of frequencies between »; and »+ dy present in the 
enclosure is then given by the sum of the energies of the corresponding 
photons, 1.e., by nihv;. The energy density of this radiation »; (per unit 
volume) is deduced by dividing the foregoing total energy by the volume 
of the enclosure. In this way we can determine the densities of the 
energies of the various radiations in the enclosure at any given tempera- 
ture J. This is precisely the information which the radiation law aims 
to furnish. The radiation law thus obtained by Bose coincides with 
Planck’s law, as required. 

Bose defines the entropy of the photon gas in the state of statistical 
equilibrium by the same formula as was used in (24), #.e., by 


(27) S = k log cesta . 


where Pxos- stands for the maximum value of (26). It will be noted that 
the new statistics furnishes no information on the spatial positions of the 
photons or on the directions in which they are moving. It merely deter- 
mines the ranges of their energy (or frequency). This situation occurs 
because Bose starts from the probability Pgs. of an energy state. The 
same situation was noted in connection with the second method of treating 
the Boltzmann statistics. 

The only argument in favor of Bose’s statistics at the present stage 
is that it leads to the correct law of radiation. Not until we examine the 
implications of wave mechanics can any theoretical justification be ob- 
tained. The new statistics is exceedingly strange, and it seems to be 
incompatible with any familiar form of representation by means of 


*Ths formula implies that, just as in the Boltzmann statistics, we are assuming 
Paose to define the probability itself and not merely a number proportional thereto. 
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particles. The difficulty is due to the lack of individuality we have 
ascribed to the photons. To understand this point let us suppose that 
we toss two coins simultaneously. We assume that for either coin the 
probability of heads or tails is the same. Let us represent heads by + 
and tails by —. When we toss the coins, the four different situations 
illustrated in the table may arise: 


a aa 
a nalaias 
(22 
(0) 


The probability of each one of these situations is 14. 

The four situations here considered may, for the purpose of discus- 
sion, be assimilated to four microscopic states in the Boltzmann sense. In 
accordance with this simile, the different macroscopic states of Boltzmann 
are three in number and are represented by (a), (b), and by (e) or (d). 
The last two microscopic states define a single macroscopic state, be- 
cause from the macroscopic viewpoint they are indistinguishable. Now, 
since all the microscopic states are equally probable, the last macroscopic 
state, being realized by either one of two microscopic states, must be twice 
as probable as is each of the first two macroscopic states. In short, the 
situation in which one coin shows heads and the other shows tails is twice 
as probable as the situations in which heads appears for both coins or 
tails appears for both. This conclusion does not seem to be dependent 
on our ability to distinguish the two coins, for even if they were so 
nearly alike as to be indistinguishable under the microscope, our former 
results would still be valid. 

In spite of the seemingly obvious nature of this conclusion, it is in- 
compatible with Bose’s statistics. According to Bose, we must view the 
situations (¢c) and (d) as identical and as representing only one micro- 
scopic state, which has the same probability as (a) and as (b). This 
would imply that when two coins are tossed, there is the same probability 
of heads appearing for one coin and tails for the other as there is of heads 
appearing for both coins (or of tails appearing for both). The difficulty 
might be overcome by supposing that when one coin shows heads, it 
acts so as to decrease the probability of the other coin showing tails. The 
foregoing illustration is intended only in a figurative sense, but it does 
illustrate the paradoxical consequences of Bose’s statistics, at least 
when we apply this statistics to particles. An interpretation appears 
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less remote if we abandon the idea of particles and assume waves, so 
that a photon is everywhere at the same time, so to speak. 


Einstein’s Gas Theory—The strangeness of the Bose statistics must 
not be attributed to its connection with mysterious photons. As we shall 
soon see, Bose’s statistics is also believed to be the correct one for ordinary 
material gases. We have no reason to be surprised at this development, 
for we know that the seemingly contradictory wave-like and corpuscular 
properties of the mysterious photons are likewise characteristic of material 
particles. 

Einstein therefore applied the Bose statistics to an ordinary mono- 
atomic gas. Ile also retained Planck’s assumption that the 6-dimensional 
cells have a volume 3, The only difference between Einstein’s treatment 
of a gas and the Boltzmann-Planck treatment is that Einstein utilizes 
Bose’s probability Pose, given by (26), in place of Boltzmann’s proba- 
bility (23). Following the usual method for gases, we must consider 
the various energy states which involve the same total number N of mole- 
cules and the same total enerey EF, and then select from this aggregate 
of energy states the one which is the most probable. This particular state 
is that which makes the probability Pays, of (26) a maximum; it defines 
the state of statistical equilibrium. 

Calculation shows that the state of statistical equilibrium is charac- 
terized by the following features: 

Calling n; the number of molecules which in the state of statistical 
equilibrium have energies between ¢; and e; + de, we find that 


(28) i 


In this expression k is the familiar gas constant, T the absolute tem- 
perature, and Z; the number of cells of the ith energy laver, 2.¢., the 
number of cells having energies between ¢; and e; + de. 

The number Z; is found to be 


(29) Zy= = SUN. / Tee 


where V is the volume of the enclosure, and m the mass of a molecule. 
Finally, let us consider the magnitude A in (28). This magnitude 
is furnished by a complicated expression involving the temperature, the 
volume, and the mass of a molecule. When the temperature is not too 
low, and the number of molecules per unit volume (particle density) is 
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not too great, and the mass m of the molecules not too small, the value 
of A increases to such an extent that it is permissible to disregard —1 
in the denominator of (28). In this case the expression of A is found 
to approximate to 


y 
Nh 


where N is the total number of molecules. 
Had we followed the classical Boltzmann statistics, we should have 
obtained in place of (28) the expression 


(30) A= (QamkT) 2 , 


Zh Ve Le 


ATV nkT &. 


eT 


(31) Y= 


It was this value (31) that defined the state of statistical equilibrium in 
the Boltzmann statistics and which entailed the theorem of equiparti- 
tion of energy and the constancy of the specific heat. 

We have said that when the temperature is not too low and the par- 


. timate 
ticle density of the gas not too great, and the mass of the gas particles 


not too small, the value of A is given by (30). If we replace A by this 
value in (28) and also take into account the value of Zj, we find that 
(28) coincides with the classical expression (31). We conclude that the 
foregoing restrictions affecting the temperature and the particle density 
constitute the limiting conditions under which Hinstein’s gas theory 
passes over into Boltzmann’s classical theory. Calculation shows that 
the limiting conditions are realized for the gases with which we deal in the 
laboratory at ordinary pressures and temperatures. Hence there is no 
conflict between the new statistics of gases and the Boltzmann statistics 
under those conditions where the latter statistics is known to give correct 
results. This of course might have been anticipated since the new sta- 
tistics must be in agreement with experiment. 

On the other hand, considerable discrepancies between the two 
statistics occur when the limiting conditions are not realized, ¢.g., when 
the temperature is extremely low, or when the pressure and hence the 
particle density become enormous. In such cases the equation of state 
of the gas differs considerably from the classical equation 


(32) PV = RT. 


This change in the form of the equation of state constitutes the phe- 
nomenon of gas degeneration. The new equation of state shows that 
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when the gas is in a degenerate condition, it will be much more com- 
pressible than Boyle’s law would indicate, the departure from Boyle’s 
law increasing in importance with a lowering of the temperature or an 
increase of the pressure. Furthermore, the specific heat of the gas is 
seen to vanish at the absolute zero. 

Finally, we have to examine what information the new statistics 
furnishes on the entropy. At the time the new statistics was formulated, 
the most accurate expression for the entropy of a monoatomic gas was 
the Sackur-Tetrode formula (16). Einstein, by applying the new 
statistics and by utilizing the formula S=k log Pose, obtained an 
expression of the entropy which differed from the Sackur-Tetrode for- 
mula and which vanished at the temperature of the absolute zero. 
Einstein showed, however, that the new expression of the entropy 
passed over into the Sackur-Tetrode formula at ordinary temperature 
and pressure. This is precisely what might have been expected, for 
the Sackur formula has been verified by experiment under these condi- 
tions. At the same time we see that the Sackur formula is only approx- 
imate. 

It will be observed from the approximate formula (30) that the 
quantity A would always be very great in a world where Planck’s con- 
stant h happened to be infinitesimal (as was thought to be the case in 
classical science). Consequently, in such a world there would be no 
gas degeneration and the new statistics would be indistinguishable from 
the classical statistics of Maxwell and Boltzmann. This circumstance 
shows that the gas degeneration, which the new statistics requires, is 
essentially a quantum manifestation. As such, it may be referred to 
as ‘‘quantum degeneracy.’’ Inasmuch as gas degeneration is an im- 
mediate consequence of the Third Principle of Thermodynamics, we see 
once again how intimate is the connection between the quantum theory 
and the Third Principle. At the same timé the gradual merging of the new 
statistics into the classical one, when h is assumed to decrease, illustrates 
a feature ever recurrent in the quantum theory; namely, the quantum 
theory passes over into classical theory as the limiting conditions of 
the correspondence principle are neared. 


The Fermi Statistics—Shortly after Bose had formulated his sta- 
tistics, Fermi suggested an alternative one. The only difference between 
the two statistics is that some of the microscopic states that appear in 
Bose’s statistics are ruled out as impossible by Fermi. But the interest 
of Fermi’s statistics lies more particularly in the method whereby it was 
obtained. Fermi was guided by Pauli’s exclusion principle, according 
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to which no two electrons in an atom can have the same four quantum 
numbers 7; Ui, j;, m,, Pauli’s principle was arrived at through empirical 
considerations, and there is no obvious reason why it should be valid, even 
in a modified form, when we are no longer dealing with the electrons in 
anatom. Fermi, however, was of the opinion that the exclusion principle 
might have a more general significance, and that it might be valid for 
the particles of a gas. 

An obvious objection to Fermi’s views is that the motions of the 
particles of a gas exhibit no periodicity, and that as a result their motions 
cannot be associated with quantum numbers. Fermi overcame this diffi- 
culty by assuming that the gas particles were acted upon by an elastic 
force directed towards a’ fixed point. The vibratory motions set up by 
the force introduced periodicities and thereby justified the allocation of 
three quantum numbers to the translational motions of the particles. 
Fermi then supposed that no two particles which occupied approximately 
the same position * could be associated with the same three quantum 
numbers. This assumption implied that no two particles which occupied 
approximately the same position could have the same momentum, or 
velocity (in direction and in magnitude). From the standpoint of the 
phase space, Fermi’s assumption requires that a cell should never contain 
more than one phase point. In Bose’s statistics, on the other hand, a 
cell could contain any number of points. Apart from this difference, the 
statistics of Fermi and of Bose are the same. 

At first sight the exclusion principle utilized by Fermi does not appear 
to be the same as Pauli’s, for whereas in Fermi’s principle only three 
quantum numbers are involved, in Pauli’s there are four quantum 
numbers. This difference is, however, of minor importance, because if 
we assume that the particles have a spin, like the electrons in an atom, 
Fermi’s exclusion principle also deals with four quantum numbers. Be- 
sides, when the problem is investigated by the methods of wave mechanics, 
the two exclusion principles are seen to be the same. Fermi’s introduc- 
tion of a hypothetical restoring force is obviously artificial. This defect 
will be overcome when we treat the problem by wave mechanics, so it 
need not detain us any further. We shall therefore examine the mathe- 
matical results which follow from Fermi’s assumptions, leaving in 
abeyance for the present the question of deciding whether these assump- 
tions are justified. 

As we mentioned previously, the only difference between the statistics 
of Bose and of Fermi is that in the latter a cell can contain one phase 


* The vagueness of this statement is overcome when the cells are introduced, 
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point at most. As before, the cells have the volume h?, and the problem 
is to caleulate the number of different ways in which N phase points 
can be distributed among the cells when interchanges of phase points are 
excluded as irrelevant, and when one phase point at most may be situated 
inacell. If we consider an energy state in which there are n; phase points 
in the Z; cells associated with energies between ¢; and ¢;+ de (i= Ovcgedy 

. ), we find that the number of different microscopic distributions 
which define the same energy state is given by a number, Pyermi, which is 
smaller than the corresponding number, Paosc, of the Bose statistics. 
(This is necessarily so since Fermi excludes many of the microscopic dis- 
tributions accepted by Bose.) 

Calculation gives 


(33) 


Zi! Zo! Zs! 
—— eX ——  — X — x 
HZ l= Gale ee 


We assume, as before, that all microscopic states have the same 
probability, so that the number (33) is proportional to the probability 
of the corresponding energy state. Following the usual procedure, we 
identify Prerm: with the probability itself. In short, except for the change 
from the probability (26) of Bose to the new probability (33), we may 
proceed exactly as we did previously. 

For a gas, Fermi obtains results very similar to Einstein’s. Thus his 
formula for the state of statistical equilibrium is practically the same 
as the formula (28) given by Einstein; the only difference is that, in 
the denominator of (28), we must replace —lby +1. The Fermi statistics 
also yields the same results as the classical statistics under the same 
limiting conditions of average temperatures, densities, and pressures, 
mentioned in connection with Einstein’s treatment. In particular, 
Fermi’s expression of the entropy passes over into Sackur’s. As in the 
Bose-Einstein statistics, degeneracy (7.e., the modification of the equa- 
tion of state) occurs when the limiting conditions are far from being 
realized. 

Of course, in view of the difference between the statisties of Bose and 
of Fermi, the numerical results to which they lead cannot be quite the 
same. For instance, a perfect monoatomic gas, according to the Bose- 
Einstein statistics, is more compressible, and, according to the Fermi 
Statistics, is less compressible than is required by the classical gas law. 

Another peculiarity of Fermi’s statistics, which is not present in the 
Bose-Einstein statistics, is that at the absolute zero of temperature a gas 
must still exert some pressure and retain some energy. The reason why 


P Fermt = 
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the energy cannot vanish in Fermi’s statistics may easily be understood. 
Thus there can be only one phase point in each cell, and hence the cells 
of zero energy cannot possibly contain all the phase points. Some phase 
points will always be situated in cells which have non-vanishing energies ; 
and this implies that some of the molecules must have non-vanishing en- 
ergies, so that the total energy of the gas cannot vanish. 

The differences in the statistics of Boltzmann, Bose, and Fermi may 
be summarized as follows: 

In the Boltzmann statistics interchanges of phase points are supposed 
to generate distinct microscopic states, whereas in the new statistics such 
interchanges do not count. Bose’s statistics, like Boltzmann’s, assumes 
that there may be more than one phase point in a cell; the Fermi statistics 
excludes this possibility. 

The similarities in the results furnished by the two new statistics make 
it difficult to decide which of them should be applied in any particular 
case. For photons, the matter is settled beyond dispute because Bose’s 
statistics alone yields Planck’s law—Fermi’s does not. On the other 
hand, Fermi’s statistics is presumably the correct one in the case of the 
electron gas that exists in a metal, because the electrons in the atom are 
controlled by Pauli’s exclusion principle, with which Fermi’s statistics 
is closely related. In the case of ordinary material gases the choice 
between the two statistics is less certain. The consensus of opinion, how- 
ever, is that the Bose-Einstein statistics must be applied to an aggregate 
of neutral atoms, and more generally to an aggregate of particles whose 
electric charges are any even multiple of the unit e. Thus, photons and 
neutral molecules, having no net charge, and alpha particles, which have 
a charge +2e, will be treated in accordance with the Bose statistics. If 
the charge is an odd multiple of the unit e¢, the Fermi statistics must be 
taken (this occurs for a gas formed of electrons or of protons). 

In the previous paragraph we stated that the Bose statistics presum- 
ably applies to a material gas. It should be observed, however, that 
our discussion of the new statistics has been restricted to perfect gases, 
i.e., to gases whose molecules are treated as points which exert no forces 
on one another. This restriction prevents the results which we have just 
obtained for perfect gases from being of much use when we are dealing 
with real material gases, such as hydrogen or helium. It is true that, at 
ordinary temperatures and pressures, real gases approximate to perfect 
gases; but we have seen that the novel properties which perfect gases 
should exhibit, according to the new statisties, become noticeable only 
at extremely low temperatures and high pressures, and therefore under 
conditions for which the real gases are no longer even approximately 
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perfect. For these reasons we cannot test by direct experiment the 
validity of the new statistics in its appication to real gases. Fortunately, 
difficulties of this sort are not encountered in connection with the photon 
gas or the electron gas. We have already seen that the Bose statistics 
furnishes correct results for the photon gas, and we shall now illustrate 
an application of the Fermi statistics to the electron gas. 


Sommerfeld’s Electronic Theory of Metals—In Chapter XXII 
we mentioned that the application of the classical kinetic theory to the 
atoms vibrating in a crystal failed to account for the phenomenon of de- 
generacy (1.¢., the progressive decrease in the specific heat, which accom- 
panies a lowering of the temperature). In Chapter XXIV we saw that 
Einstein overcame this difficulty by quantizing the vibratory motions of 
the atoms. In Einstein’s treatment, as also in the classical one, no atten- 
tion was paid to the free electrons, forming an electron gas, which should 
be present in a metal crystal; and we explained on page 424 that a proper 
treatment would require that the degrees of freedom of these electrons be 
taken into consideration. Since the degrees of freedom of the atoms 
alone sufficed to account for the observed specific heat, it was recognized 
that the electrons in no wise participated in the partition of energy, even 
at ordinary temperatures. Presumably some quantum manifestation 
prevented their degrees of freedom from becoming effective. The earlier 
quantum theory, however, which Einstein had applied with success to 
the vibratory motions of the atoms, afforded no means of imposing quan- 
tum restrictions on the translational motions of the electrons. For this 
reason the problem of the specific heats did not receive a satisfactory 
solution. 

The situation is clarified by the new statistics. Dealing as we are with 
an electron gas, we must apply Fermi’s statistics. Sommerfeld followed 
this course. Let us first recall that in the Bose-Einstein statisties a 
magnitude A appeared in the formula (28). We mentioned that 
when conditions were such that this magnitude was large, Bose s statistics 
passed over into the classical one. In this case Bose’s statistics led to the 
equipartition of energy and to the classical value for the specific heat 
of the gas. On the other hand, if conditions were such that A was very 
small, the influence of the quantum manifestations became pronounced 
and degeneracy appeared : the specific heat of the gas tended to vanish. 
Although our discussion of the constant A was given in connection with 
Bose’s statistics, it plays exactly the same réle in Fermi’s, and its value 
under the limiting conditions is given as before by (30). Consequently, 
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all that we said on the subject of degeneracy in Bose’s statistics applies 
in equal measure to the statistics of Fermi, which we are here considering. 

Now, the expression (30)* shows that even for ordinary values of 
the temperature 7’, the value of A will be small when the mass m of the 


particles is exceedingly small or when the particle-density + is high. For 


ordinary gases, m is always relatively large, but for the electron gas m is 
exceedingly small, and at the same time the particle density is extremely 
high. Consequently, even at ordinary temperatures, the electron gas 
will be in a condition of quasi-complete degeneracy, with the result that 
its specific heat will be exceedingly small. This implies that the degrees 
of freedom of the electrons will absorb practically no heat energy when 
heat is conveyed to the metal; all the energy goes to the degrees of free- 
dom of the atoms, as though the electrons were inexistent. The difficulty 
concerning the specific heats of metals in the electronic theory is thus 
explained. 

The case of the electron gas is of interest because it furnishes an 
illustration of practically complete degeneracy. To obtain pronounced 
degeneracy with ordinary gases, we should have to operate near the abso- 
lute zero of temperature or under tremendous pressures which are beyond 
our present reach. With the electron gas, ordinary laboratory conditions 
suffice. 


The New Statistics and Wave Mechanics—The first step in con- 
necting the kinetic theory with the quantum theory was undertaken by 
Planck when he postulated that the 6-dimensional cells of the phase space 
should have the common volume h?. We mentioned that Planek’s pro- 
cedure had no theoretical basis, and that quite generally it was difficult 
to see any possible connection between the quantum restrictions, which 
were thought to apply only to periodic motions, and the molecular mo- 
tions, which are not periodic. Wave mechanics solves this difficulty by 
introducing periodicity through its waves. 

According to de Broglie’s original theory, a particle, of total energy W 
and of momentum p, is associated with a wave of frequency » and wave 
length A, where 

W 


ae 
(36) aes and A= op 


* Although this expression of A is only the value to which A tends under the 
limiting conditions, it affords a general indication of the manner in which A depends 
on the volume, the temperature, and the mass of a particle. 
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The essence of wave mechanics is to establish the evolution of the 
wave by the methods of wave optics and to derive therefrom the probable 
behavior of the associated particle or particles. We recall that by utilizing 
the theory of wave mechanics, we were able to obtain a satisfactory inter- 
pretation of the experiments on the diffraction of electrons. In some 
situations, however, the methods of classical mechanics suffice to deter- 
mine the particle’s motion; in such cases we need not consider the wave 
For instance, if a particle is moving in empty space and no field of force 
is applied, the particle follows a straight course in any direction and with 
any velocity. De Broglie’s association of a wave with the particle does 
not affect this classical conclusion perceptibly, so that in this instance 
the wave may be disregarded. 

But suppose the particle is moving in an enclosure from the walls of 
which it may rebound without loss of energy. The situation is now en- 
tirely different, and we are compelled to take the wave into consideration. 
The associated wave is reflected back and forth from the walls of the 
enclosure, and the superpositions that ensue produce interference effects. 
Situations of this kind were discussed in Chapter XXXI. There we 
examined the interference effects due to the superposition of waves in 
elastic media. We saw that when boundary conditions were imposed, 
standing waves were formed and that these standing waves (also called 
the normal modes of vibration) were characterized by privileged wave 
lengths and frequencies. We also mentioned that the various waves 
could occur singly or simultaneously. Now, the generation of standing 
waves under the conditions specified illustrates a general wave phenome- 
non. This phenomenon arises with air waves in a rigid box and with 
electromagnetic waves in an enclosure which has reflecting surfaces; it 
must also be expected when de Broglie waves are considered. 

Let us, then, revert to a de Broglie wave in an enclosure. A specific 
set of standing waves having definite wave lengths and frequencies will 
alone be possible. Consequently, if we imagine a wave which does not 
have one of the privileged values for the wave length and for the fre- 
quency, we may be certain that after successive reflections this wave will 
destroy itself. If now we apply Born’s assumptions, the information 
obtained for the waves is extended to the associated particle. Thus let 
us assume that an impossible wave is generated. We know that it will 
soon destroy itself. In the particle picture, this means that a particle 
moving in the enclosure with the momentum and the ener gy correspond- 
ing to the wave is a physical impossibility. Next we assume that a per- 
missible wave is generated, so that a standing wave is formed. According 
to Born’s assumptions, the particle will most probably be found at those 
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points where the intensity of the wave is the greatest; such points are 
distributed over appropriate surfaces. Furthermore, the momentum p 
and the energy W of the particle will be connected with the wave length 4 
and with the frequency v of the wave by the fundamental formulae (36). 
Instead of supposing that only one of the standing waves is present, we 
may suppose that all the possible waves are vibrating simultaneously. In 
this event the momentum and the energy of the particle will be those 
corresponding to one of the waves. We may also suppose that a swarm of 
non-interacting particles is associated with the waves. The various par- 
ticles will then have the momenta and the energies corresponding to 
the different possible waves. 

To summarize these results: The particles of a swarm contained 
in a closed volume can have only certain momenta and energies; these 
permissible values of the momentum and energy form discrete sets, and 
they are derived from the wave lengths and frequencies of the possible 
standing waves, or normal modes of vibration. Thus, the quantization 
of the molecular motions, which Planck postulated when he introduced 
his finite cells, is seen to be an immediate consequence of the wave 
theory. Incidentally, let us observe that the quantization of the molecular 
motions occurs only in an enclosure, for only then do normal modes of 
vibration come into being. In an unlimited region of space devoid of 
obstacles, the motions would not be quantized. 

We have yet to justify Planck’s crediting of the precise volume h3 to 
his cells. The first step in this direction consists in discovering the 
wave counterpart of a cell. As we shall see, each standing wave in the 
enclosure plays the part of a cell. We recall that a phase point situated 
in a given cell represents a particle whose spatial position and momentum 
components are defined by the coordinates 2, Y, 2%, Dz, Py Pz of the eell’s 
centre. Thus, the cell determines the position, the total momentum p of 
the corresponding particle, and also its energy. Next let us pass to the 
wave picture. We shall suppose that only one of the standing waves 
of the enclosure is present. A particle associated with this wave, of 


h.. 
wave length 4 and of frequency », has a total momentum p = i and an 


energy hy. The total momentum and the energy of the particle are thus 
determined by the wave. As for the particle itself, it will most probably 
be found on the surfaces where the intensity of the wave is greatest. To 
some extent, therefore, the wave determines a position for the particle. 
It is true that this position is vague whereas the momentum and energy 
appear to be defined with precision ; but some vagueness must be expected 
in any case in view of the uncertainty relations. 
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The foregoing considerations show that when account is taken of the 
unavoidable difference between a wave picture and a particle picture, a 
standing wave in the enclosure may be viewed as the wave counterpart 
of a cell in the phase space. 

Let us now see how the wave picture can furnish the volumes of these 
cells. A formula established by Jeans, long before the present considera- 
tions arose, shows that the number of standing waves of wave lengths 
between 4 and 2+ dd that can exist in an enclosure of volume V is 
given by 


(37) 


Jeans’s formula applies to longitudinal waves. For transverse waves, 
e.g., electromagnetic ones, the number (37) must be doubled on account 
of the two kinds of polarization that may arise. 

Inasmuch as de Broglie waves are assumed to be determined by a 
sealar y and not by a vector, they exhibit no polarization and thus behave 
like longitudinal waves. The formula (387) may therefore be taken to 
define the number of distinct standing de Broglie waves, of wave lengths 
between 4 and 4+ dA, that can exist in an enclosure of volume V. We 
may now readily derive the number of waves which are associated with 
momenta between p and p + dp or with energies between W and W + dW. 
We shall consider the momenta. If in (37) we replace A by its value 
(36), we see that 


4nV 
(39) 73 0 ap 


is the number of de Broglie waves associated with particles having mo- 
menta between p and p + dpt. 


* The number of standing waves having frequencies between yp and v + dy is 


4 2 

(38) =a a, 
where ) is the wave velocity and U the group velocity. 

t When we neglect the relativistic refinements, we find that the number of 
de Broglie waves associated with energies between W, and W, + dW (and hence, if 
the rest-energy moc? is disregarded, associated with energies «: and e; + dex, where 
es = Wy — mo") is 


4rm%V —— 
(40) ps V 2c: de, 
This expression coincides with (29), which gives the number of cells of volume h3, 
corresponding to energies between e, and e.+de. It thus affords an alternative 
justification of Planck’s assumption for the volume of the cells, i.¢., w = h3, 
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On the other hand, if we consider the tiny cells in the phase space 
and assume that they have the volume , we find that the number of these 
cells associated with momenta between p and p + dp is 


(41) Aa tdp. 


Now we have agreed to identify the standing waves with the cells of 
the phase space. Hence we must suppose that the numbers (39) and 
(41) are equal. The equating of (39) to (41) then yields 


(42) wo = hi. 


Thus, Planck’s assumption for the volumes of the cells is justified by 
the wave treatment. 


The Various Statistics in the Wave Picture—-The standing 
de Broglie waves that can exist in an enclosure may be viewed as the 
solution functions, or eigenfunctions, of Schrédinger’s wave equation 
adapted to the peculiar boundary conditions of the problem. For ex- 
ample, let us suppose that the enclosure contains but one particle. 
Schrédinger’s wave equation admits acceptable solutions only when the 
energy of the system (7.e., the energy of the particle) has any one among 
a discrete set of values—the eigenvalues. The corresponding solution 
functions are the eigenfunctions and they represent the amplitude distri- 
butions of the possible waves. The energies associated with these waves 
are the eigenvalues, and the frequencies of the waves are deduced from 
these energies. 

Let us suppose that the Schrodinger equation has been solved, so 
that all the possible standing waves are known. We recall that we are 
assuming a single particle. If several waves of different frequencies 
¥1,%2, - +. are present, we are dealing with a superposition of states. The 
particle is then associated with one or another of these waves, and its 
energy is determined by the particular wave with which it happens to be 
associated. We may also say that the phase point of the particle is situated 
in one or another of the corresponding Planck cells. If only one wave 
is present, say the mth wave Yn of frequency ¥p, the particle is necessarily 
associated with this wave, and hence has the eneryg €,; = h,. We shall 
refer to this particle as the particle a; and to stress the fact that it 
is attached to the wave yn, we shall represent the wave function by 


(43) yr. 
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Thus, when the phase point of the particle @ is in the nth cell, the corre- 
sponding wave picture is afforded by the wave function, or eigenfunction, 
Pr 

Similarly, if instead of the particle a, we were dealing with another 
particle b, and if the phase point of this particle were situated in the 
kth cell, the wave picture would be represented by the eigenfunction 


(44) y?. 


Next, let us suppose that both particles a and b are present simul- 
taneously in the enclosure, their phase points being situated in the nth 
and the kth cell respectively. We shall assume that the particles do 
not interact. The wave representation of the foregoing situation is given 
by the product of the two eigenfunctions p% and y”?, 1.e., by 


(45) VRV Ee 


To secure correct results, we must suppose that the wave distribution 
(45) is represented in a 6-dimensional configuration space (3 dimensions 
for each particle). 

The wave function (45) is an eigenfunction of Schrédinger’s wave 
equation, the equation being here adapted to the case of two particles 
present in the enclosure. The corresponding value of the energy of the 
system is the sum ¢, + &, of the energies of the two particles. This value 
of the energy is one of the eigenvalues of Schrédinger’s equation for two 
particles, and the function (45) is an eigenfunction connected with this 
eigenvalue. 

Let us exchange the two particles, so that the phase point of the 
particle a is now in the kth cell and the phase point of the particle b is in 
the nth cell. The particle a is now associated with the wave yw, and the 
particle b with the wave yw, The eigenfunction which expresses the 
new situation is derived from (45) by an interchange of the letters a and 
b. We thus obtain the eigenfunction 


(46) pr yt. 


It is important to observe that the two eigenfunctions (45) and (46) 
are not the same. This point was explained in Chapter XX XV in our 
discussion of the helium atom.* On the other hand, the energy of the 
system has the same value in the two eases, so that two different eigen- 
functions are connected with the same value of the energy. This implies 


* See page 759. 
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that the system is degenerate, the degeneracy being of the same resonance 
type that was discussed in Chapter XXXV. 

Owing to the existence of two different eigenfunctions associated 
with the same value of the energy, the most general eigenfunction, or 
wave function, is obtained by taking any linear combination (with con- 
stant coefticients) of the two functions (45) and (46). Two combinations 
are particularly simple; they are given by the symmetric eigenfunction 


ae PAVE + PnP 
and by the antisymmetric one 
(48) se 
The last eigenfunction may be written as a determinant, 1.¢., 


Yn Pn 
(49) 
Vr Wi 


The eigenfunctions (45) and (46) indicate clearly the cells in which 
the particles are situated. But, the eigenfunctions (47) and (48) con- 
front us with the difficulty we discussed in Chapter XXXV; namely, 
either particle appears to be associated with the two cells simultaneously. 
We shall not insist on this point further, for we have already examined 
it. Suffice it to say, it illustrates the usual difficulty we experience when 
we attempt to incorporate the concept of ‘‘particle’’ into a wave picture. 
Although the eigenfunctions (47) and (48) suggest that each of the 
two particles occupies two cells (or is associated with two waves), we 
can transcribe into the wave picture some of the features we encountered 
when we were discussing the particle representation. For instance, an 
exchange in the positions of the two particles in the phase space is ex- 
pressed in the eigenfunctions (47) and (48) by an exchange in the posi- 
tions of the letters a and b. 

If we make this exchange in (47), the eigenfunction is reproduced 
without modification ; and for this reason the eigenfunction (47) is called 
symmetric. The same exchange in the eigenfunction (48) leaves the 
absolute value of the function unaffected but reverses its sign. Accord- 
ingly this eigenfunction is called antisymmetric. Finally, the effect of 
the exchange on the eigenfunction (45) is to transform it into the different 


*If the functions ¥2, ¥?, ye, ve are normalized to 1, the solutions (47) and (48) 


are normalized when multiplied by aa 
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eigenfunction (46) ; and conversely, (46) is transformed into (45). The 
eigenfunctions (45) and (46) are thus neither symmetric nor antisym- 
metric. 

Let us extend these results to N particles, which we denote by 
Ajgaee co. . & Ay; and Jet Ci, Cp... . Cw represent N different cells. 
We assume that the phase point of the particle A, is in the cell Cj, the 
phase point of the particle A» in the cell C2, and so on. To simplify the 
exposition, we shall drop all reference to phase points and speak of a par- 
ticle as being in a cell. The eigenfunction which corresponds to the dis- 
tribution of particles just defined is the analogue of (45) extended to N 
particles. It is expressed by 


(50) ODE ae tacasl eae Yor. 


Since there are N particles, each of which has three degrees of freedom, 
the eigenfunction (50) must be represented in a configuration space of 
3N-dimensions. 

Suppose now we interchange the particles in some definite way, ob- 
taining thereby a new distribution of particles among the same cells. The 
eigenfunction which corresponds to this new distribution is the eigen- 
function (50) in which the A’s are subjected to the same interchariges 
that were performed on the particles. For instance, if the interchange 
of particles consists in setting the particle A» in the cell Ci, the particle 
Ay in the cell C2, and the particle A; in the cell Cy (whereas the other 
particles are left undisturbed), the corresponding eigenfunction will be 


AA 
(51) Wop = < seis Wa 


Since our eigenfunctions are represented in a hyperspace, the eigenfunc- 
tions (50) and (51) are different functions. We conclude that any inter- 
change in the distribution of the N particles among the WN cells entails 
a change in the eigenfunction. In the present case there are N! different 
distributions (in each of which one particle occupies one of the cells 


oo Cy). Hence there will be N! different eigenfunctions 
of type (50), which we may derive from (50) by permuting the letters 
Aimee. 2u0- Ay in all manner of ways. One of these eigenfunctions 


is (50) itself, and one of the others is represented by (51). We shall 
call these NV! eigenfunctions the fundamental eigenfunctions; they are 
neither symmetric nor antisymmetric. 

From these NV! fundamental eigenfunctions many different varieties 
of eigenfunctions may be built. The fact is that any linear combination 
(with constant coefficients) of the N! fundamental eigenfunctions is it- 
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self an eigenfunction. Among the linear combinations that may be con- 
structed, two stand out prominently on account of their simplicity. A 
symmetric eigenfunction is obtained by adding the N! fundamental ones. 
We may represent it by 


(52) Dyaipsr i... yor. 


An antisymmetric eigenfunction is obtained by adding and subtracting 
in an appropriate way the various eigenfunctions of type (50). It may 
be expressed by the determinant 


Fk A, A 
Ee NRL 
A, A; Ay 
(53) Po, Yo, ek ne, 


Me Oe Avene A 
an wos Po. 
If we assume that the partial eigenfunctions y are normalized to 1, the 
eigenfunctions (52) and (53) will be normalized when we multiply 


rf ' . 
them by aaa The appropriateness of the names ‘‘symmetric’’ and 


‘‘antisymmetric’’ for the eigenfunctions (53) and (54) will be understood 
presently. 

Now, an eigenfunction gives the wave picture of a definite distribu- 
tion of the phase points among the cells, As such, it determines a micro- 
scopic state of the gas. Two eigenfunctions that are different (or the 
same) define therefore two microscopic states that will have to be re- 
garded as different (or identical). We conclude that the peculiarities 
of the eigenfunctions determine the peculiarities of the various micro- 
scopic states. Hence we shall be led to different conceptions of the 
microscopic states, and thereby to different statistics, according to whether 
we select one or another of the families of eigenfunctions. Let us first 
examine the fundamental eigenfunctions (50). 

To obtain a better understanding of the eigenfunctions (50), we shall 
suppose that the particles we have called Ay, Ao, Az are in the same eell Cy 
and the remaining (N — 3) particles in the cell Cy. The eigenfunction 
of type (50) which deseribes this distribution is 


Ay dig AeA A 
(54) Voi Vo. Vo, Yo, es Yor 


All other eigenfunctions which correspond to 3 particles in the eell Cy 
and the remaining (N — 3) in the cell Cy are obtained by permuting in 
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all manner of ways the letters A;, Ao, 4g ..... Ay in (54). But, in 
contradistinction to what occurred in (50), the various permutations will 
not always yield different eigenfunctions. For instance, if in (54) we per- 
mute the particles A;, A, and Az; among themselves or the particles 
Apne. Se Ay among themselves, the expression (54) obviously re- 
mains unchanged, so that the eigenfunction (54) is not modified. For a 
permutation in (54) to yield a different eigenfunction, the particles that 
are interchanged must belong to the two different cells C, and Cy. Cal- 
culation then shows that the total number of different eigenfunctions 
which correspond to 3 particles in the cell C; and (N —3) in the cell 
Cy is 


N! 
SLC — 3) t- 


Since different microscopic states are determined by different eigen- 
functions, we conelude that the interchanges of particles situated in the 
same cell do not furnish different microscopic distributions, and that, 
only when particles are exchanged between different cells (or when a 
particle is removed from a cell to a different one), does a new microscopic 
state arise. As a result, the number (55) defines the number of different 
microscopic states in each of which 3 particles are situated in the cell 
C; and (N — 8) in the cell Cy. Finally, if we assume that the different 
eigenfunctions have the same a-priori probability, we must extend the 
same equiprobability to the different microscopic states. The number 
(55) then defines the probability that 3 particles will be in the cell C, 
and N — 8 in the cell Cy; hence (55) defines the probability of the corre- 
sponding macroscopic state. The statistics which we thus obtain is 
obviously the statistics of Boltzmann. Thus, when we select eigenfunc- 
tions of type (50), Boltzmann’s statistics is the natural outcome. 

Next we consider the symmetric eigenfunction (52). It is composed of 
a sum of terms, and whereas in the first term the particles A; and As are 
associated with the cells C, and Cs respectively, we should find that in 
the remaining terms the particles A, and Ay are associated in turn with 
all the other cells. The same situation is apparent in the antisymmetric 
eigenfunction (53). We cannot therefore connect the particle A, with 
any particular one of the N cells; the particle seems to be situated in all 
the cells at the same time. We have already commented on this situation 
in connection with two particles ; it illustrates the vagueness which often 


arises when we attempt to translate the wave picture into the particle 
one. 


(55) 
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This situation is brought to light in another way when we interchange 
particles. If we exchange, say, the two particles A; and A», the sym- 
metric eigenfunction (52) undergoes no change whatsoever. Hence we 
must suppose that an exchange of particles does not eenerate a new 
microseopie distribution. More generally, all permutations of the par- 
ticles leave the symmetric eigenfunction unaffected. For this reason the 
eigenfunction is called symmetric. At the same time, since an inter- 
change never generates a change in the eigenfunction and hence in the 
microscopic state, we must conclude that the particles cannot be differ- 
entiated and cannot be credited with any individuality. 

The same condition holds for the antisymmetric eigenfunctions. Thus 
in (53), if we exchange A; and Ag, we are exchanging two columns of 
the determinant. This change reproduces the same determinant, or 
eigenfunction, except that its sign is reversed. However, a change of 
sign is trivial and does not modify the nature of the eigenfunction, so 
that here also interchanges of particles do not generate different micro- 
scopic states. Thus, the particles lose their identity as before. More 
generally, we find that all even permutations leave the determinant (53) 
unaltered, whereas odd permutations change its sign. To this feature is 
due the name antisymmetric given to the eigenfunctions of type (53). 
Symmetric and antisymmetric eigenfunctions will thus furnish a form 
of statistics in which all interchanges among particles will have to be 
disregarded as meaningless. 

Let us examine more closely the difference between these two kinds 
of eigenfunctions. In the symmetric eigenfunction, we shall show that 
two or more particles may be situated in the same eell. For instance, 
in (52), if we replace Co, C3, ....-- Cy by C1, we are implying that all 
the N particles are situated in the cell C4. Now, the original eigen- 
function is changed thereby into a new one, but since it does not vanish, 
we conclude that the situation contemplated is a possible one. Suppose 
we follow the same procedure with the antisymmetric eigenfunction GR 
All the rows of the determinant become identical, and as a result the 
determinant, or the eigenfunction, vanishes. A vanishing eigenfunction 
implies that the situation contemplated is impossible. Hence the particles 
cannot all be in the same cell when antisymmetric eigenfunctions are 
selected. In point of fact, we cannot have more than one particle in the 
same cell; for if in the determinant (53) we replace, say, C2 by C3, the two 
top rows become identical, and so the determinant or eigenfunction 
vanishes. The net result is that, in the statistics derived from the anti- 
symmetric eigenfunctions, a cell can contain only one particle or none. 

We may now easily verify that the symmetric eigenfunctions lead to 
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the statistics of Bose and that the antisymmetric ones yield the statistics 
of Fermi. To verify this statement, we recall that the symmetric eigen- 
functions entail the identity of those microscopic states which are de- 
rived from one another by mere interchanges of particles. We conclude 
that the statistics which ensues from the use of the symmetric eigen- 
functions will differ from the statistics of Boltzmann in that the foregoing 
microscopic states will be regarded as identical. But this is precisely the 
characteristic of the Bose statistics. Hence the symmetric eigenfunctions 
lead to Bose’s statistics. 

On the other hand, when we utilize the antisymmetric eigenfunctions, 
not only do we have to view all the foregoing microscopic states as 
identical, but we must also regard as impossible the presence of more 
than one particle in a cell. And these restrictions are precisely those 
embodied in the statistics of Fermi. Thus, the antisvmmetrie eigenfune- 
tions lead to the Fermi statistics. In short the statistics of Boltzmann, 
of Bose, and of Fermi appear to be various possible statistics derived 
from the wave treatment. 

Other points should be mentioned in connection with Fermi’s statis- 
tics. In Fermi’s original treatment, an elastic force was introduced for 
the purpose of quantizing the translational motions of the molecules. In 
the wave treatment, this unsatisfactory feature is obviated, for the sta- 
tistics follows directly from our choice of the eigenfunctions. We have 
also seen that Fermi was guided to his statistics by Pauli’s exclusion 
principle, which states that no two electrons in an atom can be associated 
with the same four quantum numbers. The existence of four quantum 
numbers is due to the spin of the electron which adds a fourth degree of 
freedom to the three translational ones. If, then, we wish to view the 
Fermi statistics as a mere consequence of Pauli’s principle, we must sup- 
pose that the particles are spinning as well as undergoing translational 
motions. This supposition does not introduce any new assumption (at 
least in the case of electrons and protons), for we have seen that Dirae’s 
relativistic wave equation entails the existence of a spin. The only com- 
plication caused by the spin is that the eigenfunctions utilized will have 
to incorporate this spin. 

Summarizing the wave treatment of the various statistics, we conclude 
that when no interaction is assumed among the particles, the statisties of 
Boltzmann, Bose, and Fermi appear to be equally justified. In addition 
to these three statistics, others may be considered, for the symmetric and 
the antisymmetric eigenfunctions are only some among those that we 
might have constructed. The wave treatment does not therefore impose 
any particular form of statisties; it merely suggests different possibilities, 
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The wave treatment does, however, show that transitions cannot oceur 
from the symmetric to the antisymmetric states, and vice-versa. We ex- 
plained this restriction on page 766 in connection with the helium atom. 
In the present case it implies that the Bose and the Fermi statistics are 
mutually exclusive, so that if one of the two statistics is valid at the 
start, it will remain so throughout time. But in the final analysis, the 
choice of the statistics in any particular case is not dictated by the wave 
theory ; it is imposed by considerations of an empirical nature. So far 
as can be determined, the Bose and the Fermi statistics are the only two 
that are possible. The Bose statistics applies when the particles carry 
an even multiple of the fundamental charge ¢ (or no charge at all, e.g., 
photons), whereas the Fermi statistics is the correct one when the charge 
of each particle is an odd multiple of the fundamental charge e. 

Our conclusions up to this point are based on the assumption that 
the particles do not interact. If there are small mutual actions, we may 
proceed to calculate the eigenfunctions by the method of successive 
approximations, as was explained in connection with the helium atom 
(Chapter XXXV). In this event the eigenfunctions of type (50) and 
with them the Boltzmann statistics are ruled out as impossible. On the 
other hand, the eigenfunctions (52) and (53) are imposed as first approx- 
imations. Further approximations do not affect the characteristic 
features of these eigenfunctions, namely, their svmmetrie or antisym- 
metric properties. Since it is these properties which lead to the statistics 
of Bose and of Fermi, we conclude that in the event of interactions the 
last two statistics are the ones to be expected. 


CHAPTER XLI 
QUANTUM MECHANICS AND CAUSALITY 


CiassicaL physicists believed that the evolution of any physical 
system could be represented by a continuous chain of events causally 
related. But when Planck advanced his quantum theory of equilibrium 
radiation, science was confronted with a doctrine in which the succession 
of events was not continuous, and in which causal relations between suc- 
cessive events were not specifically asserted. The highly speculative 
nature of Planck’s ideas prevented them from receiving immediate accept- 
ance; but around the year 1907, the remarkable successes of Planck’s 
theory in other realms of physies silenced all opposition, and from then 
on serious doubts were cast on the validity of rigorous causality in 
physical science. Poincaré, after his return from the Solvay Congress 
of 1911, gave expression to these doubts in the following passage: 


‘Newton realized (or thought he realized—today we are beginning 
to wonder) that the state of a mobile system, or more generally of the 
universe, depended only on its immediately preceding state; and that 
all change in Nature occurred continuously. . . . Well, it is this funda- 
mental belief that is being questioned today.’’ 


The doubts alluded to by Poinearé did not, however, stimulate much 
discussion at the time, for the quantum theory was still in its infancy, 
and the prevalent feeling was that a deeper study of quantum processes 
might eventually reveal an underlying continuous causal scheme. 

In 1912 and in the following years Bohr developed his quantum theory 
of the atom. In spite of its many triumphs, this theory was unable to 
foretell the durations of the various excited states, and to predict there- 
fore at what exact instant a given energy drop should occur and the 
corresponding radiation be emitted. With the failure of Bohr’s theory 
to give information on individual processes, statistical methods and hence 
probability considerations appeared to offer the only avenue of advance. 
The systematic introduction of probability coefficients in the study of 
Bohr’s atom was undertaken by Einstein in 1917 (see Chapter XXVIII). 

Now, the intrusion of probability coefficients in a theory of mathe- 
matical physics does not necessarily connote the absence of underlying 
rigorous laws. For instance, the classical kinetic theory of gases is a 
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statistical theory, and, as such, it appeals to probability considerations. 
Novertheless the theory is based on the assumption that the rigorous 
laws of mechanics control the motions of the gas molecules. Indeed, the 
only reason for introducing probabilities in the study of gases is to 
obviate the insuperable mathematical difficulties which a direct applica- 
tion of the mechanical laws would involve. The mechanical laws, how- 
ever. are utilized indirectly, for it is by their means (and also by accept- 
ing the ergodic hypothesis) that the probabilities are computed. 

But in the quantum theory, the situation is entirely different. For 
example, when we consider the probabilities of the quantum drops, the 
underlying rigorous laws (if there be any) which control these drops 
are unknown, and so we cannot proceed, as we did in the kinetic theory, 
by calculating the probabilities from the laws. Einstein, we recall, ob- 
tained some insight into the numerical values of these quantum probabili- 
ties by pursuing a semi-empirical course ; namely, by selecting the a-priort 
probabilities of emission and of absorption in such a way that Planck’s 
statistical radiation law would be satisfied. It is true that thanks to the 
more modern methods of quantum mechanies, these probabilities may be 
computed theoretically ; but. even so, their computation is not based on 
the assumption of rigorous laws controlling individual processes. A 
decision on whether such laws truly exist is thus a mere matter of opinion. 

Despite the difficulty of arriving at a definite conclusion, Bohr at one 
time maintained that the cumulative evidence drawn from the quantum 
theory pointed to the absence of rigorous laws for individual atomic 
processes. Le denied, in particular, any absolute validity to the mechan- 
jeal laws of conservation of energy and of momentum. The semblance 
of rigor, which these laws seemed to betray in many phenomena, was 
ascribed by Bohr to a statistical effect generated by the large number of 
individual processes taking place. According to this view, the laws of 
conservation joined the law of entropy in having only a statistical validity. 

Bohr’s views may be illustrated in connection with the Compton 
effect. A beam of X-rays is directed against matter containing loosely 
bound electrons. The X-rays are found to be deflected with loss of 
energy (decreased frequency) in various directions, and some of the 
electrons are ejected from the matter. The original interpretation of 
this effect was furnished by Compton himself. Compton assumed 
that the radiation was formed of onrushing corpuscles (photons) ; the 
incident photons collided with the electrons, rebounding with decreased 
energies, and at the same time the electrons were driven out of the matter 
by the impacts. The impacts were supposed to be perfectly elastic and 
hence of the same kind that occur when perfectly elastic billiard balls 
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collide. By applying to the collisions the mechanical laws of conserva- 
tion of energy and of momentum, Compton was able to give a good quan- 
titative account of the deflections actually observed. 

In Compton’s interpretation, the laws of conservation establish a pre- 
cise causal connection between the impact of a photon and the ejection 
of an electron. But in Bohr’s interpretation, where the laws of conserva- 
tion are viewed as statistical, the precise causal connection no longer 
exists. We must now suppose that, under the influence of the incident 
radiation, the atoms of the matter pass over into a state conducive to 
the emission of electrons and then eject the electrons at random. At the 
same time the photons are deflected with decreased energies, also at 
random. In short, there is no immediate causal connection between the 
arrival of a photon and the ejection of an electron. The semblance of a 
causal connection is due to a general statistical effect. 

With the idea of testing the merits of the two interpretations, Bothe 
and Geiger devised an experiment. The ejected electrons and the deviated 
photons were received into suitably disposed ionization chambers, where 
their entrance could be detected. If Compton were right, the penetrations 
of an electron and of a photon in the respective ionization chambers 
should be simultaneous; whereas if Bohr’s interpretation were correct, 
the penetrations should occur independently and at random. The experi- 
ment showed that simultaneous penetrations occurred frequently, far 
more frequently than would be expected on the basis of the laws of proba- 
bilities. Indeed, when account was taken of parasitical effects which could 
not easily be avoided, simultaneous penetrations were found to be the 
rule. Thus, the experiment established the existence of rigorous causal 
connections for the individual atomic processes ; and so, Bohr recognized 
his error. 

When Heisenberg discovered his uncertainty relations, in 1927, a 
new element was injected into the discussions ; and doubts on the existence 
of rigorous causality became widespread. But before considering the 
conclusions of the quantum theorists, we must recall the more important 
features of the classical causal doctrine. 

Commonplace experience shows that inorganic phenomena appear to 
be causally related; and from this elementary observation arose a belief 
in rigorous causality. The causal doctrine may be compressed into the 
statement: The evolution of any self-contained, or isolated, system is 
determined by the initial state of the system. 

Now, in physical science, all prospective laws, or doctrines should be 
submitted to experimental tests. Only thus can any assurance of their 
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accuracy be obtained.* Classical physicists realized, however, that for 
a number of reasons the doctrine of causality could not be tested rigor- 
ously : firstly, because the inaccuracies attendant on all human measure- 
ments precluded the possibility of accurate observation ; secondly, because 
perfectly isolated systems were unattainable idealizations. They argued 
that the only truly isolated system was the system represented by the 
entire universe, and that, in view of the tremendous number of cross 
influences that would have to be taken into account in so complicated 
a system, the existence of perfectly rigorous causal connections would 
be impossible to verify. 

Classical physicists also recognized a logical difficulty which has since 
been stressed by the quantum theorists. This difficulty results from the 
fact that an observation requires an observer and a system that is observed ; 
in other words, there must be a subject and an object. If this division 
is ignored, circularity cannot be avoided. Let us suppose, then, that we 
have at our disposal an ideally isolated system which does not comprise 
the entire universe; and that we ourselves, as observers, do not form a 
part of the system, so that the necessary distinction between subject and 
object is respected. To observe the state of the system and its subsequent 
evolution, we must perform measurements on its internal processes. But 
measurements issue from interactions between the processes to be meas- 
ured and our measuring instruments, which are foreign to the system. 
Measurements are therefore incompatible with the isolation of the system. 
Thus, we cannot observe the internal processes and hence we cannot test 
the presence of rigorous causal connections. 

To overcome this difficulty, we might include ourselves and our measur- 
ing instrument in the system to be observed. We should then have a 
single isolated system of which we ourselves would form a part. Measure- 
ments, being now internal to the system, could be made without destroying 
its isolation. But here the confusion between the subject and the object 
would render observation impossible, for the sum total of the processes 
taking place in the isolated system would include not only the processes 
originally contemplated, but also the processes involved in the workings 
of our brain and in the cognitive act generally. Apart from any qualms 
we might feel in extending rigorous causality to vital activities, the 
circularity of the situation would of itself preclude the possibility of 
observation. 

* The general objection that no test or series of tests can demonstrate the univer- 


sality of a law is disregarded, for if tests are rejected as useless, no definite conclu- 
sions can ever be drawn. 
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From this analysis we might suppose that, even if perfectly isolated 
systems of manageable proportions were to exist in this universe, we 
should still be unable to observe their evolution with absolute rigor. A 
rigorous test of causality being unattainable, a blind adherence to the 
causal doctrine would seem to be a questionable procedure. Classical 
scientists, however, dismissed these elementary difficulties for the fol- 
lowing reasons: 

(a) They claimed that, though in practice there were no perfectly 
isolated systems (other than the entire universe), some systems were 
more nearly isolated than others, and that in view of the varying de- 
grees of isolation, there was no objection to our imagining a perfectly 
isolated system. 

(b) They conceded that the measurements performed from without 
on the internal processes of an isolated system would disturb these 
processes and would thereby destroy the system’s isolation. But, as 
against this, they argued that the disturbances were contingent, being 
mere effects of human clumsiness; that by exercising sufficient care we 
could reduce these disturbances indefinitely; and that a super-experi- 
menter could measure without disturbing. For these reasons they 
concluded that the principle of strict causality, though it eluded an 
experimental test in practice, might be submitted to such a test in theory. 

Of course the classical physicists recognized that the foregoing argu- 
ments could not establish the validity of the rigorous causal doctrine, for 
the bare theoretical possibility of testing a doctrine could not of itself 
ensure the doctrine’s validity, and so long as no practical test was 
possible the truth of a doctrine necessarily remained in doubt. But they 
argued that a doctrine which could be tested in theory was on safer 
ground than one which could not be so tested. To this extent therefore, 
the classical arguments served to dispel any a-priori objections against 
the doctrine of rigorous causality. 

The essence of the classical arguments (a) and (b) is the belief that 
we may appeal to a kind of limiting process of thought, thanks to which, 
disturbances and extraneous influences may progressively be reduced to 
the vanishing point. By applying this limiting process to approximate 
causality (which was known to be valid), classical physicists inferred 
the existence of rigorous causality. As we shall see, it is the foregoing 
limiting process of thought that is ruled out as unjustified in the new 
quantum theory—and this leads us to Heisenberg’s uncertainty relations. 

According to the uncertainty relations, we cannot obtain simultaneous 
accurate information on the position of a particle at a given instant and 
on its momentum and energy. Since in mechanies, the position and the 
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momentum of a particle determine its state, we conclude that the state 
of a particle cannot be determined. Consequently, we cannot decide 
whether or not a given initial state determines the subsequent states ; 
and, as a result, the existence of rigorous causal connections and of rigor- 
ous laws cannot be tested in mechanics. Inasmuch as similar uncertainty 
relations hold in other fields of physical science, the conclusions which 
we have arrived at in mechanics must be extended to the physical world 
in general. 

In Chapter XXX we mentioned that the uncertainties must be 
attributed to the disturbances which our measurements generate. We 
also saw that these disturbances must not be confused with the contingent 
ones which accompany all human observations. In contradistinction to 
the latter, the quantum disturbances are essential; they owe their ex- 
istence to the non-vanishing value of Planck’s constant h. For this 
reason even a super-experimenter could not avoid them. 

Let us now revert to the classical argument which defended the 
theoretical possibility of verifying the causal doctrine by experiment. 
This argument maintained that, by appealing to a limiting process of 
thought, we could imagine perfectly isolated systems, the internal 
processes of which could be observed accurately without being subjected 
to disturbances. This classical argument now becomes untenable, for 
the limiting process of thought, though conceivable of course in a purely 
formal sense, cannot be utilized in the construction of a philosophy of 
physical Nature. The limiting process is now claimed to break down 
eventually because Nature, through the quantum of action h, imposes a 
boundary beyond which the process cannot be extended. Beyond this 
boundary nothing but vagueness and uncertainty would be found. To 
appeal to the limiting process would thus be to reason on a world which 
is not the one in which we live. The difference between the classical and 
the modern stand may be expressed in the statement: Whereas classical 
science believed that the sequence of successive approximations in our 
measurements converged to a limit, the uncertainty relations show that 
there is no such convergence. Thus, not only is a test:of rigorous causality 
excluded for practical reasons, but it is also seen to be impossible in 
theory—at least in this world of ours. Let us observe that the refuta- 
tion of the classical argument does not reflect on the logic of the earlier 
physicists; it issues solely from our increased knowledge of natural 
processes, 

Many thinkers will contend that the new views have not settled the 
problem of rigorous causality in its major aspects; they will maintain 
that the theoretical impossibility of an empirical test does not of itself 
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invalidate a doctrine. Be this as it may, the uncertainty relations have 
uncovered limitations heretofore unsuspected. 

As we may well imagine, the novel situation created by the quantum 
theory has led to various interpretations. We shall first examine the 
views of the quantum theorists, Bohr, Heisenberg, and Dirac. Accord- 
ing to these thinkers, the classical doctrine of causality for individual 
processes must be abandoned and a modified form of the causal doctrine 
accepted in its stead. But it would be incorrect to suppose that the re- 
jection of the causal doctrine was undertaken solely on the basis of the 
arguments previously listed; the whole body of facts encompassed by 
the quantum theory was also given careful consideration. 


Bohr’s Principle of Complementarity—We mentioned that Bohr 
at one time believed that the mechanical laws of conservation of 
momentum and energy had only a statistical validity for individual 
processes. Subsequently, the Bothe-Geiger experiments showed that 
Bohr was mistaken, and that rigorous conservation held for the individual 
impacts between photons and electrons. Since the conservation laws 
illustrate causal relations, we may say that the foregoing experiments 
established the existence of rigorous causality for individual processes. 
At first sight this conclusion appears incompatible with the philosophy 
we have credited to the quantum theorists. But Bohr, in his principle of 
complementarity, has shown that the incompatibility is more apparent 
than real. Bohr’s principle is today generally accepted by the leading 
quantum theorists. Strictly speaking, it does not embody a thorough- 
going rejection of the causal doctrine; rather-does it exhibit a eompro- 
mise between rigorous causality and complete indeterminism. 

The significance of Bohr’s principle is readily understood when we 
adopt a relativistic interpretation for Heisenberg’s uncertainty relations. 
In Minkowski’s 4-dimensional space-time, a measurement of position 
and of time may be represented by a point which, on being joined to the 
origin, determines a 4-dimensional vector called a space-time vector. A 
measurement of momentum and of energy determines another vector 
called the momentum-energy vector. Heisenberg’s uncertainty relations, 
which connote the impossibility of obtaining a simultaneous knowledge 
of the space-time position of a particle and of its momentum and energy, 
may therefore be expressed by the statement: The space-time vector and 
the energy-momentum vector cannot be foeussed simultaneously; the 
better the one is focussed, the more blurred does the other become. Now, 
the rigorous conservation of momentum and of energy has a meaning 
only insofar as momentum and energy can be accurately defined, and 
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this is possible only when the momentum-energy vector is rigorously 
focussed. The space-time position then becomes utterly uncertain, so 
that the rigorous laws of conservation are incompatible with an accurate 
localization in space-time. Thus, the rigorous conservation laws, which 
illustrate rigorous causal connections, may be retained but only when 
an accurate space-time localization is relinquished. Conversely, when 
an accurate localization is secured, rigorous conservation laws cease to 
hold. These results may be generalized into the statement: A rigorous 
space-time description and a rigorous causal sequence for individual 
processes cannot be realized simultaneously—the one or the other must 
be sacrificed. This statement expresses Bohr’s Principle of Comple- 
mentarity. 

A few illustrations will be helpful. Suppose two elastic particles enter 
into collision. If we determine with accuracy the momenta and the 
energies of the two particles before and after the collision, the laws of 
conservation may be verified. But, according to the uncertainty rela- 
tions, the space-time positions of the particles before and after the col- 
lision are now uncertain; the particles may be anywhere. Though energy 
and momentum are conserved, we cannot say where and when this con- 
servation is realized, so that to this extent the space-time description 
eludes us. The other extreme case occurs when the space-time positions 
of the two particles are accurately determined. The momenta and the 
energies are then uncertain, and rigorous conservation cannot be asserted. 
When we recall that the conservation laws for particles are special 
examples of causal relations for individual processes, we see that the 
foregoing illustrations exhibit the incompatibility between strict causality 
and an accurate space-time description. Bohr’s principle is thus verified. 
In practice neither of the two extreme cases just considered is realized. 
Usually we know more or less where the particles are situated and we also 
have some knowledge of their momenta and energies. In practice there- 
fore the space-time description is not accurate and conservation is not 
rigorous. 

The processes occurring in an isolated system furnish another example 
of Bohr’s principle. We first assume that the observer is exterior to 
the system. In this case a space-time observation of the internal processes 
of the system is precluded by the system ’s isolation. Consequently Bohr’s 
principle is consistent with the assumption that the internal processes 
are controlled by rigorous laws.* Since, however, the only truly isolated 


* An atom which is not radiating furnishes an example of an isolated system. We 
know that the internal energy state of the atom remains unchanged, so that conserva- 
tion of energy is satisfied. The causal principle is thus verified jn this case. 
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system is represented by the entire universe, we may dismiss the foregoing 
hypothetical situation and restrict our attention to the case where the 
observer and his measuring devices are contained within the system 
(t.e., the universe). Here the distinction between subject and object 
becomes confused, and so, as before, observation is impossible. Accord- 
ingly, Bohr’s principle allows us to postulate rigorous causal connections. 
Needless to say, however, no use can be made of these connections. 
Heisenberg, commenting on these considerations, writes: 


‘‘The chain of cause and effect could be quantitatively verified only 
if the whole universe were considered as a single system—but then physics 
has vanished, and only a mathematical scheme remains. The partition 
of the world into observing and observed systems prevents a sharp formu- 
lation of the law of cause and effect.’’ * 


Bohr has interpreted his principle of complementarity as implying 
that an exact localization in space-time on the one hand, and rigorous 
causal relations on the other, illustrate two different aspects of reality. 
Reality itself is not depicted correctly by either one of these two modes 
of representation considered singly. The two aspects are viewed as 
‘“‘eomplementary’’; and it was to stress this feature that the name 
“‘principle of complementarity’’ was given by Bohr to his principle. 

In Chapter XXX we explained Heisenberg’s and Bohr’s interpre- 
tation of a wave picture. We may readily verify that this interpretation 
and the principle of complementarity express the same philosophy. For 
example, when the momentum and energy of an electron are measured 
with a high degree of accuracy, with the result that the space-time 
position of the electron becomes uncertain, Heisenberg and Bohr would 
say that the electron has become diffused throughout a certain volume 
of space-time. Now, to say that an electron has become diffused implies 
that it can no longer be located at a definite space-time point. This 
circumstance in turn may be ascribed to a breakdown in the space-time 
form of representation; and we may say that space-time becomes pro- 
gressively blurred as the momentum and energy measurement is per- 
formed with increasing accuracy. We are thus led to the conclusions 
expressed in Bohr’s principle of complementarity. 

We mentioned that the attitude of Heisenberg and Bohr removed 
many contradictions from the wave picture, and that for this reason 
among others it appeared to be justified. In view of the intimate con- 
nection between the ideas of Heisenberg-Bohr and the principle of com- 
plementarity, the arguments listed in previous chapters in support of 


* The Physical Principles of the Quantum Theory, p. 58. 
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these ideas furnish an equal measure of support to the principle. Thus, 
in addition to the uncertainty relations on which the principle of com- 
plementarity is based, this principle is rendered plausible by important 
indirect evidence. On a later page some of the indirect evidence will be 
reviewed. 

Bohr’s principle and its implications embody the philosophy which, 
according to the quantum theorists, should replace the classical doctrine 
of causal relations for individual processes. It is therefore of interest 
to determine on what points the two philosophies differ. In discussing 
the classical doctrine, we did not emphasize the fact that the events form- 
ing a causal chain were assumed to be susceptible of localization in space- 
time. This peculiarity was not mentioned because it was taken for 
granted. For instance, when the classical physicist stated that the laws 
of conservation (and hence rigorous causal connections) were verified 
in the collision of two particles, he also claimed that it was possible to 
specify the exact space-time point at which the collision and the causal 
exchange of momentum and energy had taken place. 

Now, the principle of complementarity does not require that, in all 
eases, strict causal connections for individual processes be impossible. 
The principle merely denies the possibility of our picturing with accuracy 
a sequence of causally related events in space-time. We may, if we choose, 
consider a sequence of causally related events, but we shall then be unable 
to secure a precise space-time representation of this sequence, and vice- 
versa. These considerations exhibit one of the differences between Bohr’s 
principle and the classical doctrine; at the same time they justify our 
former statement that the principle of complementarity is a compromise 
between classical causality and indeterminism. 

Another difference in the two philosophies concerns the distinction 
between subject and object. In the classical scheme a system could, in 
theory, be observed without suffering any disturbance from the observa- 
tion ; and as a result the system was assumed to evolve in exactly the same 
way even when it was not observed. We could thus conceive of an im- 
personal outside world (the object), of which the observer (the subject) 
would become aware. In other words, a clear-cut separation between 
subject and object was deemed to be justified. But in the modern quan- 
tum theory, the observer, by changing the nature of his observations, 
may destroy the space-time form of representation or else the causal 
chain. The outside world is thus deeply affected by the actions of the 
observer. A clear-cut distinction between the knowing subject and the 
passive object ceases to be possible. To this extent a subjective tinge 
colors the new philosophy. However, we must remember that it is not 
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the cognitive act, as such, which causes the disturbances; it is the physical 
measurements performed with a view of rendering the cognitive act 
possible. The disturbances are thus of physical and not of psychic origin. 
To be sure, the cognitive act by supplementing the physical measurements 
does affect the mathematical representation, whether the latter be 
expressed by means of waves or of quadrie surfaces in the Hilbert space. 
But no mystery is attached to this additional modification, for it is of 
the same kind that occurs in our daily life when the probability of a 
certain event is modified by an increase in the information at our disposal. 

Lastly, let us inquire whether there is any conflict between the prin- 
ciple of complementarity and the possibility of obtaining a space-time 
representation for causal processes on the commonplace level of experi- 
ence. We have already answered this question in the negative in the 
course of the present work. Thus we have seen that the principle of 
complementarity issues from the uncertainty relations and we know 
that the importance of the uncertainties tends to vanish when the action 
involved in the phenomenon of interest is large compared with the 
quantum of action h. Since this is precisely the situation that is realized 
when we are dealing with bodies of average mass, we may reconcile 
Bohr’s principle with classical causality by saying: In all truth, rigor- 
ous causal connections and an accurate space-time representation 
cannot be focussed simultaneously and hence are mutually incom- 
patible, but a simultaneous focussing comes closer to realization when 
we approach the macroscopic level of ordinary experience. 

Thus far, in our analysis of the differences between the classical and 
the new school of thought, we have been concerned with the doctrines 
of rigorous causality for individual processes. Let us now pass to sta- 
tistical processes. Where statistical processes are involved, the new 
quantum philosophy retains the classical belief in strict causal relations 
accompanying the possibility of an accurate space-time description. The 
principle of complementarity thus ceases to play any part. Let us note, 
however, that statistical processes connote probabilities, so that the 
vagueness which was inherent in the principle of complementarity is 
merely replaced by the vagueness that. surrounds probabilities. 

As an example, let us consider the evolution of a wave picture in 
wave mechanics. The waves, being controlled by rigorous mathematical 
laws, represent causally related events unfolding themselves in space- 
time. But we have seen that these waves do not represent individual 
physical processes ; they are symbolic and serve to measure the probabili- 
ties of individual processes. In short, it is only the probabilities of 
individual processes (and not the individual processes themselves) that 
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are causally related and that can be pictured in space-time. The sta- 
tistical method of approach thus appears to be fundamental in quantum 
mechanics. 

These considerations entail interesting consequences. In classical 
physics, the probabilities, which were introduced in many theoretical 
discussions, were supposed to be derivable from underlying rigorous laws 
controlling individual processes. The classical probabilities were thus 
mere makeshifts, and for a statistical theory to rest on solid ground, the 
probabilities utilized had to be calculated rigorously. We recall in this 
connection that Boltzmann assumed the equiprobability of the microscopic 
states in the kinetic theory, and that this assumption could be justified 
only in part on theoretical grounds. A complete justification required 
the acceptance of the ergodic hypothesis, a hypothesis which could receive 
no theoretical support. For this reason Kelvin rejected Boltzmann’s 
kinetic theory. But in the quantum statistics of Bose and of Fermi, 
where the equiprobability of the microscopic states is also assumed, the 
situation is entirely different and Kelvin’s objection would lose its force. 
For now the probabilities are themselves fundamental and cannot even 
in principle be traced to underlying rigorous laws since the latter are 
inexistent. Weare therefore justified in postulating whatever probabili- 
ties appear to yield results consistent with the facts of observation. Thus, 
the new outlook removes the type of difficulty noted in connection with 
the ergodic hypothesis. 


The Controversies on Quantum Mechanics—The new quantum 
theory indicates that we cannot, even in theory, test the classical doctrine 
of causality. On the strength of these findings, the quantum theorists 
have rejected classical causality, adopting the principle of complemen- 
tarity in its place. 

Those who are opposed to the revolutionary implications of the 
principle will presumably claim that the impossibility (even theoretical) 
of testing a doctrine does not necessarily prove that the doctrine is erron- 
eous; and on this basis they might propose to retain the classical philoso- 
phy. But the weakness of this claim is that if we accept doctrines which 
cannot be verified in principle, no restriction is placed on caprice ; any- 
thing may then be postulated with impunity. 

But there is another way of contesting the philosophy of the quantum 
theorists. As a preliminary let us consider an example drawn from 
classical mechanics. According to mechanics the evolution of a self- 
contained conservative mechanical system is determined by the initial 
positions and momenta of its various parts. If, then, two perfectly elastic 
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billiard balls collide, we might suppose that a knowledge of the initial 
positions and momenta of the two balls should apprise us of their be- 
havior after the collision. Yet such is not the ease; only statistical results 
can be obtained from the mechanical laws. Here, our inability to predict 
precise results is due, not to any inherent indeterminism in Nature, but 
to the insufficiency of the information expressed in the initial conditions. 
If this information is supplemented by a knowledge of the diameters of 
the balls, our predictions become determinate.* Thus, the original 
semblance of indeterminism in our collision problem was caused by the 
incompleteness of our information. 

In other cases, a failure to predict future events with accuracy from 
a knowledge of initial conditions is due to the incompleteness of the laws 
on which our reasonings are based. For instance, Lorentz’s equations, 
which regulate the behaviour of electromagnetic fields in the presence of 
free electrons, constitute incomplete laws. An additional equation would 
be required to secure completeness. 

More generally, the predictions that can be derived from a theory 
are restricted by the concepts which the theory accepts as valid. If, then, 
a theory is deficient in relevant concepts, it may be unable to predict 
certain events with precision, even though these events are not mean- 
ingless and even though they occur in a perfectly determinate way.* <A 
theory of this latter type may be called incomplete. Thermodynamics 
furnishes an illustration: by restricting its field to macroscopic concepts 
and magnitudes, thermodynamics can give no information on microscopic 
occurrences. Yet this does not mean that microscopic occurrences are 
meaningless and cannot affect observable ores. Indeed, in the kinetic 
theory, these microscopic occurrences are made the basis of our specula- 
tions, and as a result many phenomena which thermodynamics was unable 
to anticipate can be predicted. At the same time the macroscopic concepts 
of thermodynamics, such as temperature, pressure, and entropy, are re- 
placed by mechanical concepts which apply to the individual processes. 

In view of the foregoing illustrations it is conceivable that the vague- 
ness of quantum mechanics (as is evidenced in the uncertainty relations) 
may be due to the incompleteness of the theory. If this be the case, no 
fundamental vagueness need be postulated in Nature. The claim that 
quantum mechanics is incomplete has been made by Einstein and by 


*The problem would also become determinate if the diameters of the balls were 
unknown, but if, as against this, the behavior of one of the balls after the collision 


was revealed to us. In this case, however, the problem would assume a teleological 
aspect, 


t Compare with Planck’s statement on page 89. 
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Planck. Einstein’s arguments are highly technical, dealing with the 
mathematics of the theory, and so we shall not consider them. In the 
following pages we shall confine ourselves to an elementary discussion. 

We recall that in the theoretical derivation of the uncertainty rela- 
tions from quantum mechanics, the uncertainties define a boundary be- 
yond which the theory can give no information. We are thus prompted 
to adopt one of the following alternatives : 

(a) The uncertainties are due to the incompleteness of quantum 
mechanics. 

(b) They express a fundamental vagueness in Nature. 

The quantum theorists, as we know, have accepted the second alter- 
native. Dirac writes: 


‘©When an observation is made on any atomic system which has been 
prepared in a given way and is thus in a given state, the result will not 
in general be determinate, i.e., if the experiment be repeated several 
times under identical conditions several different results may be ob- 
tained.’’ * 

An obvious objection to Dirac’s statement might be expressed as 
follows: 

What requirements must be realized for us to be justified in asserting 
that the conditions under which successive experiments are performed 
are identical? Until a rigorous method of determining the identity of 
such conditions is given, we shall always be free to suppose that differ- 
ences in the observed results arise precisely because the conditions are 
not identical. 

Let us consider, for instance, a collision between an electron and a 
photon, such as oceurs in the experiment with Heisenberg’s microscope. 
If we wish to repeat the experiment under identical conditions, we must 
operate each time with the same electron and the same photon. But 
even then, how can we be certain that the electron and the photon have 
remained unaffected by the first collision and that they will react in the 
same way during the following collisions? Furthermore, what right 
have we to assert that each successive collision always occurs under 
exactly the same conditions? As an example, two billiard balls may 
suffer a more or less glancing collision, and the behavior of the balls 
after the collision will differ accordingly. In short, it is easy enough to 
suggest any number of influences which might differ from one experiment 
to another, and which might thereby be responsible for the possibly 
erroneous belief in the fundamental indeterminism of Nature. 


* The Principles of Quantum Mechanics, p. 10. 


958 QUANTUM MECHANICS AND CAUSALITY 


However, we must grant that such criticisms are of so elementary a 
nature that even a child might suggest them; and we cannot expect them 
to have been overlooked by such deep thinkers as Heisenberg, Born, Dirac, 
and Bohr. Besides, the possibility that the quantum uncertainties are 
due to ignorance is so obvious that it was one of the first avenues to 
be explored. Born and Heisenberg, commenting on the quantum uncer- 
tainties at the Solvay Congress of 1927, stated: 


“Tt was thought at first that there was here a gap which would be 
filled when the theory was further investigated. Soon, however, it was 
recognized that this is not so, and that we are here faced with a deficiency 
of an essential kind, deeply anchored in the very nature of our ability 
to understand physical phenomena.’’ 


Let us, then, examine the evidence step by step and see what light 
can be thrown on the problem. The uncertainty relations are usually 
derived theoretically from quantum mechanics. But they may also be 
derived by following a different procedure—we refer to their derivation 
from the analysis of physical measurements. When we follow this latter 
procedure, only elementary quantum concepts need be utilized, the ad- 
vanced methods of quantum mechanies being disregarded. In particular, 
the only reference to the quantum theory consists in the assumption of a 


é : ts h 
corpuscular structure for light and in the erediting of the value = 


to the photon’s momentum. This value of the momentum is the one 
originally postulated by Einstein in the early days of the quantum 
theory. Now, when the uncertainty relations are derived from an 
analysis of measurements, they might appear ‘at first sight to be due to 
our ignorance of details affecting the processes measured. For in- 
stance in Heisenberg’s microscope, an electron is illuminated by 
y-rays, so that its position is accurately known. The collision of the 
incident photon with the electron gives a kick to the latter and changes 
its momentum by an unknown amount. In the elementary treatment 
of this problem, we proceed exactly as we would if two elastic billiard 
balls were to collide; the laws of conservation of momentum and energy 
are applied, and the uncertainty in the recoil of the billiard ball or 
electron arises only from the fact that we are not apprised of the angle 
under which the collision takes place. 

From this illustration we might infer that the uncertainties which are 
introduced into the analysis of measurements do not betray any funda- 
mental vagueness in Nature; they merely represent the price we have 
to pay for our neglect in stipulating all the data necessary for an accurate 
answer. But what makes the situation mysterious is that exactly the 
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same numerical values for the uncertainties are obtained when we vary 
the experiments in which the measurements are performed. Furthermore, 
we are again led to the same numerical values when we derive the un- 
certainty relations theoretically from the mathematics of quantum 
mechanics. It is difficult to understand how the uncertainties, if they 
are contingent, should always turn out to have the same values regardless 
of the manner in which we derive them. We ean scarcely claim that the 
agreement is due to chance. 

The most plausible explanation is to suppose that the reason the uncer- 
tainties are always found to have the same values is that they betray 
some fundamental characteristics of Nature. Under this view the vague- 
ness of quantum mechanics cannot be ascribed to any incompleteness of 
the theory; it must be traced to a deep-seated vagueness in natural 
processes. 

In spite of the cogency of the preceding argument, we doubt whether 
the quantum theorists would have adopted their indeterministic philoso- 
phy had there not been further evidence pointing in the same direction. 
We should be deceiving ourselves therefore if we were to pass on the 
new philosophy until all the evidence was heard and understood. As 
we shall see, no single argument by itself is convincing; it is the aggre- 
gate of a number of different arguments that gives weight to the new 
philosophy. 

A first argument issues from the mode of derivation of the uncertainty 
relations. If we assume that the uncertainties are due to the incomplete- 
ness of quantum mechanics, we must view them as expressing a statistics 
of individual processes, these latter processes being presumably controlled 
by rigorous laws. We shall now see that this solution does not appear 
possible. 

Thus the uncertainty relations may be derived theoretically from the 
matrix method or from wave mechanics. We prefer the former because 
the significance of the waves is as mysterious as that of the uncertainty 
relations themselves. The essence of the matrix method is to replace 
the familiar coordinates of position and of momentum of classical me- 
chanics by matrices. The commutation rules, which render calculations 
with matrices determinate, are mere refinements of Bohr’s quantizing 
conditions, which determine the stable energy levels in atomic systems. 
Since these commutation rules entail the uncertainty relations, we must 
suppose that the latter are closely connected with the existence of stable 
energy levels. Now the energy levels are not statistical manifestations ; 
they are revealed in individual atoms. Under these conditions it would 
seem that the uncertainty relations in turn cannot be of a statistical 
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nature, but that they must have the same fundamental significance as 
the energy levels. In short, the uncertainty relations cannot result 
from any looseness in our treatment of physical problems. We may 
grant, however, that the preceding argument is suggestive rather than 
convincing, for the introduction of matrices may be responsible for sta- 
tistical features being incorporated unawares. Let us, then, pass to a 
second argument. 

Bohr’s frequency condition, which is assumed to illustrate individual 
processes, is closely allied with one of the uncertainty relations. If we 
call AE the drop in energy and »y the frequency radiated, Bohr’s fre- 
quency condition may be written 

a AE 


= ——_ 


h 


But to recognize the frequency of a vibration, we must allow the lapse 
of sufficient time for one complete vibration to be performed. This 
interval of time is the period of the vibration and is defined by the 
inverse of the frequency. Consequently, we cannot state at what precise 
instant the radiation is emitted; all we may assert is that the emission 
of the radiation covers at least one period of the vibration. If we call 
At the interval of time which represents a period, Bohr’s frequency condi- 
tion becomes 


At.AE=h; 


and it is thus seen to be Heisenberg’s uncertainty relation between en- 
ergy and time. In it AH represents the uncertainty in the exact value 
of the energy of the atom while it is dropping’from one level to another, 
and At measures the uncertainty in the instant at which the photon is 
emitted. This illustration shows that the uncertainty relation, which is 
here derived from a phenomenon involving an individual process, cannot 
be claimed to owe its vagueness to a statistical outlook. 

A further argument which lends support to the fundamental nature 
of the uncertainties is found in the new statistics of gases. The par- 
titioning of the 6-dimensional phase space into cells of volume h? was 
originally devised by Planck in order to incorporate the ubiquitous quan- 
tum of action h into the gas theory. Planck recognized that by this means 
he could assign an absolute value to the entropy—a situation demanded 
by the third principle of thermodynamics. Planck’s partitioning of the 
phase space was therefore believed to illustrate something fundamental. 
Now, in the previous chapter we mentioned that this partitioning is a 
direct consequence of the uncertainty relations. We conclude that these 
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relations must likewise have a fundamental significance. Indeed, the 
very presence of the constant h in the expression of the uncertainty rela- 
tions points to the same conclusion. Moreover, we must remember that 
quantum mechanics may also be developed in the form of wave mechanics. 
Now, when de Broglie proposed his wave mechanics, his aim was to estab- 
lish a rigorous theory and not a mere statistical one. The fact that his 
theory eventually led to the uncertainty relations cannot therefore be 
traced to an unwarranted neglect of detail; rather does it show that these 
relations are inevitable and hence fundamental. 

More striking perhaps is the part the uncertainty relations play in 
accounting for the dual nature of light and matter. The appearance of 
light, now as a corpuscle and now as a wave, but never as both simultan- 
eously, cannot be due to a statistical effect. It is therefore remarkable 
to find that quantum mechanics accounts for the mutually exclusive 
features of the corpuscle and of the wave, and that furthermore it allows 
us to anticipate, in any given situation, which of the two aspects will 
be manifested. Such precise information would seem strange on the 
part of an incomplete theory. Finally, we may recall that no incon- 
sistency is involved between the vagueness of the uncertainty relations 
and the extreme accuracy with which rigorous causal relations may be 
represented in space-time on the macroscopic level. 

Many other arguments might be advanced. As we warned the reader, 
no one of these arguments by itself is absolutely convincing, but in their 
aggregate they do compel the recognition that more lies behind the 
philosophy of the quantum theorists than might appear at first sight. 

Einstein and Planck, however, have expressed the opinion that 
quantum mechanics is incomplete and that the introduction of new con- 
cepts may reinstate rigorous determinism. We cannot prophesy what 
the future may hold in store, but we may safely assert that at the present 
writing the new concepts have not been discovered, and that, if ever 
they are found, they will differ considerably from any we know of today. 
Thermodynamics was refined by the introduction of mechanical concepts, 
yet neither mechanical concepts nor the field categories can assist us in 
passing beyond quantum mechanics. Entirely new concepts will have to 
be devised. 
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Catalysers, 367, 590, 591 
Cauchy, 69, 117, 131, 142, 143, 147 
Causality, Chapter VII, 107, 265, Chapter 
XLI 
Newton’s statement of, 52-54 
Cayley, 117, 317, 318, 782 
Charge Cloud (Schrédinger’s wave me- 
chanics), 714-723, 728-732, 765, 
766, 900 
Charles, 378 
Charles’s Law, 378, 379 
Chemical Constants (thermodynamics) 
and their expression in quantum 
theory, 911, 912 
Chemical Equilibrium, 367-369, 419 
equilibrium constant, 367, 368, 369 
Chemical Reactions, 343, 344, 372, 418; 
see Thermochemistry, Photochem- 
ical reactions, and Chemical equili- 
brium 
endothermic reactions, 362, 364 
Clairaut’s equation, 329 
Clausius, 13, 16, 338, 339, 349, 351, 352 
Coherence (of waves); see under Waves 
Collisions 
elastic and inelastic, 222, 685-588 
of first kind, 589, 590, 595 
of second kind, 445, 589-591, 596 
Combination Principle (spectroscopy) ; 
see Ritz’s Combination Principle 
Commutation (for matrices); see under 
Matrices 
Complementarity Principle (Bohr), 60, 
950-962, 953-955 
Complex Plane (mathematics), 139-142, 
143-154 
Complex Variables, 139-154; see also 
Functions of a complex variable 
conjugate complex magnitudes, 714, 
796, 814 
Compton, A. H., 7, 103, 469, 945, 946 
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Compton effect, 60, 103, 469, 470, 604, 
945 

Configuration space (mechanics), 266, 
267, 706, 728, 753, 755, 756, 759, 
760, 766, 810, 899, 900, 938 

Conformal representation (mathematics), 
316 

Conformal transformation (mathe- 
matics); see under Transforma- 
tions (mathematics) 

Conical refraction, 28 

Conjugate complex magnitudes; see 
under Complex variables 

Conjugate dynamical variables, 659, 660, 
829, 833-835, 887 

Conservation of Angular Momentum; 
see under Angular Momentum 

Conservation of the Density and Exten- 
sion in Phase (statistical me- 
chanics), 391, 393, 421, 906 

Conservation of Energy; see First Prin- 
ciple (under Thermodynamics) 

Conservation of Mechanical Energy; see 
under Energy (mechanical) 

Conservation of Momentum 3 See under 
Momentum 

Conservative properties, Chapter VIII 

Conservative system > see under Systems 

Contact action, 73 

Continuity of Change, 178, 179, 944 

Continuity and Discreteness, 61, 183, 626, 
627, 686 

Coordinates (generalized), 230, 231, 266, 
319 

Copernicus, 9, 10 

Core (of an atom); see under Bohr’s 
atom 

Corpuscular theories, 61-68, 64-69 

Corpuseular theory of light (Newton) ; 
see under Light (theories of) 

Correspondence Principle (Bohr), 40, 57, 
103, 441, 499-509; 512, 524, 525, 
562, 582, 594, 595-597, 602, 721, 
727, 752, 766, 820-822, 825, 831, 
833, 839, 841-844, 847, 850, 926 

Coulomb, 12 

Coulomb’s Law (electrostatics) , 75, 99, 
488 
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Crookes’ tube, 592 

Curves; see Functions 
Peano’s curve, 137 
Weierstrass’s curve, 136, 137, 166 


D 


Dantzig, T., 187 
Darwin, C. G., 894, 897 
Darwin, G. H., 24, 246, 252 
Davisson and Germer, 28 
experiment of, 635, 639 
Debye, 423, 464 
Degeneracy 
in Bohr’s atom, 526, 527, 529, 578, 583, 
701, 702 
in Schrédinger’s wave mechanics, 693, 
702, 705, 757, 758 
exchange or resonance degeneracy, 
759, 768, 771, 937 
in vibrations of solids, 685 
Degeneration of gases, 371, 411, 425, 588, 
912, 925, 926, 927, 930, 931 
Degradation of energy; see under Energy 
and under Thermodynamics (See- 
ond Principle) 
Degrees of freedom 
im mechanics, 230 
in thermodynamics, 357 
Democritus, 62 
Density in Phase (conservation of); see 
under Conservation of Density and 
Extension in Phase 
Derivatives 
ordinary, 166, 167 
partial, 171, 172 
Deseartes, 5, 10-12, 19, 23, 122, 124, 
207 
Descartes’ Law of refraction and reflee- 
tion, 5, 10, 257, 258, 259 
Differential Equations 
ordinary, 49, 54, 69, 167-171, 180, 181, 
184, 328-330; see also Hamilton’s 
equations 
partial, 69, 72, 171-177, 181-184 
their integration, 173-177 
Differential Equations and Natural 
Laws, 53, 54, 177-185 


INDEX 


Diffraction 
of de Broglie waves, 628, 631, 632, 635, 
638 
of electrons, 631-633, 635 
of light, 281, 300 
of X-rays, 634 
Dirac, P., 38, 41, 55, 107, 109, 444, 445, 
583, 630, 705, 729, 740, 754, 769, 
824, 834-837, 848, 856, 859, 863- 
887, 893-899, 950, 957, 958 
his integral equation, 877 
his relativistic wave equation, 897 
his theory of spinning electron, 41, 705, 
Chapter XXXIX 
Dirichlet (Lejeune), 117, 125, 134, 135, 
138 
Dirichlet’s function, 138 
Dirichlet’s Problem, 201, 316, 317, 320 
Dispersion (optics), 66, 67, 283, 293, 294, 
299 
for de Broglie waves, 615, 691 
Displacement law (radiation equilib- 
rium), 452; see also Wien’s rela- 
tion 
Distribution Law (statistical mechanics) ; 
see Maxwell’s Distribution Law 
Double refraction; see under Refraction 
Drude, 423 
Dulong and Petit’s Law, 422, 463 
Dupin’s eyclide, 313 


E 


Eddington, 86, 108 
Ehrenfest, 401, 465, 494, 907 
Eigenfunctions 
in theory of vibrations, 678, 679, 681- 
688, 685 
in Schrédinger’s wave mechanics, 692- 
695, 698-708, 712-715, 737, 879, 
880, 881, 885, 935-943 
their normalization, 715, 730, 
737, 760, 761, 939 
their orthogonality, 737 
symmetric and antisymmetric, 
767, 773-778, 937-943 


731, 


764- 


967 
Eigenvalues 
in theory of vibrations, 678, 681-688, 
685, 686 


for matrices, 799, 802, 805, 807, 859, 
862, 874, 875, 883 
in Schrédinger’s wave mechanics, 692- 
699, 702, 705, 709, 879, 883 
Hinstein, 18, 34, 37, 54, 56, 57, 79, 86, 95, 
107-110, 112, 113, 176, 198, 373, 
412, 417, 423, 426, 432-437, 443, 
445, 463, 465, 467, 468, 470, 496, 
593, 598, 599, 605, 646, 653, 917, 
919, 924-926, 928, 930, 944, 945, 
956-958, 961 
Einstein’s probability coefficients of 
emission and absorption, 598, 599, 
822, 944 
his theory of relativity; see Relativity 
(See also his law of Photo-chemical 
reactions, Wis gas theory (under 
Statistics), his theory of specific 
heats (wnder Specific heats), his de- 
rivation of Planck’s radiation law, 
Photo electric effect, duration of 
Excited states (under Bohr’s atom), 
Brownian movement) 
Elasticity (theory of), 50, 61, 69, 184 
Electrolysis, 66, 344, 535 
Electromagnetic field, 72, 76, 77, 80, 84, 
85; see also under Maxwell and 
under Lorentz 
Electromagnetic Waves, 270, 306-308 
their energy, 307, 308 
their momentum, 308 
Electromagnetism (theories of); see 
Lorentz’s theory of electrons, and 
Maxwell’s theory of electromag- 
netism 
Electron, 18, 68, 473; see also Diffraction 
of electrons, Dirac’s theory of elec- 
tron, Lorentz’s theory of electrons 
Abraham’s rigid electron, 73 
Lorentz’s contractile electron, 78 
Schrédinger’s diffuse electron, 
639, 725-728 
spinning electron; see Spinning elec- 
tron 


638, 
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Electron gas, 423, 445, 929, 980, 931 
Energy (electromagnetic), 307, 308 
Energy (mechanical) 
conservation of, 217, 218, 221, 222, 224, 
236, 237, 844 
conservation in quantum theory, 60, 
670, 945, 946, 950, 951 
equipartition of; see Equipartition of 
energy 
kinetic, 217, 218, 221 
potential, 216, 217, 218, 220, 488 
total, 217, 219, 221, 236, 256, 489 
Energy (thermodynamics) 
available energy, 337, 339, 340, 343- 
347, 354, 364-366 
conservation of energy; see First Prin- 
ciple of Thermodynamics (under 
Thermodynamics) 
degradation of energy, 348, 353; see 
also Second Principle of Thermo- 
dynamics (under Thermodynam- 
ics) 
free energy, 364, 365, 370, 372, 471 
internal energy, 334, 337, 362, 370 
Energy integral, 237 
Energy levels 
(in Bohr’s theory); see under Bohr’s 
atom 
in de Broglie’s wave mechanics, 626 
in matrix method, 844, 853, 854, 858, 
859, 862, 874, 875 
in Schrédinger’s wave mechanics, 692, 
694-696, 698, 772-775 
Entropy 
absolute value, 352, 369-371, 903, 908, 
909 
Boltzmann’s definition (kinetic theory), 
398, 399, £00, 902, 906-908 
in Bose statistics, 922 
for a gas, 926 
Sackur-Tetrode expression, 909, 911, 
912, 916, 926, 928 
thermodynamical definition, 349, 351, 
352 
Entropy (Principle of), 353-355 3 see also 
Second Principle of Thermody- 
namics (under Thermodynamics) 
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Entropy (Principle of), cont’d 
applications, 355-369, 382, 590 
in Boltzmann’s Kinetic theory, 398-403 
Equation; see under Differential equa- 
tions, Algebraic equations; see also 
Integral equations, Hamilton’s 
equations, Laplace’s equation, 
Gravitational equations (wnder 
Relativity, General Theory), Max- 
well’s equations 
Equation of state (perfect gas), 371, 379 
Equilibrium (chemical); see Chemical 
equilibrium 
Equilibrium (for fluids in rotation) ; see 
under Fluids 
Equilibrium (mechanical), 220, 221, 336, 
356 
Equilibrium (statistical) 
for gases, 396, 401, 404, 407, 906, 916, 
924 
for radiation, 449, 454, 589, 590, 598, 
916, 917, 921, 922 
Equilibrium (thermodynamical), 346, 358, 
358 
Equilibrium constant; see under Chem- 
ical equilibrium 
Equilibrium radiation; see wnder Radia- 
tion 
Equipartition of Energy (statistical me- 
chanics), 406, 407, 421, 422, 455, 
458, 906, 918, 925 
Equiphase surfaces; see wnder Waves, 
and under de Broglie waves 
Ergodic hypothesis (statistical mechan- 
ies), 23, 388, 892, 398, 421, 906, 
955 
Error curve, 124, 888 
Ether 
Fresnel’s elastic ether, 61, 69, 72, 76, 
306 
Lorentzian ether, 77, 306 
Euclid, 117, 187, 194, 195, 197, 203-205 
Euclidean geometry, 119, 194-198, 201, 
202, 204, 205, 318, 326, 327; see 
also under Hilbert postulates 
non-Euclidean geometry, 117, 119, 153, 
198, 199, 205, 267, 317, 318, 324, 
327, 811, 837 


INDEX 


Euler, 12, 69, 107, 117, 148, 214, 230, 238, 
240, 250, 261 
Euler’s theorem on convex polyhedra, 
359 
Exchange phenomenon (helium atom), 
767, 768, 779-781; see also under 
Degeneracy (exchange) 
Excited states; see wnder Bohr’s atom 
Exclusion Principle (Pauli), 445, 544, 
679, 580, 581, 594, 602, 751, 776, 
926, 927, 929 
interpretation in wave mechanics, 777, 
778, 942 
Existence theorems, 171, 200, 201 
Extension in Phase; see under Conserva- 
tion of extension in phase 
Extremal Principles; see Minimal Prin- 


ciples 
F 
Faraday, 66, 76 
Fermat, 259 
Fermat’s Principle of Least Time, 


259, 287-290, 324, 611 
Fermi, E., 421, 926-928, 942 
Fermi’s statistics; see under Statistics 
Field, 71, 72 
electromagnetic field; see Electromag- 
netic field 
field of force, 215, 216-218 
conservative, 216, 217 
gravitational field 
pre-relativistic, 73-75, 82, 83 
relativistic; see under Relativity 
(General theory) 
Field Theory, 61, 72-86 
pure field theory, 78, 79, 83, 84 
unified field theory, 84-86 
First integrals; see under Integrals 
Fine structure of spectral lines of hydro- 
gen; see also under Hydrogen 
in Bohr’s theory; see under Bohr’s 
atom 
in wave mechanics, 704, 893, 894, 897 
FitzGerald contraction, 78, 79 
Fizeau, 30, 299 
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Fluctuations 
for equilibrium radiation, 467 
for gases, 415-417 
Fluids 
dynamics of, 12, 250 
figures of equilibrium for fluids in ro- 
tation, 250-253 
Forbidden drops and lines 
in Bohr’s theory; see Bohr’s atom 
in matrix method, 843, 849 
in Schrédinger’s wave mechanics, 
720-722, 765, 766, 767, 774, 943 
Formalist school (mathematics), 192, 
206-213 
Foucault, 30, 299 
Fourier, 49, 117, 118, 134, 173, 197, 298 
Fourier series, 134-188, 174, 182, 274, 
298, 485, 676, 815-817, 818, 819, 
823 
Fourier’s equation (heat conduction), 
49, 50, 183, 644 
Fowler, A., 499 
Frank-Hertz experiment, 585, 586, 599, 
659 
Fraunhofer lines, 478 
Fredholm, 118, 174, 878 
Frege, 193 
Frequency (of vibrations and waves) ; 
see under Vibrations, and under 
Waves 
Frequency condition 
in Bohr’s theory; see Bohr’s atom 
in matrix method, 843, 844, 854 
in wave mechanics, 625, 719 
its connection with uncertainty rela- 
tions, 960 
Fresnel, 28, 61, 69, 106, 277, 278, 281, 
286, 287, 306 
his undulatory theory of light; see 
Light 
Fuchs, 121 
Functions (mathematics), 121-124, 126, 
138 
complex variables 
analytic, 140-148, 149-154, 315, 316 
automorphic, 162-154, 171 
elliptic, 148-151, 241 
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Funetions, cont’d 

complex variables, cont’d 
modular, 152 
uniform and non-uniform, 142, 143 

real variables 
analytic, 126-133 
non-analytie, 133-139 
discontinuous, 136-139 
harmonic, 173, 316, 317 
trigonometric, 128, 149, 160 
uniform and non-uniform, 153, 678, 

681, 691, 697, 879, 880 


G 


g-formula; see Landé’s g-formula 
Galilean frame, 214, 227, 430-438 
Galileo, 3, 5, 8, 17, 18, 37, 214, 254, 
430 
Galileo’s Principle of the Relativity of 
Motion, 431-438 
Galois, 155-164 
Galois’ theorem, 163 
his theory of groups, 155-163, 325 
Galvanic cell, 344, 365, 366 
Gas constant, 379 
Gases, 334, 336, 343, 350, Boll, Sel, Bitsy. 
376, 902 
perfect, 371, 378, 379, 420, 902, 929 
classical gas laws, 379 
specific heats of perfect gases $ see 
under Specific Heats 
theories of perfect gases; see Statis- 
tical Mechanics and Statistics 
viscosity; see Viscosity 
Tare gases or inert gases, 374; see also 
under Bohr’s atom 
real gases, 350, 371, 378, 420, 421, 929 
law for real gases (Van der Waal’s 
Law), 420, 421 
spectra of gases; see under Spectra 
Gauss, 117, 140, 164, 263, 383 
theorem on polygons, 164 
his principle of least constraint, 263 
his error curve, 124, 888 
Gay-Lussae, 378 
Geiger; see Bothe and Geiger experiment 
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Geometry; see under Euclidean, non- 
Euclidean, Lobatchewski, Riemann 
Gerlach; see Stern and Gerlach experi- 
ment 
Germer; see Davisson and Germer experi- 
ment 
Gibbs, 13, 95, 103, 357-362, 364, 385, 387- 
391, 399; see also Phase rule, 
Phase space, Conservation of den- 
sity and extension in phase 
Goudsmidt; see Uhlenbeck and Goud- 
smidt, amd Spinning electron 
Gouy, 412 
Gram atom, 422 
Gram molecule, 376 
Gravitation 
Einstein’s Law of; see General Rela- 
tivity (under Relativity) 
Newton’s Law of, 6, 11, 19-22, 25, 29, 
34, 35, 37, 38, 40, 59, 73, 81-83, 
106, 173, 253 
Newton’s derivation of his law, 19- 
22, 118 
Grimaldi, 281 
Groups (mathematics), 155, 165, 325 
Galois’ theory, 155-163, 325 
Lie’s theory of continuous groups, 325- 
3830 
Guldberg and Waage, 368 
Gyroscopie motions, 241, 242, 518, 558, 
559 


H 


h; see Planck’s constant 
Hadamard, 118, 191, 193, 201 
Hafnium, 549 
Hawilton, Mv 1th, BES, 117, 231-235, 262, 
288, 290, 318, 319, 324, 612, 617, 
620 
Hamilton-Jacobi equation, 235, 236, 319, 
320, 614 
Hamilton’ equations of dynamics, 232- 
235, 318-320, 322, 323, 393, 394 
825, 835, 841-843, 851 
their integration, 235- 239, 240-249, 318. 
320, 323 
matrix form, 842, 843 


> 


INDEX 


Hamilton’s Principle of Stationary Ac- 
tion, 263, 264, 266, 267, 707 
Hamilton’s Wave Mechanics, 290, 324, 

617-620 
Hamiltonian Action; see under Action 
Hamiltonian Function, 233, 236, 237, 319, 
320, 323, 708, 710, 842, 844, 852- 
860, 874-876, 878, 879, 881, 883, 
894 
Harmonic functions; see under Functions 
Harmonie oscillator; see Oscillator 
Harmonie vibrations; see under Vibra- 
tions 
Harmonics; see under Vibrations 
Heat 
in kinetic theory, 397, 398 
in thermodynamics, 331-333, 337-356, 
361-364, 366 
conduction (equation of); see 
Fourier’s equation 
Heat Theorem; see Third Principle of 
Thermodynamics (under Thermo- 
dynamics) 
Heisenberg, W., 38, 55, 98, 99, 107, 212, 
444, 508, 648-650, 652, 654, 660, 
663, 665, 666, 668, 671, 672, 728, 
751, 759, 811-813, 823, 825, 859, 
860, 862, 887, 889, 900, 946, 950, 
952, 958 
his microscope, 661-663, 667, 957, 958 
views of Heisenberg and Bohr on wave 
pictures, 648, 649, 650-652, 670, 
731, 952 
(See also his critique of measurements 
(under Measurements), his ma- 
trices (under Matrices), his Uncer- 
tainty Relations) 
Helium atom 
ionized 
jn Bohr’s theory; see Bohr’s atom 
in wave mechanics, 755 
neutral 
in Bohr’s theory; see Bohr’s atom 
its spectrum, 752, 769, 774, 775 
treated by wave mechanics, Chapter 
XXXV 


Heat 
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Helmholtz, 104, 361, 362, 473 
Hereditary laws (theory of elasticity), 
184 
Hermite, 117, 151, 152, 159, 160, 165, 329, 
694, 806 
Hermitean matrices; see under Matrices 
Hero’s Law (reflexion), 256, 257 
Hertz, G.; see Franck and Hertz experi- 
ment 
Hertz, H., 24, 66, 76, 106, 234, 468 
Hevesy, 549 
Hilbert, 118, 155, 191-199, 201-205, 208, 
803, 811, 859, 863, 878 
Hilbert postulates for Euclidean geom- 
etry, 194-199, 201-205 
Hilbert space, 807, 855, 866, 873, 881, 
887, 890 
Hill, G, W., 246 
Hipparchus, 4, 242 
Hooke, 20 
Huyghens (or Huygens), 10, 64, 276, 277, 
285, 286, 321 
Huyghens’ construction (optics), 285- 
287, 321, 322 
Hydrogen atom 
its mass, 378 
its spectrum, 482; see also Balmer, 
Brackett, Lyman, and Paschen 
series 
fine structure of lines, 582, 583 
Bohr’s theory of hydrogen spectrum; 
see Bohr’s atom 
Dirac’s wave theory, £97 
Schrédinger’s wave theory, 696-706 
Hydrogen molecule, 376, 899 


I 


Incandescence, 442, 448, 452, 587 
Inert Gases; see rare Gases (under 
Gases), gnd under Bohr’s atom 
Inhibition, 591 
Initial conditions (of a system), 46, 48, 
49, 52, 53, 178 
for a mechanical system, 46, 181, 226 
for physical systems, 50 
Integral curves, 169, 170, 329 
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Integral equations, 118, 174, 686, 805, 
877, 878 
Dirac’s integral equation, 877 
Integral invariants, 247, 250, 393 
Liouville’s integral invariant, 393 
Integrals 
energy integral, 2737 
first integrals, 236, 237-242 
Integration 
of differential equations, 54, 168, 173, 
174, 175, 287, 329 
of functions, 139, 147, 148 
importance of integration, 175-177 
integration by quadratures, 239, 329, 
330 
Interference phenomena (waves), 274, 
277, 300-302, 304, 305, 632-634, 
747-749 
Interference of probabilities (wave me- 
chanics), 749 
Intuitionist school (mathematics), 192, 
206-213, 673 
Invariants (for groups), 326-328, 330 
Ionization Potential, 532, 542 
Ionized atoms, 498, 531-533, 551 
Isolated system; see under Systems 
Isotopes, ¥75, 477, 480, 481 


J 


Jacobi, 69, 117, 149, 151, 234-236, 238, 

251, 318-320 
his ellipsoidal figure of equilibrium, 

251, 252 

Jacobi’s Last Multiplier, 238, 240, 242, 
393, 394 

Jeans, 32, 101-105, 252, 454, 934 

Jordan (Camille), 134, 135, 137 

Jordan, P., 900 

Joule, 333 


Kaluza, 85, 86 

Karman, 464 

Keesom, 417 

Kelvin, 104, 107, 338, 339, 393, 473, 955 
his atom, 473 


INDEX 


Kepler, 11, 33, 34, 237, 254, 515 

Kepler’s Laws, 4, 10, 11, 19, 20, 21, 23, 
29, 34, 237, 254, 489, 515 

Kinetie Theory of Electronic Conduction, 
423-425, 930 

Kinetic Theory of Gases, 23, 31, 61, 65, 
89, 95, 103, Chapter XXII, 445, 
587, 588, 902-916, 944, 945, 956; 
see also Statistical Mechanics 

Kirchhoff, 104, 277, 287, 447 

Kirchhoff ’s Law (radiation), 447, 449, 
477 

Klein (Felix), 152, 165, 317, 318 

Klein, O., 589 

Konig, 208 

Kowalewski (Sophie), 241 


L 


Lagrange, 12, 13, 69, 107, 117, 159, 230, 
231, 241-243, 245, 246, 250, 261, 
262, 268, 329 
Lagrange’s Generalized Coordinates, 230, 
231, 319 
Laguerre, 121, 697 
Lamé functions, 174 
Lanczos, 859 
Landé, 555, 556, 561, 570-572, 576, 599, 
630, 848 
Landé’s ‘g-formula (Bohr’s atom), 571, 
578, 578, 600-602, 847, 848 
Langevin, 493, 518, 563 
Laplace, 12, 13, 49, 65, 75, 83, 107, 117, 
121, 173, 197, 245, 253, 383 
his nebular hypothesis, 253 
his theory of capilarity, 65 
on velocity of gravitation, 75 
Laplace Functions (spherical harmonies), 
121, 174, 686 
Laplace’s Equation, 83, 172, 178, 174, 
175, 183, 197, 201, 316 
Larmor, 104, 519, 523 
Larmor Precession (Zeeman effect), 519, 
520, 523, 556 
Last Multiplier; see Jacobi’s Last Mul- 
tiplier 
Laue (von), 634 


INDEX 


Lavoisier, 332, 333 
Law (Natural), 45-50, 58, 54, 177-179, 
257, 264-266, 606, 607 
expression by differential equation, 53, 
64, 179-185 
Law of chance, 592, 593 
Least Action (Principle of) ; see Mauper- 
tuis’ Principle 
Least Constraint (Principle of); see 
under Gauss 
Least Time (Principle of); see Fermat’s 
Principle 
Lebesgue, 139, 191 
Legendre, 13, 134, 148, 151, 318 
Legendre functions, 686, 697 
Leibnitz, 12, 124, 139, 332, 333 
Lenard, 468 
Lesage, 24, 74 
views on gravitation, 24, 74 
Liapounoff, 252 
Lie (Sophus), 117, 310, 312, 318, 325, 
328-330 
his contact transformation, 312, 313, 
318 
Light; see also Photons and Radiation 
rays of light, 282, 283, 308 
velocity of light (its measurement), 29, 
30, 299, 300; see also under Veloci- 
ties of waves 
Light (Theories of) 
Maxwell’s electromagnetic theory, 67, 
68, 306-308 
Newton’s corpuscular theory, 64, 107, 
260, 261, 276, 277 
quantum semi-corpuseular theory, 442, 
459, 461-463, 467-471, 605, 621- 
623, 630-632, 670, 917, 918 
wave theory, 28, 61, 64, 69, 259, 260, 
Chapter XIX, 455, 633, 634 
Lindstedt series (celestial mechanics), 
248 
Liouville, 117, 393, 878 
his integral invariant, 393 
Listing, 143 
Lobatchewski’s geometry, 198, 318, 326, 
327 
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Lorentz, H. A., 13, 24, 28, 50, 66-68, 77, 
78, 91, 92, 108, 423, 432, 433, 455, 
456, 522, 851 

Lorentz’s Theory of Electrons, 13, 28, 50, 
66, 68, 77-79, 91, 92, 95, 423, 424, 
455, 518, 522, 956 

Lorentz Transformation, 39, 79, 326, 327, 
432, 433-435, 437, 606, 797, 896 

Loschmidt’s paradox (in kinetic theory), 
401-403 

Lyman spectral series of hydrogen, 482, 
496, 513 


M 


Mach, 92, 95, 107, 393, 671 
Maclaurin’s spheroid, 251, 252 
Macroscopic equations (Lorentz), 91, 92; 
see also Lorentz’s theory of elec- 
trons 
Macroscopic level of experience, 36-44, 
57, 91-94, 98, 331, 396, 398, 438, 
442, 657, 673, 954; see also 
Phenomenological theories 
Macroscopic state; see wnder Statistical 
mechanics 
Magnetic Moment, 616, 517, 518, 563, 
577, 600 
Magnetism, 91, 493, 518, 546 
atomic magnetism, 517, 519, 563, 570, 
572, 581, 599-601, 897; see also 
Spinning electron 
Magneton (Bohr’s), 517 
(Ritz’s), 490 
Marcolongo, 234 
Mass Action (law of), 368 
Mathematics 
controversies on nature of, Chapter 
XVI 
mathematical chapters, Chapters XIV, 
XV, XX, XXXI, XXXVI 
mathematics and nature, 24-26 
pure and applied, 119-121 
Mathematical induction, 203 
Matrices (mathematics) Chapter XXXVI 
commutation rules, 792, 808, 809 
non-commutativity, 787-791 
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Matrices, contd 
diagonal, 791, 799-808 
Hermitean, 806, 807, 808 
orthogonal, 784, 794, 795, 796-808, 857- 
860 
symmetric, 797, 798-805 
Matrices (of Dirac), 863-874, 874-892 
commutation rules, 868-870 
Matrices (of Heisenberg), 807, 826-835, 
836-860; see also throughout Chap- 
ters XXXVII, XXXVIII 
commutation rules, 829-836 
connection with Schrddinger’s wave 
functions, 881, 882 
physical significance of commutation, 
886, 888, 889, 891 
Matrices (Spin-) of Dirae, 896 
of Pauli, 893, 896 
Matrix Method, 95, 96, 98-100, 314, 444, 
Chapters XXXVII, XXXVIII, 
959 
Maupertuis, 257, 261-263, 707 
Maupertuis Action; see under Action 
Maupertuis’ Principle of Least Action, 
260, 261, 262, 264, 267, 706, 707 
Maxwell, 13, 23, 24, 28, 50, 66, 70, 72, 76, 
77, 95, 102, 306, 381, 388, 399, 403 
Maxwell’s Distribution Law (kinetic 
theory), 403, 404 
Maxwell’s theory of electromagnetism, 
23, 66-68, 70, 72, 76, 77, 86, 306- 
308, 463 
his electromagnetic equations, 50, 66, 
76, 80, 82, 86, 95, 183, 264, 431, 
432, 435, 442, 446, 463, 467 
his electromagnetic theory of light; 
see wnder Light (theories of) 
Measurements (and quantum disturb- 
ances), 55-57, 660-663, 667, 668, 
669, 672, 673, 744-750, 889, 890, 
949, 954, 958, 959 
Mechanics, 10, 12, 19, 39, 46, 53, 61, 97, 
98, 120, Chapters XVII, EA LTS 
430 
Mechanics and Mechanistic Interpreta- 
tions, 61-70, 72, 97, 98, 100, 101- 
105, 107, 508, 509, 538, 555, 567, 
629, 630 
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Mendeleeff, 476 
his periodic table, 476, 479 
Metastable States (of atoms); see under 
Bohr’s atom 
Michelson, 29, 299, 671 
Microscope, 660, 661 


Heisenberg’s microscope; see under 
Heisenberg 
Microscopic state; see under Statistical 
Mechanics 
Mie, 79, 84 


Minimal Principles, Chapter XVIII, 707 
Minkowski, 79, 112, 436, 797 
Modes of Vibration, 675, 676, 679-681, 
684, 685 
fundamental mode 674, 684 
symmetric and antisymmetric, 779, 780 
Modes of Vibration for de Broglie waves 
(Schrodinger wave mechanics), 
688, 691, 692, 697, 700, 712, 713, 
716-725, 932, 933; see also under 
Higenfunctions and Eigenvalues 
symmetric and antisymmetric; see 
under Eigenfunctions 
Molecules, 374-377 
Momentum, 222 
conversation of momentum, 222, 228, 
237, 319 
conservation in quantum theory, 670, 
671, 950, 951 
electromagnetic momentum, 308 
generalized momenta, 231, 232, 389 
Moseley, 478-480, 529 
his atomic number; see Atomic number 
his law for X-ray lines, 478, 479, 546 
his periodic table, 478, 479, 533 
Multiplet Lines (spectroscopy), 550; see 
also under Bohr’s atom 
Multiplier (last) ; see Jacobi’s Last Mul- 
tiplier 


N 


Nebulium, 597 

Nernst, 13, 369-371, 911, 912 

Nernst’s Heat Theorem; see Third Prin- 
ciple of Thermodynamics (under 
Thermodynamics) 


INDEX 


Neumann, K., 878 
Neutron, 480, 481 
Newton, 3, 5, 6, 10, 11, 12, 19-23, 25, 34, 
35, 39, 44, 52-54, 64, 65, 74, 107, 
117, 120, 124, 139, 214, 242, 254, 
277, 430, 621, 944 
his corpuscular theory of light; see 
under Light (theories of) 
his expression of causal connections, 
52-54 
his mechanics, 39; see Mechanics 
his second law of motion, 179, 182 
Newtonian Potential, 83, 173, 197, 216 
Newtonian (or Galilean) Principle of 
Relativity; see under Galileo’s 
Principle of the Relativity of Mo- 
tion 
Nodal Points and Surfaces; see under 
Vibrations 
Nucleus (of atom), 474, 480, 481, 549 
Null lines, 114 


Oo 


Observable magnitudes, 
811-813 
Optical electron; see under Bohr’s atom 
Optical Path (defined), 258, 287, 288 
Optical Path (Principle of), 258, 287, 288 
Optics, Chapter XIX 
geometric or ray optics, 278-283, 285, 
287, 322, 628, 629, 688, 726 
wave-optics, 278-281, 285, 628, 629, 


88-90, 95, 96, 


688 

Orthogonal trajectories, 282 

Orthogonal transformations and ma- 
trices; see under Transformations 
and Matrices 


Oscillator (linear harmonic) 
classical theory, 484, 485, 813-816 
quantum theory 
de Broglie’s wave mechanics, 626 
matrix method, 845, 846 
Planck-Bohr, 459, 506, 507, 694 
Schrédinger’s wave mechanics, 693- 
695, 721, 722 
Oscillator (nonharmonic) 
classical theory, 815-817 
Ostwald, 92, 393, 671 
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P 


Page (Leigh), 86, 87 
Painlevé, 184 
Paseal, 10, 124 
Paschen spectral series of hydrogen, 482, 
496, 513 
Paschen-Back effect, 522, 572, 673, 578, 
582 
Pauli, 573-575, 579, 705, 893, 900 
his exclusion principle; see Exclusion 
Principle 
his spin matrices 893, 896 
Peano, 191, 198, 194, 203, 205 
his curve, 137 
Periodic motion, 243-245, 484-487, 526, 
813-817 
importance in quantum theory, 498, 
526-527, 698, 860, 861, 910, 911 
multiply periodic (or conditioned 
periodic) systems, 526 
Periodic solutions (mechanics), 243, 245- 
247 
Periodic Table; see under Mendeleeff and 
Moseley 
Perrin, 413, 414 
Perturbations (method of) 
in celestial mechanics, 247, 248 
in matrix method, 860 
in wave mechanies, 753, 754 
Phase (of a vibration or wave); see 
under Vibrations, and Waves 
Phase rule (thermodynamics), 93, 357- 
360 
Phase Space (statistical mechanics), 389, 
890, 395, 904 
its quantization (Planck), 908, 909, 
910, 912, 913, 919, 924, 931, 933, 
935, 960 
in wave mechanics, 933, 935 
Phenomenological theories, Chapter XI 
Phosphorescence, 593 
Photo-chemical reactions, 372, 373, 590 
law of photo-chemical reactions (EHin- 
stein), 373, 470, 471 
Photo-electric effect, 468, 469, 584, 604, 
641, 642, 662 
Photo-sensitizer, 590, 591 
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Photon gas, 917, 918, 922 
Photons, 467, 468, 469-471, 605, 621, 622, 
631, 632, 645, 917, 918, 922 
Planck, 14, 32, 57, 89, 95, 97, 107, 109, 
111, 369, 370, 438, 439, 442, 443, 
445, 454, 455, 457-459, 461, 467, 
903, 907-913, 944, 956, 957, 961 
derivation of Sackur-Tetrode ex- 
pression of entropy, 909 
his quantization of the phase space, 
908, 909, 910, 912, 913, 919, 924. 
931, 933, 935, 960 
Planck’s Constant h, 56, 439-441, 445, 
457, 460, 461, 469, 491, 504, 509, 
621, 636, 657, 666, 671, 672, 727, 
825, 901, 908, 909, 912, 926, 949, 
956 
Planck’s radiation law, 457, 460, 462, 463, 
467, 597, 916, 918 
Bose’s derivation of this law, 919.922 
Einstein’s derivation, 598-599 
Planck’s derivation, 458, 459, 507, 917 
Poincaré, 24, 33, 75, 81, 105, 117, 135, 
152-155, 159, 187, 190-193, 203, 
207, 208, 210-213, 227-230, 241, 
242, 246-252, 393, 456, 944 
Poincaré figure of equilibrium, 25 i ga 
Poincaré pressure, 78 
Poinsot, 240 
Poinsot motion, 240, 241 
Poisson, 28, 69, 117, 231, 239, 241, 250 
his method of obtaining first integrals, 
239 
Poisson brackets, 835, 856 
Polarization (of waves); see under 
Waves and under Radiation (emis- 
sion of) 
Positron, 446, 898 
Postulate-systems; see Hilbert postulates 
for Euclidean geometry 
Potential (mechanics), 216; see also Po- 
tential energy (wnder Energy), 
Newtonian potential, ard Toniza- 
tion potential 
Probabilities 
calculus of probabilities, 382-384, 743 
in matrix method, 884-892 


his 


INDEX 


Probabilities, cont’d 
in wave mechanics, 640-642, 645, 646, 
650-652, 666, 667, 669, 730-738, 
735, 788, 789, 741-750 
interference of probabilities, 749 
probability amplitudes, 885, 892 
probability waves and packets, 646, 
735, 738, 741-750 
Probability coefficients of emission and 
absorption (Einstein), 598, 599, 
822, 944 
Proton, 474, 635, 899 


Q 


g-numbers (Dirac), 836, 837, 873, 885, 
888-901 
Quadratic forms, 797, 798, 866 
transformation into sum of squares, 
799-808, 855-859, 874-877 
Quadratures, 239, 329, 330 
Quantization or Quantizing Condition 
(for atoms) 
in de Broglie’s wave mechanics, 624, 
625, 687 
in matrix method, 825, 832-837 
in the Planck-Bohr theory, 96, 97, 439, 
490-498, 511, 512, 521, 522, 527, 
528, 530, 537, 560, 570, 625, 658, 
687, 824, 830, 831, 889 
in Schrédinger’s wave mechanics, 691 
(See also quantization of phase space 
(under Phase Space), and Space- 
Quantization) 
Quantum of Action; see Planck’s econ- 
stant h 
Quantum numbers 
in Bohr’s theory, 492, 512, 516, 621, 
522, 527, 528, 537, 552, 555, 560, 
564, 571, 574-581, 752 
quantum number 1, 564-569, 602, 703 
704 
in de Broglie’s wave mechanics, 625, 
627 
in Schrédinger’s wave mechanics, 695 
703, 704 
Quantum phenomena, 97, 411, 423, 425, 
462, 538, 573, 587, 651, 671, 926 


’ 


3 


INDEX 


Quantum Theorists, 38, 55-57, 88, 92, 95, 
96, 109, 212, 671, 947, 950, 953, 
955, 961 
Quantum Theory, 13, 25, 32, 40, 41, 55- 
57, 95-100, 411, 445, 908, 909, 911, 
912, 926, 944, 945 
brief summary of, 438-446 
Bohr’s quantum theory of the atom, 
Chapters XXVI-XXVII; see 
Bohr’s atom 
new quantum theories, Chapters XXIX, 
XXX, XXXII-XLI 
passage of quantum theory into clas- 
sical science; see Correspondence 
Principle, and Planck’s constant 
Planck’s original theory, 457-471 
relationship between quantum theory 
and third principle of thermody- 
namics, 371, 464, 467, 909, 926 


R 


Radiation (Light); see also Photons 
black-body radiation, 448, 450 
equilibrium radiation, 448, 449, 450- 

458, 917, 918, 922 
Jaws of equilibrium radiation; see 
laws of Planck, Rayleigh, Wien 

Radiation (emission of) 
in classical theory, 483-487 

intensity, 484, 485-487 
polarization, 485-487 
in Bohr’s theory, 491, 495, 531, 532 
intensity, 500, 504, 505, 602 
polarization, 500, 504, 506, 602 
Dirac’s treatment, 729, 740, 892 
in matrix method 
intensity, 822, 843 
polarization, 849, 850 
in Planck’s theory, 459, 461, 463 
in Schrédinger’s wave mechanics, 716- 
719, 729, 740 
intensity, 723 
polarization, 722 

Radiation gas, 449; see also Photon gas 

Radioactivity, 481, 592 

Rare gases; see under Gases and under 

Bohr’s atom 
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Rayleigh, 30, 32, 104, 294, 299, 417, 454, 
617 
Rayleigh’s radiation law, 456, 457, 460, 
467, 468, 917, 918 
Reflection (laws of); see under laws of 
Hero, Descartes, of Optical path, 
and urder Fermat’s principle. 
Refraction, 67, 257, 258, 279, 280, 288, 
289, 290 
conical refraction, 28 : 
double refraction, 28, 276, 277, 283-285 
for de Broglie waves, 623 
laws of refraction; see under laws of 
Descartes, Optical path, and under 
Fermat’s principle 
refraction for de Broglie waves, 614, 
615, 690, 691 
Refractive index, 258-260, 279, 280, 283, 
284, 286, 289 
for de Broglie waves, 614, 615, 628, 
690 
Relativity of Motion (Principle of Gali- 
leo and Newton), 431-438 
Relativity (Hinstein’s General Theory), 
13, 34, 35, 37-42, 71, 81-86, 89, 91, 
108, 111, 113, 175-177, 184, 227, 
258, 314, 426, 438 
gravitational equations, 
175-177, 183, 264 
Relativity (Einstein’s Special Theory), 
13, 39-41, 43, 59, 79-81, 110, 112, 
114, 264, 314, 326, 327, 334, 393, 
421, 429, 42-488, 440-442, 445, 
460, 475, 509, 510, 526, 529, 573, 
583, 606, 608, 620, 621, 629, 630, 
646, 649, 653, 659, 704, 705, 708, 
710, 796, 811, 834, 837, 851, 893- 
897, 950 
Reversible transformations (thermody- 
namics); see under Thermody- 
namics 
Richard, 208 
Riemann, 12, 117, 139, 143, 151, 188, 199, 
201, 317 
Riemann surfaces, 142, 143 
Riemann’s geometry, 318, 326, 327 
Ritz, 481, 490 


35, 88, 83, 
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Ritz’s Combination Principle, 481, 482, 
483, 824, 826, 853, 862 
Rosseland, 589 
Rotator 
in earlier quantum theory and in Bohr’s 
theory, 465-467, 505, 506 
in de Broglie’s wave theory, 626 
in Schrédinger’s wave theory, 696, 721, 
722 
Rumford, 333 
Rupp, 635 
Russell (Bertrand), 200, 208, 209 
Rutherford, 473, 474, 529 
Rutherford’s atom, 474, 476, 480, 488 
Rydberg constant, 478, 482 
its expression in Bohr’s theory, 497 


S 


Sackur, O., 909, 911 
Sackur-Tetrode expression of entropy; 
see under Entropy 
Sainte-Claire Deville, 367 
Sealar (mathematics), 71 
Schmidt, 878 
Schrodinger, 100, 121, 628, 630, 638, 639, 
Chapters XXXII, XXXIII, 
XXXIV, 754, 837, 874, 879, 892, 
893 
Schrédinger’s Wave Mechanics, 100, 444, 
Chapters XXXII-XXXV 
charge cloud; see Charge Cloud 
connection between waves and matrices, 
881, 882 
electron in Schrédinger’s theory, 638, 
639, 725-728 
operators, 708, 710, 837, 838, 873, 874, 
895 
quantizing conditions, 691 
radiation emission, 711-723, 727-729, 
765, 766 
superposition of states, 716, 717-719, 
725, 729, 765-767, 935 
Born’s interpretation, 735-740 
wave equation (classical approxima- 
tion), 689, 690, 707, 708-710, 878, 
895 


INDEX 


Schrédinger’s Wave Mechanies, cont’d 
wave equation (classical approxima- 
tion), cont’d 
for hydrogen atom, 121, 697; see 
also under Hydrogen atom, Higen- 
functions, Eigenvalues 
wave equation (relativistic), 690, 704, 
708, 710, 895 
for hydrogen atom, 704 
(See also Helium atom by wave me- 
chanics, Wave pictures) 
Schwartzschild, 177 
Screening-doublet levels (in hydrogen 
atom), 583, 602, 630, 705 
Selection rules (for quantum transitions) 
in Bohr’s theory (see Bohr’s atom) 
in matrix method, 843, 849 
in Schrodinger’s wave mechanics, 720- 
722, 765, 766, 767, 774, 943 
Series (mathematics), 124-126, 154, 247, 
248 
Fourier series; see Fourier series 
Lindstedt series (celestial mechanics), 
248 
power or Taylor series 


complex variables, 143-146, 248, 
249 
real variables, 126-133, 248, 249 
Silberstein, L., 359 
Simplicity (in theoretical physics), 
Chapter IV 
Simultaneity (in theory of relativity), 
435, 436 


Sinusoid, 129, 273, 274 
de Sitter, 108 
Smoluchowski, 416 
Soddy, 475, 477 
Sodium (spectral series), 539, 540, 550 
Sommerfeld, 41, 425, 445, 509-514, 522, 
551-553, 930 
his application of Fermi’s statistics to 
electron gas, 425, 930, 931 
application of relativity to Bohr’s 
atom (fine structure of lines), 509- 
614, 583 
quantum number j in Bohr’s atom, 
$51-555 


INDEX 


Space-Quantization (Bohr’s atom), 518- 
522, 561, 571, 573, 577, 578, 580, 
600, 601 : 
Space-Time (theory of relativity), 42, 71, 
79-86, 89, 110-114, 175-177, 227, 
326, 327, 4386, 437, 653, 660, 797, 
950 
Specific Heats 
for electron gas 
931 
for gases (empirical), 380 
in classical kinetic theory, 408-411 
in quantum theory, 465-467, 588 
for solids (empirical), 422 
in classical kinetic theory, 421-423 
in quantum theory (Hinstein), 463, 
464, 909 
Spectra 
absorption spectrum, 477 
atomic spectra, 477, 478, 481-483, 
498, 499, 514, 533, 539, 550, 551, 
582, 752, 769, 774, 775; see also 
under Hydrogen, Helium, Sodium, 
and Band Spectra 
regularities in spectra, 478, 481-483 
X-ray spectra, 478, 546, 548, 574 
Spin matrices; see Matrices (Spin-) 
Spinning electron 
in Bohr’s atom, 518, 525, 568, 569, 575, 
576, 577, 581, 602, 623, 624, 627, 
630, 696, 704, 705 
in wave mechanics, 751, 752, 769-775, 
893 
in wave theory of Dirac, 630, 705, 769, 
Chapter XXXIX, 942 
Spinning top, 241, 518, 556-558 
Stability of Solar System, 249, 250 
Stark effect, 525, 527 
State (of a gas); see Statistical Me- 
chanics and Statistics 
State (of a system), 46, 47, 48, 49, 50, 
52-55, 181, 184, 226 
Stationary action (Principle of); see 
Hamilton’s Principle 
Stationary Principles; see Minimal Prin- 
ciples 


(Sommerfeld), 930, 
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Statistical conditions, 396, 398, 399, 731, 
732, 739, 740, 945, 954, 955; see 
under Equilibrium (statistical), 
Chemical equilibrium, Statistical 
Mechanics 

Statistical equilibrium; see under Equili- 
brium 

Statistical Mechanics (classical or Boltz- 
mann), Chapter XXII; see also 
Kinetic Theory of Gases 

foundations of, 384-396 

states (microscopic and macro- 

scopic), 385, 386, 394-396, 903-905 

applied to astronomy, 425, 426 

applied to electron gas, 423-425 

applied to gases, 396-421, 587, 588, 
903-908, 913-916, 925 

applied to photon gas, 917, 918 

applied to solids, 421-423 

Statistical Mechanics, with quantum re- 
finements (Planck), 908-910 

interpreted in wave theory, 931-942 
Statistics (New), 39, 371, 421, 425, 467, 
588, 960 
statistics of Bose, 39, 903, 912, 919- 
923, 955 
definition of state, 920, 921 
applied to gases (Hinstein), 924-926 
applied to photons, 922 
interpreted in wave mechanics, 942, 
943 
statisties of Fermi, 39, 926-930, 955 
definition of state, 926-928 
applied to electron gas, 930, 931 
in wave mechanics, 942, 943 

Stefan, 451 

Stefan’s Law (radiation), 451, 452, 453, 
456, 457, 600, 911, 912 

Stern, O., 373, 465, 470, 600, 911, 912 

Stern-Gerlach experiment, 600, 601, 624, 
663 

Sundman, 249 

Superposition, of States (Schrédinger’s 
wave mechanics), 716, 717-719, 
725, 729, 765-767, 935 

in Born’s interpretation, 785-740 

Sylvester, 803 
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Systems (mechanics) 
conditioned periodic 
periodic), 526 
conservative, 219, 220-223, 333, 354 
state of a system; see State 
Systems (mechanical and physical) 
isolated, 47-51, 218, 219, 221-223, 333, 
353, 947, 948, 951 


(or 


T 


Teleology, 61, 265, 266, 956 
Temperature (and Heat), 331, 332 
in kinetic theory, 382, 396-398, 406, 407 

Tensor (mathematics), 71, 76, 80, 83, 
436, 800 

Tetrode, 909, 911; see Sackur-Tetrode ex- 
pression of entropy (under En- 
tropy) 

Thermochemistry, 361-369; see also 
Chemical reactions, Chemical equil- 
ibrium, Galvanic cell 

Thermodynamics, Chapter XXI 

First Principle (Conservation of en- 
energy), 60, 332-834 
Second Principle (Principle of en- 
tropy), 344-349, 350-357; see also 
Carnot’s Principle, Degradation of 
Energy 
Third Principle (Nernst’s Heat 
Theorem), 369-871, 422, 425, 445, 
463, 464, 467; 588, 903, 909, 912, 
926 
its connection with the quantum 
theory, 371, 464, 467, 588, 909, 926 
irreversible or spontaneous transforma- 
tions, 334, 335, 842-844, 351, 353 
reversible transformations, $34-336, 
341, 345, 350, $51, 353, 379 
Thomson, J. J., 473 
his atom, 473 
Thomson, G. P., 635 
Three Body Problem (celestial 


me- 
chanics), 242-249, 254, 388 
Lagrange’s solutions, 245, 246 
Transformations (mathematics), 188, 


189, 317, 318, 320 


multiply 


INDEX 


Transformations (mathematics), cont'd 
contact transformations, 309-313, 318- 
324, 326, 327, 330 
Lie’s contact transformation, 312 
313, 318 
point transformations, 311, 313, 314 
conformal, 314, 315-317, 326, 327 
linear homogeneous, 782, 783, 784- 
808 
Lorentz; see Lorentz transformation 
orthogonal, 784, 793-796, 799-808 
857-859, 874-877, 880 
projective, 314, 317, 318, 326, 327 
space and time (classieal), 429, 230, 
431, 437 
Transformation Theory (of Dirac), $14, 
854-859, 874-878, 882-892 
Transformations (thermodynamics); see 
reversible and irreversible trans- 
formations (under Thermodynam- 
ics) 
Two-Body Problem (celestial mechanics), 
237, 288, 242, 245 


’ 
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U 


Uhlenbeek and Goudsmidt, 575, 770, 893, 
897; see Spinning Electron 
Uncertainty relations, 38, 55, 87, 297, 

444, 445, 470, 617, 651, 655, 666, 
657-660, 662-666, 668, 670-673, 742, 
745, 746, 809, 887-892, 910, 933, 
946, 948-952, 954, 957-961 
Heisenberg’s derivation from a critique 
of measurements, 660-663 
matrix-method interpretation, 809, 887- 
- 890, 891, 892 
wave interpretation (Bohr), 654-656 
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Valency (chemistry), 546, 547 
Vallee Poussin, de la, 137 
Van der Waals, 420, 421 

his law for real gases, 420 
Van’t Hoff, 368 
Vector (mathematics), 71 


INDEX 


Velocities of waves 
group velocity (or amplitude velocity), 
291, 292, 294, 296, 299, 934 
wave velocity (or phase velocity), 269, 
278, 275, 283, 294, 296, 299 
Velocity of a propagation (propagation 
velocity, 291 
Vibrations 
harmonic, 272, 484, 8138-815 
amplitude, 272, 713, 813-815 
frequency, 272, 713 
phase, 272 
non-harmonic, 485, 815, 816 
fundamental frequency, 485 
harmonics, 485 
of membranes, 680 
nodal lines, 680 
of solids, 680-686; see also Eigenfunc- 
tions and Eigenvalues 
degeneracy, 685 
fundamental frequency, 684 
modes, 684, 685 
nodal surfaces, 684, 685 
of strings, 133, 134, 181, 182, 674-680; 
see also Higenfunctions and 
Eigenvalues 
fundamental frequency, 674 
fundamental mode, 674 
harmonics, 675 
modes of vibration, 675 
nodal points, 675 
Viscosity of gases, 28, 403 
Volta, 12 
Volterra, 118, 140, 149, 184, 878 


Ww 


Wave equation; see under d’Alembert, 
Schrodinger, Dirac 

Wave Mechanics; see wnder Hamilton, de 
Broglie, Schrédinger 

Wave Optics; see under Optics 

Wave packets, 794-299; see also wnder de 
Broglie waves 

Wave pictures (wave mechanics), 640, 
642, 644-648, 649, 652, 654, 666- 
669, 725, 726, 735, 741-750 
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Wave theory of light; see Light 
Wave velocity; see under Velocity 
Waves, Chapter XIX 
coherence of waves, 303, 304, 305 
electromagnetic; see Electromagnetic 
Waves 
equiphase surfaces, 275, 276, 282; see 
also under de Broglie waves 
their construction; see Huyghens’s 
construction 
frequency of waves, 277, 284 
group of waves, 291; see also Wave 
packets 
group velocity; see under Velocities of 
waves 
longitudinal waves, 270, 271, 277 
phase of waves, 273, 275 
plane waves, 270, 276 
polarization of waves, 272 
sinusoidal waves, 273-275, 306 
spherical waves, 269, 276, 281-283 
standing, 271 
transverse, 270, 271, 277 
wave front, 269, 275, 276 
wave length, 273, 280, 284, 285 
wave motions, 270 
wave number, 290, 291 
wave velocity; see under Velocities of 
Waves 
Weierstrass, 117, 136, 143, 151, 201, 241, 
268, 317 
Weierstrass curve, 136, 137, 166 
Weyl, H., 85, 110, 111, 191, 199, 202, 207- 
209 
Whittaker, 242, 249 
Wiedemann-Frantz (law of), 424 
Wien, 453, 592 
Wien’s radiation law, 457, 460, 467 
obtained with photons, 918, 919 
Wien’s relation (Displacement law), 94, 
458, 454, 456 
Work, 216, 219, 220, $86, 337, 338-344 


Xx 


X-rays, 469, 478, 585, 634 
diffraction of, 634 
X-ray spectra, 478, 546, 548, 574 
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Y Zeeman effect 
Young, 69, 277, 281, 300, 301 anomalous, 522, 523, 525, 569-572, 577, 
Young’s experiment (optics), 278, 281, 582, 599, 601 
300-302, 305, 630-633, 747, 748 normal, 28, 95, 529-525, 669-572, 577, 
with de Broglie waves, 632, 633 582, 599, 601 
in matrix method, 847-850 
Z in wave mechanics, 705, 722 


Zeeman, 28 
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A CATALOG OF SELECTED DOVER 
BOOKS IN ALL FIELDS OF INTEREST 


CONCERNING THE SPIRITUAL IN ART, Wassily Kandinsky. Pioneering 
work by father of abstract art. Thoughts on color theory, nature of art. Analysis of 
earlier masters. 12 illustrations. 80pp. of text. 5% x 8%. 23411-8 Pa. $2.95 


ILEQNARDO ON THE HUMAN BODY, Leonardo da Vinci. More than 1200 of 
Leonardo’s anatomical drawings on 215 plates. Leonardo’s text, which accom pa- 
nies the drawings, has been translated into English. 506pp. 8% « 11%. 

24483-0 Pa. $11.95 


GOBLIN MARKET, Christina Rossetti. Best-known work by poet comparable to 
Emily Dickinson, Alfred Tennyson. With 46 delightfully grotesque illustrations by 
Laurence Housman. 64pp. 4 x 6%. 24516-0 Pa. $2.50 


THE HEART OF THOREAU’S JOURNALS, edited by Odell Shepard. Selections 
from Journal, ranging over full gamut of interests. 228pp. 5% x 84. 
20741-2 Pa. $4.50 


MR. LINCOLN'S CAMERA MAN: MATHEW B. BRADY, Roy Meredith. Over 
300 Brady photos reproduced directly from original negatives, photos. Lively 
commentary. 368pp. 8% x 114. 23021-X Pa. $14.95 


PHOTOGRAPHIC VIEWS OF SHERMAN’S CAMPAIGN, George N. Barnard. 
Reprint of landmark 1866 volume with 61. plates: battlefield of New Hope Church, 
the Etawah Bridge, the capture of Atlanta, etc. 80pp. 9 x 12. 23445-2 Pa. $6.00 


A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE 
*REEKS TO HARVEY, Dr. Charles Singer. Thoroughly engrossing non- 
technical survey. 270 illustrations. 21 Ipp. 5% x 8%. 20389-1 Pa. $4.95 


REDOUTE ROSES IRON-ON TRANSFER PATTERNS, Barbara Christopher. 
Redouté was botanical painter to the Empress Josephine; transfer his famous roses 
onto fabric with these 24 transfer patterns. 80pp. 8% x 10%. 24292-7 Pa. $3.50 


THE FIVE BOOKS OF ARCHITECTURE, Sebastiano Serlio. Architectural 
milestone, first (1611) English translation of Renaissance classic. Unabridged 
reproduction of original edition includes over 300 woodcut illustrations. 416pp. 9% 
«x 124. 24349-4 Pa. $14.95 
CARLSON'S GUIDE TO LANDSCAPE PAINTING, John F. Carlson. Authori- 
tative, comprehensive guide covers, every aspect of landscape painting. 34 
reproductions of paintings by author: 58 explanatory diagrams. 144pp. 8% x 11. 
22927-0 Pa. $5.95 
101 PUZZLES IN THOUGHT AND LOGIC, C.R. Wylie, Jr. Solve murders, 
robberies, see which fishermen are liars--purely by reasoning! 107pp. 5% x 8%. 


20367-0 Pa. $2.00 


TEST YOUR LOGIC, George J. Summers. 50 more truly new puzzles with new 
turns of thought, new subtleties of inference. l00pp. 5% x 8%. —- 22877-0 Pa. $2.50 
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THE MURDER BOOK OF J.G. REEDER, Edgar Wallace. Fight suspenseful 
stories by bestselling mystery writer of 20s and 30s. Features the donnish Mr. J.G. 
Reeder of Public Prosecutor’s Office. 128pp. 5% 84. 


24374-5 Pa. $3.95 


ANNE ORR’S CHARTED DESIGNS, Anne On. Best designs by premier 
needlework designer, all on charts: flowers, borders, birds, children, alphabets, etc. 
Over 100 charts, 10 in color. Total of 40pp. 8% = 11. 23704-4 Pa. $2.50 


BASIC CONSTRUCTION TECHNIQUES FOR HOUSES AND SMALL 
BUILDINGS SIMPLY EXPLAINED, U.S. Bureau of Naval Personnel. Grading, 
masonry, woodworking. floor and wall framing, roof framing, plastering, ule 
setting, much more. Over 675 illustrations. 568pp. 62 x O44. 20242-9 Pa. $9.95 


MATISSE LINE DRAWINGS AND PRINTS, Henri Mausse. Representative 
collection of female nudes, faces, still lifes, experimental works, etc., from 1898 to 
1948. 50 illustrations. 48pp. 8% = 11%. 93877-6 Pa. $3.50 


HOW TO PLAY THE CHESS OPENINGS, Eugene Znosko-Borovsky. Clear, 
profound examinations of just what each opening is intended to do and how 
opponent can counter. Many sample games. 147pp. 5% x 8. 22795-2 Pa. $3.50 


DUPLICATE BRIDGE, Alfred Sheinwold. Clear, thorough, easily followed 
account: rules, etiquette, scoring, strategy, bidding; Goren’s point-count system, 
Blackwood and Gerber conventions, etc. 158pp. 5% x 8. 22741-3 Pa. $3.50 


SARGENT PORTRAIT DRAWINGS, J.S. Sargent. Collection of 42 portraits 
reveals technical skill and intuitive eye of noted American portrait painter, John 
Singer Sargent. 48pp. 8% * 11%. 24524-1 Pa. $3.50 


ENTERTAINING SCIENCE EXPERIMENTS WITH EVERYDAY OBJECTS, 
Martin Gardner. Over 100 experiments for youngsters. Will amuse, astonish, teach, 
and entertain. Over 100 illustrations. 127pp. 5% * 8%. 24201-3 Pa. $2.50 


TEDDY BEAR PAPER DOLLS IN FULL COLOR: A Family of Four Bears and 
Their Costumes, Crystal Collins. A family of four Teddy Bear paper dolls and 


nearly 60 cut-out costumes. Full color, printed one side only. 32pp. 9% * 12%. 
24550-0 Pa. $3.50 


NEW CALLIGRAPHIC ORNAMENTS AND FLOURISHES, Arthur Baker. 
Unusual, multi-useable material: arrows, pointing hands, brackets and frames, 
ovals, swirls, birds, etc. Nearly 700 illustrations. 80pp. 8% < 11%. 

24095-9 Pa. $3.75 


DINOSAUR DIORAMAS TO CUT & ASSEMBLE, M. Kalmenoff. Two complete 
three-dimensional scenes in full color, with 31 cut-out animals and plants. 
Excellent educational toy for youngsters. Instructions; 2 assembly diagrams. 32pp. 
9% x 124. 24541-1 Pa. $4.50 


SILHOUETTES: A PICTORIAL ARCHIVE OF VARIED ILLUSTRATIONS, 
edited by Carol Belanger Grafton. Over 600 silhouettes from the 18th to 20th 
centuries. Profiles and full figures of men, women, children, birds, animals, groups 
and scenes, nature, ships, an alphabet. 144pp. 8% x 11%. 23781-8 Pa. $5.95 
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25 KITES THAT FLY, Leslie Hunt. Full, easy-to-follow instructions for kites 
made from inexpensive materials. Many novelties. 70 illustrations. 110pp. 5% x 8%. 
22550-X Pa. $2.50 


PIANO TUNING, J. Cree Fischer. Clearest, best book for beginner, amateur. 
Simple repairs, raising dropped notes, tuning by easy method of flattened fifths. No 
previous skills needed. 4 illustrations. 201 pp. 5% x 8. 23267-0 Pa. $3.50 


EARLY AMERICAN IRON-ON TRANSFER PATTERNS, edited by Rita Weiss. 
75 designs, borders, alphabets, from traditional American sources, 48pp. 84 x 11. 
23162-3 Pa. $1.95 


CROCHETING EDGINGS, edited by Rita Weiss. Over 100 of the best designs for 
these lovely trims for a host of household items. Complete instructions, illustra- 
tions. 48pp. 8% x 11, 24031-2 Pa. $2.95 


FINGER PLAYS FOR NURSERY AND KINDERGARTEN, Emilie Poulsson. 18 
finger plays with music (voice and piano); entertaining, instructive. Counting, 
nature lore, etc. Victorian classic. 53 illustrations. 80pp. 6% x 94. 22588-7 Pa. $2.25 


BOSTON THEN AND NOW, Peter Vanderwarker. Here in 59 side-by-side views 
are photographic documentations of the city's past and present. 119 photographs. 
Full captions. 122pp. 8% x 11. 24312-5 Pa. $7.95 


CROCHETING BEDSPREADS, edited by Rita Weiss. 22 patterns, originally 
published in three instruction books 1939-41. 39 photos, 8 charts. Instructions. 
48pp. 8% x 11. 23610-2 Pa. $2.00 


HAWTHORNE ON PAINTING, Charles W. Hawthorne. Collected from notes 
taken by students at famous Cape Cod School; hundreds of direct, personal apercus, 
ideas, suggestions. 91 pp. 5% x 84. 20653-X Pa. $2.95 


THERMODYNAMICS, Enrico Fermi. A classic of modern science. Clear, organ- 
ized treatment of systems, first and second laws, entropy, thermodynamic poten- 
tials, etc. Calculus required. 160pp. 5% x 8%. 60361-X Pa. $4.50 


TEN BOOKS ON ARCHITECTURE, Vitruvius. The most important book ever 
written on architecture. Early Roman aesthetics, technology, classical orders, site 
selection, all other aspects. Morgan translation. 331 pp. 5% x 8%. 20645-9 Pa. $6.95 


THE CORNELL BREAD BOOK, Clive M. McCay and Jeanette B. McCay. Famed 
high-protein recipe incorporated into breads, rolls, buns, coffee cakes, pizza, pie 
crusts, more. Nearly 50 illustrations. 48pp. 8% x 11. 23995-0 Pa. $2.00 


THE CRAFTSMAN'S HANDBOOK, Cennino Cennini. 15th-century handbook, 
school of Giotto, explains applying gold, silver leaf; gesso; fresco painting, 
grinding pigments, etc. 142pp. 6% x 9%. 20054-X Pa. $3.95 


FRANK LLOYD WRIGHT'S FALLINGWATER, Donald Hoffmann. Full story 
of Wright’s masterwork at Bear Run, Pa. 100 photographs of site, construction, and 
details of completed structure. 112pp. 9% x 10. 23671-4 Pa. $7.95 


OVAL STAINED GLASS PATTERN BOOK, C. Eaton. 60 new designs framed in 
shape of an oval. Greater complexity, challenge with sinuous cats, birds, mandalas 
framed in antique shape. 64pp. 8% x 11. 24519-5 Pa. $3.95 
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THE BOOK OF WOOD CARVING, Charles Marshall Sayers. Still finest book for 
beginning student. Fundamentals, technique; gives 34 designs, over 34 projects for 
panels, bookends, mirrors, etc. 33 photos. 118pp. 7% x 10%. 23654-4 Pa. $3.95 


CARVING COUNTRY CHARACTERS, Bill Higginbotham. Expert advice for 

beginning, advanced carvers on materials, techniques for creating 18 projyects— 

mirthful panorama of Amevican characters. 105 illustrations. 80pp. 8% x 11. 
24135-1 Pa. $2.95 


300 ART NOUVEAU DESIGNS AND MOTIFS IN FULL COLOR, C.B. Grafton. 
44 full-page plates display swirling lines and muted colors typical of Art Nouveau. 
Borders, frames, panels, cartouches, dingbats, etc. 48pp. 9% x 12%. 

24354-0 Pa. $6.95 


SELF-WORKING CARD TRICKS, Karl Fulves. Editor of Pallbearer offers 72 
tricks that work automatically through nature of card deck. No sleight of hand 
needed. Often spectacular. 42 illustrations. 113pp. 5% x 8. 23334-0 Pa. $3.50 


CUT AND ASSEMBLE A WESTERN FRONTIER TOWN, Edmund V. Gillon, 
Jr. Ten authentic full-color buildings on heavy cardboard stock in H-O scale. 
Sheriff’s Office and Jail, Saloon, Wells Fargo, Opera House, others. 48pp. 9% x 124. 


23736-2 Pa. $4.95 


CUT AND ASSEMBLE AN EARLY NEW ENGLAND VILLAGE, Edmund V. 
Gillon, Jr. Printed in full color on heavy cardboard stock. 12 authentic buildings in 
H-O scale: Adams home in Quincy, Mass., Oliver Wight house in Sturbridge, 
smithy, store, church, others. 48pp. Qy x 12%. 23536-X Pa. $4.95 


THE TALE OF TWO BAD MICE, Beatnix Potter. Tom Thumb and Hunca Munca 
squeeze out of their hole and go exploring. 27 full-color Potter illustrations. 59pp. 
44% x 5\. (Available in U.S. only) 23065-1 Pa. $1.75 


CARVING FIGURE CARICATURES IN THE OZARK STYLE, Harold L. 
Fnlow. Instructions and illustrations for ten delightful projects, plus general 
carving instructions. 22 drawings and 47 photographs altogether. 39pp. 8% x 11. 
23151-8 Pa. $2.95 
A TREASURY OF FLOWER DESIGNS FOR ARTISTS, EMBROIDERERS 
AND CRAFTSMEN, Susan Gaber. 100 garden favorites lushly rendered by artist 


for artists, craftsmen, needleworkers. Many form frames, borders. 80pp. 8% x 11. 
24096-7 Pa. $3.95 


CUT & ASSEMBLE A TOY THEATER/THE NUTCRACKER BALLET, Tom 
Tierney. Model of a complete, full-color production of Tchaikovsky's classic. 6 


backdrops, dozens of characters, familiar dance sequences. 32pp. 9% x 124. 
24194-7 Pa. $4.50 


ANIMALS: 1,419 COPYRIGHT-FREE ILLUSTRATIONS OF MAMMALS, 
BIRDS, FISH, INSECTS, ETC., edited by Jim Harter. Clear wood engravings 


present, in extremely lifelike poses, over 1,000 species of animals. 284pp. 9x 12. 
23766-4 Pa. $9.95 


MORE HAND SHADOWS, Henry Bursill. For those at their ‘finger ends,” 16 more 
effects—Shakespeare, a hare, a squirrel, Mr. Punch, and twelve more—each 


explained by a full-page illustration. Considerable period charm. 30pp. 6% x 94. 
21384-6 Pa. $1.95 
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SURREAL STICKERS AND UNREAL STAMPS, William Rowe. 224 haunting, 
hilarious stamps on gummed, perforated stock, with images of elephants, geisha 
girls, George Washington, etc. 16pp. one side. 8% x 11. 24371-0 Pa. $3.50 


GOURMET KITCHEN LABELS, Ed Sibbett, Jr. 112 full-color labels (4 copies 
each of 28 designs). Fruit, bread, other culinary motifs. Gummed and perforated. 
16pp. 8% x 11, 24087-8 Pa. $2.95 


PATTERNS AND INSTRUCTIONS FOR CARVING AUTHENTIC BIRDS, 
H.D. Green. Detailed instructions, 27 diagrams, 85 photographs for carving 15 
species of birds so life-like, they’ll seem ready to fly! 8% x 1]. 24222-6 Pa. $3.00 


FLATLAND, E.A. Abbott. Science-fiction classic explores life of 2-D being in 3-D 
world. 16 illustrations. 103pp. 5% x 8. 20001-9 Pa. $2.00 


DRIED FLOWERS, Sarah Whitlock and Martha Rankin. Concise, clear, practical 
guide to dehydration, glycerinizing, pressing plant material, and more. Covers use 
of silica gel. 12 drawings. 32pp. 5% x 8. 21802-3 Pa. $1.00 


EASY-TO-MAKE CANDLES, Gary V. Guy. Learn how easy it is to make all kinds 
of decorative candles. Step-by-step instructions. 82 illustrations. 48pp. 8% x 1]. 


23881-4 Pa. $2.95 
SUPER STICKERS FOR KIDS, Carolyn Bracken. 128 gummed and perforated 


full-color stickers: GIRL. WANTED, KEEP OUT, BORED OF EDUCATION, 
X-RATED, COMBAT ZONE, many others. l6pp. 8% x 11. 24092-4 Pa. $3.50 


CUT AND COLOR PAPER MASKS, Michael Grater. Clowns, animals, funny 
faces...simply color them in, cut them out, and put them together, and you have 9 
paper masks to play with and enjoy. 32pp. 8% x 11. 23171-2 Pa. $2.95 


A CHRISTMAS CAROL: THE ORIGINAL MANUSCRIPT, Charles Dickens. 
Clear facsimile of Dickens Maiuscript, on facing pages with final printed text. 8 
illustrations by John Leech, 4 in color on covers. 144pp. 8% x 114. 

20980-6 Pa. $5.95 


CARVING SHOREBIRDS, Harry V. Shourds & Anthony Hillman. 16 full-size 
patterns (all double-page spreads) for 19 North American shorebirds with step-by- 
Step instructions. 72pp. 9% x 12%. 24287-0 Pa. $5.95 


THE GENTLE ART OF MATHEMATICS, Dan Pedoe. Mathematical games, 
probability, the question of infinity, topology, how the laws of algebra work, 
problems of irrational numbers, and more. 42 figures. 143pp. 5% x 8%. 

22949-1 Pa. $3.50 


READY-TO-USE DOLLHOUSE WALLPAPER, Katzenbach & Warren, Inc. 
Stripe, 2 floral stripes, 2 allover florals, polka dot; all in full color. 4 sheets (350 sq. 
in.) of each, enough for average room. 48pp. 8% x 11. 23495-9 Pa. $2.95 


MINIATURE IRON-ON TRANSFER PATTERNS FOR DOLLHOUSES, 
DOLLS, AND SMALL PROJECTS, Rita Weiss and Frank Fontana. Over 100 
miniature patterns: rugs, bedspreads, quilts, chair seats, etc, In standard dollhouse 
size. 48pp. 8% x 11. 23741-9 Pa. $1.95 


THE DINOSAUR COLORING BOOK, Anthony Rao. 45 renderings of dinosaurs, 
fossil birds, turtles, other creatures of Mesozoic Era. Scientifically accurate. 
Captions. 48pp. 8% x 11. 24022-3 Pa. $2.50 
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JAPANESE DESIGN MOTIFS, Matsuya Co. Mon, or heraldic designs. Over 4000 
typical, beautiful designs: birds, animals, flowers, swords, fans, geometrics; all 
beautifully stylized. 213pp. 11% x 84. 22874-6 Pa. $7.95 


THE TALE OF BENJAMIN BUNNY, Beatrix Potter. Peter Rabbit's cousin coaxes 
him back into Mr. McGregor’s garden for a whole new set of adventures. All 27 
full-color illustrations. 59pp. 4's < 5’. (Available in U.S. only) —21102-9 Pa. $1.75 


THE TALE OF PETER RABBIT AND OTHER FAVORITE STORIES BOXED 
SET, Beatrix Potter. Seven of Beatrix Potter's best-loved tales including Peter 
Rabbit ina specially designed, durable boxed set. 4% x 5%. Total of 447pp. 158 color 
illustrations. (Available in U.S. only) 93903-9 Pa. $12.25 


PRACTICAL MENTAL MAGIC, Theodore Annemann. Nearly 200 astonishing 
feats of mental magic revealed in step-by-step detail. Complete advice on staging, 
patter, etc. Illustrated. 320pp. 5% x 8%. 24426-1 Pa. $5.95 


CELEBRATED CASES OF JUDGE DEE (DEE GOONG AN), translated by 
Robert Van Gulik. Authentic 18th-century Chinese detective novel; Dee and 
associates solve three interlocked cases. Led to van Gulik’s own stories with same 
characters. Extensive introduction. 9 illustrations. 237pp. 5% x 8. 

23337-5 Pa. $4.95 


CUT & FOLD EXTRATERRESTRIAL INVADERS THAT FLY, M. Grater. 
Stage your own lilliputian space battles. By following the step-by-step instructions 
and explanatory diagrams you can launch 22 full-color fliers into space. 36pp. 8% x 
11. 24478-4 Pa. $2.95 


CUT & ASSEMBLE VICTORIAN HOUSES, Edmund V. Gillon, Jr. Printed in 
full color on heavy cardboard stock, 4 authentic Victorian houses in H-O scale: 
Italian-style Villa, Octagon, Second Empire, Stick Style. 48pp. 9% = 12%. 

23849-0 Pa. $4.95 


BEST SCIENCE FICTION STORIES OF H.G. WELLS, H.G. Wells. Full novel 
The Invisible Man, plus 17 short stories: “The Crystal Egg,” “Aepyornis Island,”’ 
“The Strange Orchid,” etc. 303pp. 5% x 8%. (Available in U.S. only) 

21531-8 Pa. $4.95 


TRADEMARK DESIGNS OF THE WORLD, Yusaku Kamekura. A lavish 
collection of nearly 700 trademarks, the work of Wright, Loewy, Klee, Binder, 
hundreds of others. 160pp. 8% 8. (EJ) 24191-2 Pa. $5.95 


THE ARTIST’S AND CRAFTSMAN'’S GUIDE TO REDUCING, ENLARGING 
AND TRANSFERRING DESIGNS, Rita Weiss. Discover, reduce, enlarge, transfer 
designs from any objects to any craft project. 12pp. plus 16 sheets special graph 
paper. 84 x 11. 24142-4 Pa. $3.95 


TREASURY OF JAPANESE DESIGNS AND MOTIFS FOR ARTISTS AND 
CRAFTSMEN, edited by Caro! Belanger Grafton. Indispensable collection of 360 
traditional Japanese designs and motifs redrawn in clean, crisp black-and-white, 
copyright-free illustrations. 96pp. 8% x 1). 24435-0 Pa. $4.50 
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CHANCERY CURSIVE STROKE BY STROKE, Arthur Baker. Instructions and 
illustrations for each stroke of each letter (upper and lower case) and numerals. 54 
full-page plates. 64pp. 8% x 11. 24278-1 Pa. $2.50 


THE ENJOYMENT AND USE OF COLOR, Walter Sargent. Color relationships, 
values, intensities; complementary colors, illumination, similar topics. Color in 
nature and art. 7 color plates, 29 illustrations. 274pp. 5% x 84. 20944-X Pa. $4.95 


SCULPTURE PRINCIPLES AND PRACTICE, Louis Slobodkin. Step-by-step 
approach to clay, plaster, metals, stone; classical and modern. 253 drawings, 
photos. 255pp. 8% x 11. 22960-2 Pa. $7.50 


VICTORIAN FASHION PAPER DOLLS FROM HARPER’S BAZAR, 1867-1898, 
Theodore Menten. Four female dolls with 28 elegant high fashion costumes, 
printed in full color. 32pp. 9% x 124. 23453-3 Pa. $3.95 


FLOPSY, MOPSY AND COTTONTAIL: A Little Book of Paper Dolls in Full 
Color, Susan LaBelle. Three dolls and 21 costumes (7 for each doll) show Peter 
Rabbit's siblings dressed for holidays, gardening, hiking, etc. Charming borders, 
captions. 48pp. 4% x 5%. (USCO) - 24376-1 Pa. $2.50 


NATIONAL LEAGUE BASEBALL CARD CLASSICS, Bert Randolph Sugar. 83 
big-leaguers from 1909-69 on facsimile cards. Hubbell, Dean, Spahn, Brock plus 
advertising, info, no duplications. Perforated, detachable. 16pp. 8% x 1]. 

24308-7 Pa. $3.50 


THE LOGICAL APPROACH TO CHESS, Dr. Max Euwe, et al. First-rate text of 
comprehensive strategy, tactics, theory for the amateur. No gambits to memorize, 
just a clear, logical approach. 224pp. 5% x 84. 24353-2 Pa. $4.50 


MAGICK IN THEORY AND PRACTICE, Aleister Crowley. The summation of 
the thought and practice of the century's most famous necromancer, long hard to 
find. Crowley's best book. 436pp. 5% x 84. (Available in U.S. only) 

23295-6 Pa. $6.95 
THE HAUNTED HOTEL, Wilkie Collins. Collins’ last great tale; doom and 


destiny in a Venetian palace. Praised by T.S. Eliot. 127pp. 5% x 8%. 
24333-8 Pa. $3.00 
ART DECO DISPLAY ALPHABETS, Dan X. Solo. Wide variety of bold yet 


elegant lettering in handsome Art Deco styles. 100 complete fonts, with numerals, 
punctuation, more. 104pp. 8% x 11. 24372-9 Pa. $4.50 


CALLIGRAPHIC ALPHABETS, Arthur Baker. Nearly 150 complete alphabets by 
outstanding contemporary. Sumulating ideas; useful source for unique effects. 154 
plates. 157pp. 8% x 114. 21045-6 Pa. $5.95 


ARTHUR BAKER'S HISTORIC CALLIGRAPHIC ALPHABETS, Arthur 


Baker. From monumental capitals of first-century Rome to humanistic cursive of 
16th century, 33 alphabets in fresh interpretations. 88 plates. 96pp. 9 x 12. 


24054-1 Pa. $4.50 


LETTIE LANE PAPER DOLLS, Sheila Young. Genteel turn-of-the-century 
family very popular then and now, 24 paper dolls. 16 plates in full color. 32pp. 9% x 
12h. 24089-4 Pa. $3.95 
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KEYBOARD WORKS FOR SOLO INSTRUMENTS, G.F. Handel. 35 neglected 
works from Handel’s vast oeuvre, originally jotted down as improvisations. 
Includes Eight Great Suites, others. New sequence. 174pp. 9% x 12%. 

24338-9 Pa. $7.50 


AMERICAN LEAGUE BASEBALL CARD CLASSICS, Bert Randolph Sugar. 82 
stars from 1900s to 60s on facsimile cards. Ruth, Cobb, Mantle, Williams, plus 
advertising, info, no duplications. Perforated, detachable. 16pp. 8% x 11. 

24286-2 Pa. $3.50 
A TREASURY OF CHARTED DESIGNS FOR NEEDLEWORKERS, Georgia 
Gorham and Jeanne Warth. 141 charted designs: owl, cat with yarn, tulips, piano, 
spinning wheel, covered bridge, Victorian house and many others. 48pp. 8% x 11. 

23558-0 Pa. $1.95 


DANISH FLORAL CHARTED DESIGNS, Gerda Bengtsson. Exquisite collection 
of over 40 different florals: anemone, Iceland poppy, wild fruit, pansies, many 
others. 45 illustrations. 48pp. 8% x 11. 23957-8 Pa. $2.50 


OLD PHILADELPHIA IN EARLY PHOTOGRAPHS 1839-1914, Robert F. 

Looney. 215 photographs: panoramas, street scenes, landmarks, President-elect 

Lincoln's visit, 1876 Centennial Exposition, much more. 230pp. 8% x 11%. 
23345-6 Pa. $9.95 


PRELUDE TO MATHEMATICS, W.W. Sawyer. Noted mathematician’s lively, 
stimulating account of non-Euclidean geometry, matrices, determinants, group 
theory, other topics. Emphasis on novel, striking aspects. 224pp. 5% x BY. 

24401-6 Pa. $4.50 


ADVENTURES WITH A MICROSCOPE, Richard Headstrom. 59 adventures 
with clothing fibers, protozoa, ferns and lichens, roots and leaves, much more. 142 
illustrations. 232pp. 5% x 8%. 23471-1 Pa. $3.95 


IDENTIFYING ANIMAL TRACKS: MAMMALS, BIRDS, AND OTHER 
ANIMALS OF THE EASTERN UNITED STATES, Richard Headstrom. For 
hunters, naturalists, scouts, nature-lovers. Diagrams of tracks, tips on idenufi- 
cation. 128pp. 5% = 8. 24442-3 Pa. $3.50 


VICTORIAN FASHIONS AND COSTUMES FROM HARPER'S BAZAR, 1867- 
1898, edited by Stella Blum. Day costumes, evening wear, sports clothes, shoes, hats, 
other accessories in over 1,000 detailed engravings. 320pp. 9% x 124. 

22990-4 Pa. $10.95 


EVERYDAY FASHIONS OF THE TWENTIES AS PICTURED IN SEARS AND 
OTHER CATALOGS, edited by Stella Blum. Actual dress of the Roaring 
Twenties, with text by Stella Blum. Over 750 illustrations, captions. 156pp. 9 x 12. 

24134-3 Pa. $8.95 


HALL OF FAME BASEBALL CARDS, edited by Bert Randolph Sugar. Cy Young, 
Ted Williams, Lou Gehrig, and many other Hall of Fame greats on 92 full-color, 
detachable reprints of early baseball cards. No duplication of cards with Classic 
Baseball Cards. 16pp. 8% x 11. 23624-2 Pa. $3.50 


THE ART OF HAND LETTERING, Helm Wowkow. Course in hand lettering, 

Roman, Gothic, Italic, Block, Script. Tools, proportions, optical aspects, indivi- 

dual variation. Very quality conscious. Hundreds of specimens. 320pp. 5% x 8%. 
21797-3 Pa. $5.95 
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HOW THE OTHER HALF LIVES, Jacob A. Riis. Journalistic record of filth, 
degradation, upward drive in New York immigrant slums, shops, around 1900. 
New edition includes 100 original Riis photos, monuments of early photography. 
233pp. 10 x 7h. 22012-5 Pa. $9.95 


CHINA AND ITS PEOPLE IN EARLY PHOTOGRAPHS, John Thomson. In 
200 black-and-white photographs of exceptional quality photographic pioneer 
Thomson captures the mountains, dwellings, monuments and people of 19th- 
century China. 272pp. 9% x 124. 24393-1 Pa. $13.95 


GODEY COSTUME PLATES IN COLOR FOR DECOUPAGE AND FRAM- 
ING, edited by Eleanor Hasbrouk Rawlings. 24 full-color engravings depicting 
19th-century Parisian haute couture. Printed on one side only. 56pp. 8% x 11. 


23879-2 Pa. $3.95 


ART NOUVEAU STAINED GLASS PATTERN BOOK, Ed Sibbett, Jr. 104 
projects using well-known themes of Art Nouveau: swirling forms, florals, 
peacocks, and sensuous women. 60pp. 8% x 11. 23577-7 Pa. $3.95 


QUICK AND EASY PATCHWORK ON THE SEWING MACHINE: Susan 
Aylsworth Murwin and Suzzy Payne. Instructions, diagrams show exactly how to 
machine sew 12 quilts. 48pp. of templates. 50 figures. 80pp. 8% x 11. 

23770-2 Pa. $3.95 


THE STANDARD BOOK OF QUILT MAKING AND COLLECTING, 
Marguerite Ickis. Full information, full-sized patterns for making 46 traditional 
quilts, also 150 other patterns. 483 illustrations. 273pp. 6% x 9%. 20582-7 Pa. $5.95 


LETTERING AND ALPHABETS, J. Albert Cavanagh. 85 complete alphabets 
lettered in various styles; instructions for spacing, roughs, brushwork. 12lpp. 8% x 
8. 20053-1 Pa. $3.95 


LETTER FORMS: 110 COMPLETE ALPHABETS, Frederick Lambert. 110 sets 
of capital letters; 16 lower case alphabets; 70 sets of numbers and other symbols. 
110pp. 8% x 11. 22872-X Pa. $4.50 


ORCHIDS AS HOUSE PLANTS, Rebecca Tyson Northen. Grow cattleyas and 
many other kinds of orchids—in a window, in a case, or under artificial light. 63 
illustrations. 148pp. 5% x 8%. 23261-1 Pa. $2.95 


THE MUSHROOM HANDBOOK, Louis C.C. Krieger. Still the best popular 
handbook. Full descriptions of 259 species, extremely thorough text, poisons, 
foiklore, etc. 32 color plates; 126 other illustrations. 560pp. 5% x 8's. 

21861-9 Pa. $8.50 
THE DORE BIBLE ILLUSTRATIONS, Gustave Doré. All wonderful, detailed 


plates: Adam and Eve, Flood, Babylon, life of Jesus, etc. Brief King James text with 
each plate. 241 plates. 241 pp. 9 x 12. 23004-X Pa. $8.95 


THE BOOK OF KELLS: Selected Plates in Full Color, edited by Blanche Cirker. 32 
full-page plates from greatest manuscript-icon of early Middle A ges. Fantastic, 
mysterious. Publisher's Note. Captions. 32pp. 9% x 12%, 24345-1 Pa. $4.50 


THE PERFECT WAGNERITE, George Bernard Shaw. Brilliant criticism of the 
Ring Cycle, with provocative interpretation of politics, economic theories behind 
the Ring. 136pp. 5% x 8% (EUK) . 21707-8 Pa. $3.95 
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THE RIME OF THE ANCIENT MARINER, Gustave Doré, S.T. Coleridge. 
Doré’s finest work, 34 plates capture moods, subtleties of poem. Full text. 77pp. 944 * 
1s 22305-1 Pa. $4.95 


SONGS OF INNOCENCE, William Blake. The first and most popular of Blake's 
famous “‘Tlluminated Books,” in a facsimile edition reproducing all 31 brightly 
colored plates. Additional printed text of each poem. 64pp. 5% * 7. 

22764-2 Pa. $3.50 


AN INTRODUCTION TO INFORMATION THEORY. J.R. Pierce. Second 
(1980) edition of most impressive non-technical account available. Encoding, 
entropy, noisy channel, related areas, etc. 320pp. 5°e x 82. 24061-4 Pa. $5.95 


THE DIVINE PROPORTION: A STUDY IN MATHEMATICAL BEAUTY, 
H.E. Huntley. “Divine proportion” or “golden ratio" in poetry, Pascal's triangle, 
philosophy, psychology. music. mathematical figures, etc. Excellent bridge 
between science and art. 58 figures. 185pp. 5% x 8%. 22254-3 Pa. $4.50 


THE DOVER NEW YORK WALKING GUIDE: Fromm the Battery to Wall Street, 
Mary J. Shapiro. Superb inexpensive guide to historic buildings and locales in 
lower Manhattan: Trinity Church, Bowling Green, more. Complete Text; maps. 36 
illustrations. 48pp. 3% x 9%. 24225-0 Pa. $2.50 


NEW YORK THEN AND NOW, Edward B. Watson, Edmund V. Gillon, Jr. 83 
important Manhattan sites: on facing pages early photographs (1875-1925) and 
1976 photos by Gillon. 172 illustrations. 171 pp. 94 x 10. 23361-8 Pa. $9.95 


HISTORIC COSTUME IN PICTURES, Braun & Schneider. Over 1450 costumed 
figures from dawn of civilization to end of 19th century. English captions. 125 
plates. 256pp. 8% x 11%. 23150-X Pa. $7.95 


VICTORIAN AND EDWARDIAN FASHION: A Photographic Survey, Alison 
Gernsheim. First fashion history completely illustrated by contemporary photo- 
graphs. Full text plus 235 photos, 1840-1914, in which many celebrities appear. 
240pp. 6% x 9%. 24205-6 Pa. $6.00 


CHARTED CHRISTMAS DESIGNS FOR COUNTED CROSS-STITCH AND 
OTHER NEEDLECRAFTS, Lindberg Press. Charted designs for 45 beautiful 
needlecraft projects with many yuleude and wintertime moufs. 48pp. 8% x 11. 

(EDNS) 24356-7 Pa. $2.50 


101 FOLK DESIGNS FOR COUNTED GROSS-STITCH AND OTHER NEEDLE- 
CRAFTS, Carter Houck. 101 authentic charted folk designs ina wide array of lovely 
representations with many suggestions for effective use. 48pp. 8% x 11. 

24369-9 Pa. $2.25 


FIVE ACRES AND INDEPENDENCE, Maurice G. Kains. Great back-to-the-land 
classic explains basics of self-sufficient farming. The one book to get. 95 
illustrations. 397pp. 5% x 8%. 20974-1 Pa. $6.50 


A MODERN HERBAL, Margaret Grieve. Much the fullest, most exact, most useful 
compilation of herbal material. Gigantic alphabetical encyclopedia, from aconite 
to zedoary, gives botanical information, medical properties, folklore, economic 
uses, and much else. Indispensable to serious reader. 161 illustrations. 888pp. 6% * 
9¥. (Available in U.S. only) 29798-7, 22799-5 Pa., Two-vol. set $17.00 
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DECORATIVE NAPKIN FOLDING FOR BEGINNERS, Lillian Oppenheimer 
and Natalie Epstein. 22 different napkin folds in the shape of a heart, clown’s hat, 
love knot, etc. 63 drawings. 48pp. 8% x 11. 23797-4 Pa. $2.25 


DECORATIVE LABELS FOR HOME CANNING, PRESERVING, AND 
OTHER HOUSEHOLD AND GIFT USES, Theodore Menten. 128 gummed, 
perforated labels, beauufully printed in 2 colors. 12 versions. Adhere to metal, glass, 
wood, ceramics. 24pp. 8% x 11. 23219-0 Pa. $3.50 


EARLY AMERICAN STENCILS ON WALLS AND FURNITURE, Janet War- 
ing. Thorough coverage of 19th-century folk art: techniques, artifacts, surviving 
specimens. 166 illustrations, 7 in color. 147pp. of text. 7% x 10%. 21906-2 Pa. $9.95 


AMERICAN ANTIQUE WEATHERVANES, A.B. & W.T. Westervelt. Extensively 

illustrated 1883 catalog exhibiting over 550 copper weathervanes and finials. 

Excellent primary source by one of the principal manufacturers. 104pp. 6% x 94. 
24396-6 Pa. $3.95 


ART STUDENTS’ ANATOMY, Edmond J. Farris. Long favorite in art schools. 
Basic elements, common positions, actions. Full text, 158 illustrations. 159pp. 5% x 
8%. 20744-7 Pa. $3.95 


BRIDGMAN'’S LIFE DRAWING, George B. Bridgman. More than 500 drawings 
and text teach you to abstract the body into its major masses. Also specific areas of 
anatomy. 192pp. 6% x 9%. 22710-3 Pa. $4.50 


COMPLETE PRELUDES AND ETUDES FOR SOLO PIANO, Frederic Chopin. 
All 26 Preludes, all 27 Etudes by greatest composer of piano music. Authoritative 
Paderewski edition. 224pp. 9 x 12. (Available in U.S. only) 24052-5 Pa. $7.50 


PIANO MUSIC 1888-1905, Claude Debussy. Deux Arabesques, Suite Bergamesque, 
Masques, Ist series of Images, etc. 9 others, in corrected editions. 175pp. 9% x 124. 
22771-5 Pa. $6.95 


TEDDY BEAR IRON-ON TRANSFER PATTERNS, Ted Menten. 80 iron-on 
transfer patterns of male and female Teddys in a wide variety of activities, poses, 
sizes. 48pp. 8% x 11, 24596-9 Pa. $2.25 


A PICTURE HISTORY OF THE BROOKLYN BRIDGE, M.J. Shapiro. Pro- 
fusely illustrated account of greatest engineering achievement of 19th century. 167 
rare photos & engravings recall construction, human drama. Extensive, detailed 
text. 122pp. 8% x 11. 24403-2 Pa. $7.95 


NEW YORK IN THE THIRTIES, Berenice Abbott. Noted photographer's 
fascinating study shows new buildings that have become famous and old sights that 
have disappeared forever. 97 photographs. 97pp. 11% x 10. 22967-X Pa. $7.50 


MATHEMATICAL TABLES AND FORMULAS, Robert D. Carmichael and 
Edwin R. Smith. Logarithms, sines, tangents, trig functions, powers, roots, 
reciprocals, exponential and hyperbolic functions, formulas and theorems. 269pp. 
5% X 8. 60111-0 Pa. $4.95 


HANDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, 
GRAPHS, AND MATHEMATICAL TABLES, edited by Milton Abramowitz and 
Irene A. Stegun. Vast compendium: 29 sets of tables, some to as high as 20 places. 
1,046pp. 8 x 10%. 61272-4 Pa. $21.95 
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REASON IN ART, George Santayana. Renowned philosopher's provocative, 
seminal treatment of basis of art in instinct and experience. Volume Four of The 
Life of Reason. 230pp. 5% x 8. 24358-3 Pa. $4.50 


LANGUAGE, TRUTH AND LOGIC, Alfred J. Ayer. Famous, clear introduction 

to Vienna, Cambridge schools of Logical Positivism. Role of philosophy, 

elimination of metaphysics, nature of analysis, etc. 160pp. 5% < 8%. (USCO) 
20010-8 Pa. $2.95 


BASIC ELECTRONICS, U.S. Bureau of Naval Personnel. Electron tubes, circuits, 
antennas, AM, FM, and CW transmission and receiving, etc. 560 illustrations. 
567pp. 6% x 9%. 21076-6 Pa. $9.95 


THE ART DECO STYLE, edited by Theodore Menten. Furniture, jewelry, 
metalwork, ceramics, fabrics, lighting fixtures, interior decors, exteriors, graphics 
from pure French sources. Over 400 photographs. 183pp. 8% x 114. 

22824-X Pa. $7.95 


THE FOUR BOOKS OF ARCHITECTURE, Andrea Palladio. 16th-century 
classic covers classical architectural remains, Renaissance revivals, classical orders, 
etc. 1738 Ware English edition. 216 plates. 110pp. of text. 9% x 12%. 

21308-0 Pa. $11.95 


THE WIT AND HUMOR OF OSCAR WILDE, edited by Alvin Redman. More 
than 1000 ripostes, paradoxes, wisecracks: Work is the curse of the drinking classes, 
I can resist everything except temptations, etc. 258pp. 5% x 8%. 

20602-5 Pa. $4.50 


THE DEVIL’S DICTIONARY, Ambrose Bierce. Barbed, bitter, brilliant witti- 
cisms in the form of a dictionary. Best, most ferocious satire America has produced. 


145pp. 5% x 8%. 20487-1 Pa. $2.95 


ERTE’S FASHION DESIGNS, Erté. 210 black-and-white inventions from Harper's 
Bazar, 1918-32, plus 8pp. full-color covers. Captions. 88pp. 9 x 12. 
24203-X Pa. $7.95 


ERTE GRAPHICS, Erté. Collection of striking color graphics: Seasons, Alphabet, 
Numerals, Aces and Precious Stones. 50 plates, including 4 on covers. 48pp. 9% x 
124. 23580-7 Pa. $6.95 


PAPER FOLDING FOR BEGINNERS, William D. Murray and Francis J. Rigney. 
Clearest book for making origami sail boats, roosters, frogs that move legs, etc. 40 
projects. More than 275 illustrations. 94pp. 5% x 8%. 20713-7 Pa. $2.50 


ORIGAMI FOR THE ENTHUSIAST, John Monwoll. Fish, ostrich, peacock, 
squirrel, rhinoceros, Pegasus, 19 other intricate subjects. Instructions. Diagrams. 
128pp. 9 x 12. 23799-0 Pa. $5.95 


CROCHETING NOVELTY POT HOLDERS, edited by Linda Macho. 64 useful, 
whimsical! pot holders feature kitchen themes, animals, flowers, other novelties. 


Surprisingly easy to crochet. Complete instructions. 48pp. 8% x 11. 
24296-X Pa. $1.95 


CROCHETING DOILIES, edited by Rita Weiss. Irish Crochet, Jewel. Star Wheel, 
Vanity Fair and more. Also luncheon and console sets, runners and centerpieces. 51 
illustrations. 48pp. 84 x 11. 23424-X Pa. $2.75 
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YUCATAN BEFORE AND AFTER THE CONQUEST, Diego de Landa. Only 
significant account of Yucatan written in the early post-Conquest era. Translated 
by Wilham Gates. Over 120 illustrations. 162pp. 5% x 84. 23622-6 Pa. $3.95 


ORNATE PICTORIAL CALLIGRAPHY, E.A. Lupfer. Complete instrucuons, 
over 150 examples help you create magnificent ‘flourishes’ from which beautiful 
animals and objects gracefully emerge. 8% x 11. 21957-7 Pa. $3.50 


DOLLY DINGLE PAPER DOLLS, Grace Drayton. Cute chubby children by same 
artist who did Campbell Kids. Rare plates from 1910s. 30 paper dolls and over 100 
outfits reproduced in full color. 32pp. 9% x 124. 23711-7 Pa. $3.50 


CURIOUS GEORGE PAPER DOLLS IN FULL COLOR, H. A. Rey, Kathy 
Allert. Naughty little monkey-hero of children’s books in two doll figures, plus 48 
full-color costumes: pirate, Indian chief, fireman, more. 32pp. 9% x 124, 

24386-9 Pa. $3.50 


GERMAN: HOW TO SPEAK AND WRITE IT, Joseph Rosenberg. Like French, 
How to Speak and Write It. Very rich modern course, with a wealth of pictorial 
material. 330 illustrations. 384pp. 5% x 8%. 20271-2 Pa. $4.95 


CATS AND KITTENS: 24 Ready-to-Mail Color Photo Postcards, D. Holby. 
Handsome collection; feline ina variety of adorable poses. Identifications. 12pp. on 
postcard stock. 8% x 11. 24469-5 Pa. $2.95 


MARILYN MONROE PAPER DOLLS, Tom Tierney. 31 full-color designs on 
heavy stock, from The Asphalt Jungle,Gentlemen Prefer Blondes, 22 others.1 doll. 
16 plates. 32pp. 9% x 12%. 23769-9 Pa. $3.95 


FUNDAMENTALS OF LAYOUT, F.H. Wills. All phases of layout design 
discussed and illustrated in 121 illustrations. Indispensable as student’s text or 
handbook for professional. 124pp. 8%. 11. 21279-3 Pa. $4.50 


FANTASTIC SUPER STICKERS, Ed Sibbett, Jr. 75 colorful pressure-sensitive 
stickers. Peel off and place for a touch of pizzazz: clowns, penguins, teddy bears, etc. 
Full color. 16pp. 8% 11. 24471-7 Pa. $3.50 


LABELS FOR ALL OCCASIONS, Ed Sibbett, Jr. 6 labels each of 16 different 
designs—baroque, art nouveau, art deco, Pennsylvania Dutch, etc.—in full color. 
24pp. 8% * 11. 23688-9 Pa. $3.95 


HOW TO CALCULATE QUICKLY: RAPID METHODS IN BASIC MATHE- 
MATICS, Henry Sticker. Addition, subtraction, multiplication, division, checks, 
etc. More than 8000 problems, solutions. 185pp. 5 x 74. 20295-X Pa. $2.95 


THE CAT COLORING BOOK, Karen Baldauski. Handsome, realistic renderings 
of 40 splendid felines, from American shorthair to exotic types. 44 plates. Captions. 


48pp. 8% x 11. 24011-8 Pa. $2.50 
THE TALE OF PETER RABBIT, Beatrix Potter. The inimitable Peter’s terrifying 


adventure in Mr. McGregor’s garden, with all 27 wonderful, full-color Potter 
illustrations. 55pp. 4% x 5%. (Available in U.S, only) 22827-4 Pa. $1.75 


BASIC ELECTRICITY, U.S. Bureau of Naval Personnel. Batteries, circuits, 
conductors, AC and DCG, inductance and capacitance, generators, motors, trans- 
formers, amplifiers, etc. 349 illustrations. 448pp. 6% x 9%. 20973-3 Pa. $7.95 
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SOURCE BOOK OF MEDICAL HISTORY, edited by Logan Clendening, M.D. 
Original accounts ranging from Ancient Egypt and Greece to discovery of X-rays: 
Galen, Pasteur, Lavoisier, Harvey, Parkinson, others. 685pp. 5% x 8. 

20621-1 Pa. $11.95 


THE ROSE AND THE KEY, J.S. Lefanu. Superb mystery novel from Irish master. 

Dark doings among an ancient and aristocratic English family. Well-drawn 

characters; capital suspense. Introduction by N. Donaldson. 448pp. 5% x 8%. 
24377-X Pa. $6.95 


SOUTH WIND, Norman Douglas. Witty, elegant novel of ideas set on languorous 
Meditterranean island of Nepenthe. Elegant prose, glittering epigrams, mordant 
satire. 1917 masterpiece. 416pp. 5% x 8%. (Available in U.S. only) 

24361-3 Pa. $5.95 


RUSSELL’S CIVIL WAR PHOTOGRAPHS, Capt. A.J. Russell. 116 rare Civil 

War Photos: Bull Run, Virginia campaigns, bridges, railroads, Richmond, 

Lincoln’s funeral car. Many never seen before. Captions. 128pp. 9% x 1244. 
24283-8 Pa. $7.95 


PHOTOGRAPHS BY MAN RAY: 105 Works, 1920-1934. Nudes, still lifes, 
landscapes, women’s faces, celebrity portraits (Dali, Matisse, Picasso, others), 
rayographs. Reprinted from rare gravure edition. 128pp. 9% x 12%. 

23842-3 Pa. $8.95 


STAR NAMES: THEIR LORE AND MEANING, Richard H. Allen. Star names, 
the zodiac, constellations: folklore and literature associated with heavens. The basic 
book of its field, fascinating reading. 563pp. 5% x 8%. 21079-0 Pa. $7.95 


BURNHAM’S CELESTIAL HANDBOOK, Robert Burnham, Jr. Thorough guide 
to the stars beyond our solar system. Exhaustive treatment. Alphabetical by 
constellation: Andromeda to Cetus in Vol. 1; Chamaeleon to Orion in Vol. 2; and 
Pavo to Vulpecula in Vol. 3. Hundreds of illustrations. Index in Vol. 3. 2000pp. 6% x 
OA. 23567-X, 23568-8, 23673-0 Pa. Three-vol. set $37.85 


THE ART NOUVEAU STYLE BOOK OF ALPHONSE MUCHA, Alphonse 
Mucha. All 72 plates from Documents Decoratifs in original color. Stunning, 
essential work of Art Nouveau. 80pp. 9% * 1244. 24044-4 Pa. $8.95 


DESIGNS BY ERTE; FASHION DRAWINGS AND ILLUSTRATIONS FROM 
“HARPER’S BAZAR,” Erte. 310 fabulous line drawings and 14 Harper’s Bazar 
covers, 8 it. full color. Erte’s exotic temptresses with tassels, fur muffs, long trains, 
coifs, more. 129pp. 9% x 12%. 23397-9 Pa. $8.95 


HISTORY OF STRENGTH OF MATERIALS, Stephen P. Timoshenko. Excel- 
lent historical survey of the strength of materials with many references to the 
theories of elasticity and structure. 245 figures. 452pp. 5% = 8% —61187-6 Pa. $9.95 


Prices subject to change without notice. 
Available at your book dealer or write for free catalog to Dept. GI, Dover 
Publications, Inc., 31 East 2nd St. Mineola, N.Y. 11501. Dover publishes more than 
175 books each year on science, elementary and advanced mathematics, biology, 
music, art, literary history, social sciences and other areas. 
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UNDERSTANDING THERMODYNAMICS, H.C. Van Ness. (63277-6) $3.50 

Space, TIME, MATTER, Hermann Weyl. (60267-2) $5.95 

Tue DETERMINATION OF MOLECULAR STRUCTURE, P. J. Wheatley. 
(64068-X) $6.00 

TREATISE ON IRREVERSIBLE AND STATISTICAL THERMOPHYSICS, Wolfgang 
Yourgrau et al. (64313-1) $7.00 

VARIATIONAL PRINCIPLES IN DYNAMICS AND QUANTUM THEORY, Wolfgang 
Yourgrau and Stanley Mandelstam. (63773-5) $5.00 


Paperbound unless otherwise indicated. Prices subject to change without 
notice. Available at your book dealer or write for free catalogues to Dept. 
Physics, Dover Publications, Inc., 31 East 2nd Street, Mineola, N.Y. 
11501. Please indicate field of interest. Each year Dover publishes over 
200 books on fine art, music, crafts and needlework, antiques, languages, 
literature, children’s books, chess, cookery, nature, anthropology, science, 


mathematics, and other areas. 
Manufactured in the U.S.A. 


THE RISE - 
OF THE NEW PHYSICS 


A. D’'ABRO 


This huge two-volume work is one of the great classics of historical 
and expositional writing in science. It provides a complete coverage, 
in terms suitable to the average intelligent reader, of all the central 
ideas that led to modern, or quantum, physics, including mathe- 
matical techniques, their application, and theoretical conclusions. 


Volume I opens with material on scientific method, assumptions in 
science, the significance of theoretical physics, simplicity in theory, 
causality, conservation, mechanistic theories, field theories, pheno- 
menological theories, and other general considerations. It then turns 
to the theories of classical physics: functions and groups, differential 
equations, Hamilton’s equations, the three-body probleni, the un- 
dulatory theory of light, Hamilton’s. wave mechanics, continuous 
groups, thermodynamics, the kinetic theory of gases. 


Only then, in Volume IT, does the author turn to quantum theory. 
Here he explains relativity theory, Planck’s original quantum theory, 
generalities on the atom, Bohr’s atom model, De Broglie’s wave 
mechanics, Heisenberg’s uncertainty principle, vibrations, Schréd- 
inger’s theory of radiation and Born’s interpretation, matrices, the 
matrix method, Dirac’s theory of the electron, the new Statistics, 
and quantum mechanics and causality. 


Special chapters are included for readers with mathematical back- 
ground, but these may be skipped without harm by readers without 
such training. 36 full-page portraits of important scientific figures 
have been added to this new, corrected edition. 


Corrected (1951) republication of The Decline of Mechanism. Total 
of x + 982pp. plus 36 plates. 534 x 814. 
20003-5 Volume I, Paperbound 
20004-3 Volume II, Paperbound 


A DOVER EDITION DESIGNED FOR YEARS OF USE! 


We have made every effort to make this the best book possible. Our 
paper is opaque, with minimal show-through; it will not discolor or 
become brittle with age. Pages are bound in signatures, in the method 
traditionally used for the best books, and will not drop out. Books open 
flat for easy reference. The binding will not crack or split. This is a 
permanent book. 
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